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Abstract

Single hidden-layer feedforward neural networks have been proposed as an approach to
bypass the curse of dimensionality and are now becoming widely applied to approximation
or prediction in applied sciences. In that approach, one approximates a multivariate target
function by a sum of ridge functions; this is similar to projection pursuit in the literature
of statistics. This approach poses new and challenging questions both at a practical and
theoretical level, ranging from the construction of neural networks to their efficiency and
capability. The topic of this thesis is to show that ridgelets, a new set of functions, provide
an elegant tool to answer some of these fundamental questions.

In the first part of the thesis, we introduce a special admissibility condition for neural
activation functions. Using an admissible neuron, we develop two linear transforms, namely
the continuous and discrete ridgelet transforms. Both transforms represent quite general
functions f as a superposition of ridge functions in a stable and concrete way. A frame of
“nearly orthogonal” ridgelets underlies the discrete transform.

In the second part, we show how to use the ridgelet transform to derive new approxi-
mation bounds. That is, we introduce a new family of smoothness classes and show how
they model “real-life” signals by exhibiting some specific sorts of high-dimensional spatial
inhomogeneities. Roughly speaking, finite linear combinations of ridgelets are optimal for
approximating functions from these new classes. In addition, we use the ridgelet transform
to study the limitations of neural networks. As a surprising and remarkable example, we
discuss the case of approximating radial functions.

Finally, it is explained in the conclusion why these new ridgelet expansions offer decisive

improvements over traditional neural networks.
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Chapter 1
Introduction

Let f(z) : R? = R be a function of d variables. In this thesis, we are interested in
constructing convenient approximations to f using a system called neural networks. This
problem is of wide interest throughout the mathematical sciences and many fundamental
questions remain open. Because of the extensive use of neural networks, we will address

questions from various perspectives and use these as guidelines for the present work.

1.1 Neural Networks

A single hidden-layer feedforward neural network is the name given a function of d-variables

constructed by the rule
fml@) = cvip(ki -z — by), (1.1)
i=1

where the m terms in the sum are called neurons; the «; and b; are scalars; and the k; are
d-dimensional vectors. Each neuron maps a multivariate input z € R? into a real valued
output by composing a simple linear projection x — k; - x — b; with a scalar nonlinearity
p, called the activation function. Traditionally, p has been given a sigmoid shape, p(t) =
e'/(1 + €'), modeled after the activation mechanism of biological neurons. The vectors
k; specify the ‘connection strengths’ of the d inputs to the i-th neuron; the b; specify
activation thresholds. The use of this model for approximating functions in applied sciences,
engineering, and finance is large and growing; for examples, see journals such as IEEE Trans.

Neural Networks.
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From a mathematical point of view, such approximations amount to taking finite linear
combinations of atoms from the dictionary Dgigge = {p(k -z — b);k € R% b € R} of
elementary ridge functions. As is known, any function of d variables can be approximated
arbitrarily well by such combinations (Cybenko, 1989; Leshno, Lin, Pinkus, and Schocken,
1993). As far as constructing these combinations, a frequently discussed approach is the
greedy algorithm that, starting from fy(xz) = 0, operates in a stepwise fashion running

through steps ¢ = 1,...m; we inductively define
fi=a" fiii+ (1 —a)p(k* -z —b"), (1.2)
where (o, k*,b,) are solutions of the optimization problem

arg min arg (k,b)rgfi{r;m If —afi-r + (1 —a)p(k -z —b)l2. (1.3)
Thus, at the i-th stage, the algorithm substitutes to f; 1 a convex combination involving
fi—1 and a term from the dictionary Dpg;q4. that results in the largest decrease in approx-
imation error (1.3). It is known that when f € L?(D) with D a compact set, the greedy
algorithm converges (Jones, 1992b); it is also known that for a relaxed variant of the greedy
algorithm, the convergence rate can be controlled under certain assumptions (Jones, 1992a;
Barron, 1993). There are unfortunately two problems with the conceptual basis of such
results.

