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4.1 Problem 1

(a) In the first round of tests, exactly two tests are performed. LetA1 andA2 denote the samples in the
second round of testing, each of which has been pooled fromn/2 individuals. LetXi denote the indicator
function for the event that the test onAi is positive. In the second round of testing,2(X1 + X2) tests are
performed. LetB1, . . . , B4 denote the samples at the last stage, each of which has been pooled fromn/4
individuals. LetYi denote the indicator function for the event that the test onBi is positive. In the third stage,
n/4 tests are performed for each positiveBi, so the total number of tests performed isn

4 (Y1 + · · · + Y4).
The total number of tests performed is therefore

Z = 2 + 2(X1 + X2) +
n

4
(Y1 + Y2 + Y3 + Y4).

Let p denote the probability that a given individual has the disease, and setq = 1 − p. The test onAi is
negative iff alln/2 individuals from whom the samples have been pooled do not have the disease. Hence
E(Xi) = P (Xi = 1) = 1− qn/2. Similar reasoning givesE(Yi) = 1− qn/4 for all i. By linearity,

E(Z) = 2 + 4(1− qn/2) + n(1− qn/4).

(b) Without any groupings,n tests are required. We have

n− E(Z) = n− 2− 4(1− qn/2)− n(1− qn/4)

= 4qn/2 + nqn/4 − 6

=
(
2qn/4 +

n

4

)2
− n2

16
− 6.

ThusE(Z) > n iff

qn/4 <
1
2

(
n2

16
+ 6

)1/2

− n

8
.

(c) LetXi denote the indicator function for the event that the blood test on groupi is positive. Them groups
are tested first, and thenk tests are run for each groupi with Xi = 1. Hence the total number of tests
performed isX = m + k(X1 + · · ·+ Xm). Each of them samples tested is pooled fromk individuals, so
E(Xi) = P (Xi = 1) = (1− qk) for all i by the same argument as in part (a). Thus

E(X) = m + kE(X1) + · · ·+ kE(Xm) = m + km(1− qk) = m + n(1− qk).

4.2 Exercise 3.2.16

(a) The probabilityP (X1 = k) is the probability that the firstk cards are not aces and the(k + 1)st card is
an ace. There are 48 cards that are not aces among the 52 total cards in the deck, so

P (Xi = k) = P (X1 = k) =
48
52
· 47
51
· · · 48− k + 1

52− k + 1
· 4
52− k

=

(
48
k

)(
52
k

) 4
52− k

. (1)
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(b) It is clear thatX1 + · · ·+ X5 = 48. Since theXi have the same distribution,

E(Xi) =
1
5
(E(X1) + · · ·E(X5)) =

1
5
E(X1 + · · ·+ X5) =

1
5
E(48) =

48
5

for all i.

(c) Fix someXi andXj . Since theXk are non-negative integers withX1 + · · · + X5 = 48, it follows that
Xi = 0 if Xj = 48. HenceP (Xi = 48, Xj = 1) = 0. But P (Xi = 48) andP (Xj = 1) are nonzero by
(??), soP (Xi = 48, Xj = 1) 6= P (Xi = 48)P (Xj = 1). ThusXi andXj are not independent.

4.3 Review Exercise 3.22

(a) Assume that the demandX for newspapers follows a Poisson distribution with meanµ = 100. Suppose
the paperboy purchasesn papers per day. Then he sellsYn = min(X, n) papers per day, so his profit is
πn = 25Yn − 10n (in cents). We compute

E(Yn) =
∑

k

kP (Yn = k)

=
n−1∑
k=1

kP (min(X, n) = k) + nP (min(X, n) = n)

=
n−1∑
k=1

kP (X = k) + nP (X ≥ n)

=
n−1∑
k=1

kP (X = k) + n− nP (X < n)

= n +
n−1∑
k=1

kP (X = k)− n
n−1∑
k=0

P (X = k)

= n + e−µ
n−1∑
k=1

µk

(k − 1)!
− ne−µ

n−1∑
k=0

µk

k!

= n + µe−µ
n−1∑
k=1

µk−1

(k − 1)!
− ne−µ

n−1∑
k=0

µk

k!

= n + (µ− n)e−µ
n−2∑
k=1

µk

k!
− ne−µ µn−1

(n− 1)!
.

Forn = µ = 100,

E(Yn) = n− ne−µ µn−1

(n− 1)!
≈ 96.0319

By linearity,

E(πn) = 25E(Yn)− 10n ≈ 1400.3475

for n = 100.

(b) As shown in Figure 1 below,E(πn) = 25E(Yn) − 10n increases to a maximum value of1402.9150 at
n = 103, then decreases approximately linearly for largern. (The reason for this behavior is thatE(Yn)
rapidly approachesE(X) = µ asn increases, and soE(πn+1) ≈ E(πn)− 10 for E(Yn) ≈ µ.)
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Figure 1: The long-term profitE(πn) as a function ofn.

4.4 Exercise 3.3.20

(a) In case (1), the profit is200, 100, 0, or−100 (in units of hundreds of dollars), each with probability1/4.
The probability that the profit is at least80 is therefore1/2.

(b) LetXi be the profit from stocki, and setX = X1 + · · ·+ X100. The meanµ of eachXi is given by

µ = E(Xi) =
1
4
(2 + 1 + 0− 1) =

1
2
.

The standard deviationσ of eachXi is given by

σ2 = E((X − µ)2) =
1
4

[(
3
2

)2

+
(

1
2

)2

+
(
−1

2

)2

+
(
−3

2

)2
]

=
5
4

Using the normal approximation,

P (X ≥ a) = P (a ≤ X ≤ ∞)

= P

(
a− 100µ

10σ
≤ X − 100µ

10σ
≤ ∞

)
≈ Φ(∞)− Φ

(
a− 100µ

10σ

)
= 1− Φ

(
a− 100µ

10σ

)
.

for anya. Hence the probability that the profit in case (2) is at least80 is given by

P (X ≥ 80) ≈ 1− Φ
(

80− 100µ

10σ

)
= 1− Φ(2.68) = .0037.

4.5 Problem 5

Label the camerasC1, . . . , C10, and letXi denote the indicator for the event that cameraCi is never used
throughout the 20 vacations. SinceCi is not used on any fixed vacation with probability9/10, it follows
thatP (Xi = 1) = (9/10)20. HenceE(Xi) = P (Xi = 1) = (9/10)20 for all i. Let X denote the number
of cameras that were never used throughout the 20 vacations. ThenX = X1 + · · ·+ X10, so

E(X) = E(X1 + · · ·+ X10) = E(X1) + · · ·+ E(X10) = 10
(

9
10

)20

= 1.2158.
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4.6 Problem 6

Let U1 andU2 denote the two break points of the stick. Assuming thatU1 andU2 are independent and
uniformly distributed on[0, 1], the average length of the middle portion of the stick is given by∫ 1

0

∫ 1

0
|U2 − U1| dU1 dU2 =

∫ 1

0

∫ U2

0
(U2 − U1) dU1 dU2 −

∫ 1

0

∫ 1

U2

(U2 − U1) dU1 dU2 =
1
6

+
1
6

=
1
3
.

4.7 Bonus Problem

The solution will be posted separately.
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