First, they lack the constructive character which one ordinarily associates with the
word “algorithm.” In any assumed implementation of minimizing (1.3) one would need to
search for a minimum within a discrete collection of £ and b. What are the properties of
procedures restricted to such collections? Or, more directly, how finely discretized must the
collection be so that a search over that collection gives results similar to a minimization over
the continuum? In some sense, applying the word *algorithm” for abstract minimization
procedures in the absence of an understanding of this issue is a misnomer.

Second, even if one is willing to forgive the lack of constructivity in such results, one
must still face the lack of stability of the resulting decomposition. An approximant fy(z) =
Zf\;l a;p(k; - © — b;) has coefficients which in no way are continuous functionals of f and

do not necessarily reflect the size and organization of f (Meyer, 1992).
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1.2 Approximation Theory

Let alone the most delicate problem of their construction, one can look at neural networks
from the viewpoint of approximation: that is, to investigate the efficiency of approximation
of a function f by finite linear combinations of neurons taken from the dictionary Dgjgge.
Although this issue has received overwhelming attention (Barron, 1993; Cybenko, 1989; De-
Vore, Oskolkov, and Petrushev, 1997; Mhaskar, 1996; Mhaskar and Micchelli, 1995), there
are surprisingly very few decisive results about the quantitative rates of these approxima-
tions.

First, there is a series of results which essentially amount to saying that neural net-
works are at least as efficient as polynomials for approximating functions (Mhaskar, 1996;
Mhaskar and Micchelli, 1995); the argument being simply that since one can find good
approximations of polynomials using neural networks, whenever there is a good polynomial
approximation of a target function f, there is in principle a corresponding neural net ap-
proximation. Second, in a celebrated result, Barron (1993) and Jones (1992b) have been
able to bound the convergence rate of the greedy algorithm (1.2)-(1.3), when f is restricted
to satisfy some smoothness condition, namely f is a square integrable function over the unit
ball Q4 of R? such that [, [¢ ||f(£)|d£ < C (here, fdenotes the Fourier transform of f).
For this class, they show

If = fwllo < 20N7172, (1.4)

where fy is the output of the algorithm at stage N. Their result, however, also raises a set
of challenging questions which we will now discuss.

The greedy algorithm. The work of DeVore and Temlyakov (1996) shows that the greedy
algorithm has unfortunately very weak approximation properties. Even when good approxi-
mations exist, the greedy algorithm cannot be guaranteed to find them, even in the extreme
case where f is just a superposition of a few, say ten, elements of our dictionary Dg;qge.

Neural nets for which functions? It can be shown that for the class Barron considers, a
simple N-term trigonometric approximation would give better rates of convergence; namely,
O(N—(/2+1/d)) (and, of course, there is a real and fast algorithm). So, it would be of interest
to be able to identify functional classes for which neural networks are more efficient than
other methods of approximation or more ambitiously a class F for which it could be proved

that linear combinations of elements of Dg;q4. give the best rate of approximation over F.
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In Chapter 5, we will see how one can formalize this statement.

Better rates? Are there classes of functions (other than trivial ones) that can be ap-
proximated in O(N~") for r > 1/2? In other words, if one is willing to restrict further the
set of functions to be approximated, can we guarantee better rates of convergence?

Therefore, from the viewpoint of approximation, there is a need to understand the
properties of neural net expansions, to understand what they can and what they cannot do,
and where they do well and where they do not. This is one of the main goals of the present

thesis.

1.3 Statistical Estimation

In a nonparametric regression problem, one is given a pair of random variables (X,Y")
where, say, X is a d-dimensional vector and Y is real valued. Given data (X;,Y;) |, and

the model
Y = f(Xy) + e, (1.5)

where € is the noisy contribution, one wishes to estimate the unknown smooth function f.

It is observed that well-known regression methods such as kernel smoothing, nearest-
neighbor, spline smoothing (see Hérdle, 1990 for details) may perform very badly in high
dimensions because of the so-called curse of dimensionality. The curse comes from the fact
that when dealing with a finite amount of data, the high-dimensional ball €, is mostly
empty, as discussed in the excellent paper of Friedman and Stuetzle (1981). In terms of
estimation bounds, roughly speaking, the curse says that unless you have an enormous

sample size IV, you will get a poor mean-squared error, say.

1.3.1 Projection Pursuit Regression (PPR)

In an attempt to avoid the adverse effects of the curse of dimensionality, Friedman and
Stuetzle (1981) suggest approximating the unknown regression function f by a sum of ridge

functions,

fla) ~> " gilu; - x),
-1
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where the u;’s are vectors of unit length, i.e. ||uj|| = 1. The algorithm, the statistical
analogy of (1.2)-(1.3), also operates in a stepwise fashion. At stage m, it augments the fit
fm—1 by adding a ridge function g;(u; - ) obtained as follows: calculate the residuals of
the m — 1thfitr; = Y; — ZT;II gj(uj - X;); and for a fixed direction u plot the residuals r;
against u - z;; fit a smooth curve ¢ and choose the best direction 4, so as to minimize the
residuals sum of squares Y_,(r; — g(u - X;))?. The algorithm stops when the improvement
is small.

The approach was revolutionary because instead of averaging the data over balls, PPR
performs a local averaging over narrow strips: |u -z — t| < h, thus avoiding the problems

relative to the sparsity of the high-dimensional unit ball.

1.3.2 Neural Nets Again

Neural nets are also very much in use in statistics for regression, classification, discrimina-
tion, etc. (see the survey of Cheng and Titterington, 1994 and its joined discussion). In
regression, where the training data is again of the form (Xj;,Y;), neural nets fit the data

with a sum of the form
j(z) =Y ajplk; -z —bj),
j=1

where k; € R? and b; € R, so that the fit is exactly like (1.1). Again, the sigmoid is most
commonly used for p.

Of course, PPR and neural nets regression are of the same flavor as both attempt to
approximate the regression surface by a superposition of ridge functions. One of the main
differences is perhaps that neural networks allow for a non-smooth fit since p(k - = — b)
resembles a step function when the norm ||k|| of the weights is large. On the other hand,
PPR can make better use of projections since it bears the freedom to choose a different

profile g at each step.
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1.3.3 Statistical Methodology

In approximation theory, given a dictionary D = {gx, A € A} (where A denotes some index

set), one tries to build up an approximation by taking out finite linear combinations

N
fu(e) = aigy, (x).
=1

Likewise, in statistics, almost all current nonparametric regression methods use selection of

elements from D to construct an estimate
N
fl@) =" aign(x)
i=1

of the unknown f (1.5). Following Breiman’s discussion (Cheng and Titterington, 1994),
examples include cases where D is a set of indicator functions D = {l;,cp,}} where the
R)’s are rectangles (CART); the case where elements of D are products of univariate splines
D= {H?Z1 +(zj — Xij)+} (MARS); and many others including the neural nets dictionary
Dridge- One of the most remarkable and beautiful examples concerns the case where D is a
wavelet basis, as in this case; both fast algorithms and near-optimal theoretical results are
available, see Donoho, Johnstone, Kerkyacharian, and Picard (1995).

PPR and neural nets are used every day in data analysis, but not much is known
about their capability. We feel that there is a need to get an intellectual understanding
of these projection-based methods. What can neural networks achieve? For which kinds
of regression surface f will they give good estimates? How can a good subset of neurons
p(k -z — b) be selected? It is common sense that PPR or neural nets will have a small
prediction error if, and only if, superpositions of ridge functions like (1.1) approximate
the regression surface rather well. In fact, the connection between approximation theory
and statistical estimation is very deep (see, for instance, Hasminskii and Ibragimov, 1990;
Donoho and Johnstone, 1989; Donoho, 1993; Donoho and Johnstone, 1995) to the point
that in some cases, the two problems become hardly distinguishable, as shown in Donoho
(1993), for example. Therefore, a lot of questions are common with the ones spelled out in

the previous section.
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1.4 Harmonic Analysis

It is well known that trigonometric series provide poor reconstructions of singular signals.
For instance, let H(z) be the step function 1y,-¢y on the interval [—m,7]. The best Ly N-
term approximation of H by trigonometric series gives only a Ly error of order O(N~'/2).
One of the many reasons that make wavelets so attractive is that they are the best bases for
representing objects composed with singularities (see the discussion of Mallat’s heuristics
in Donoho, 1993). In a nice wavelet basis, the Lo approximation error is O(N %) for every
possible choice of s. However, under a certain viewpoint, the picture changes dramatically
when the dimension is greater than one. In the unit Q of R% say that we want to rep-
resent again the step function H(u - z — t); then, O(e 2?1 wavelets are needed to give
a reconstruction error of order € (i.e. convergence in O(N 72(d—1*1)) of N-term expansions).
Translated into the framework of image compression, it says that both wavelets bases and
Fourier bases are severely inefficient at representing edges in images.

In harmonic analysis, there has recently been much interest in finding new dictionaries
and ways of representing functions by linear combinations of elements of those. Examples
include wavelets, wavelet-packets, Gabor functions, brushlets, etc. However, there aren’t
any representations that represent objects like H(u - x — t) efficiently. From this point of
view, it would be interesting to develop one which would represent step functions as well as

wavelets do in one dimension.

1.5 Achievements

The thesis is about the important issues that have just been addressed. Our goal here is
to apply the concepts and methods of modern harmonic analysis to tackle these problems,
starting with the primary one: the problem of constructing neural networks.

Using techniques developed in group representations theory and wavelet analysis, we
develop two concrete and stable representations of functions f as superpositions of ridge

functions. We then use these new expansions to study finite approximations.

1.5.1 A Continuous Representation

In Chapter 2, we develop the concept of admissible neural activation function ¢ : R — R.

Unlike traditional sigmoidal neural activation functions which are positive and monotone
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increasing, such an admissible activation function is oscillating, taking both positive and
negative values. In fact, our condition requires for 1) a number of vanishing moments which
are proportional to the dimension d, so that an admissible ¢) has zero integral, zero ‘average
slope,’ zero ‘average curvature,’ etc. in high dimensions.

We show that if one is willing to abandon the traditional sigmoidal neural activation
function p, which typically has no vanishing moments and is not in L?, and replace it by an
admissible neural activation function 4, then any reasonable function f may be represented
exactly as a continuous superposition from the dictionary Dpiggerer = {1y : v € '} of
ridgelets 1., (x) = a‘”%/;(%ﬁb) where the ridgelet parameter v = (a, u, b) runs through the
set T' = {(a,u,b); a,b € R,a > 0,u € S*} with S¢~! denoting the unit sphere of R.

In short, we establish a continuous reproducing formula

f=cy / by (), (1.6)

for f € L' N L?*(R%), where ¢y is a constant which depends only on ¢ and pu(dy) o
da/a™dudb is a kind of uniform measure on I'; for details, see below. We also estab-

lish a Parseval relation

17 = co [ 17t (L.7)

These two formulas mean that we have a well-defined continuous Ridgelet transform R(f)(y) =
(f,1,) taking functions on R? isometrically into functions of the ridgelet parameter v =
(@, u,b).

1.5.2 Discrete Representation

We next develop somewhat stronger admissibility conditions on ¢ (which we call frameability
conditions) and replace this continuous transform by a discrete transform (Chapter 3). Let
D be a fixed compact set in R%. We construct a special countable set 'y C T' such that

every f € L?(D) has a representation

f=> ayp, (1.8)

v€lq
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with equality in the L?(D) sense. This representation is stable in the sense that the co-
efficients change continuously under perturbations of f which are small in L?(D) norm.
Underlying the construction of such a discrete transform is, of course, a quasi-Parseval

relation, which in this case takes the form

A2y < D 1F ¥ 2oy < Bllfll720y; (1.9)

v€ly

Equation (1.8) follows by use of the standard machinery of frames (Duffin and Schaeffer,
1952; Daubechies, 1992). Frame machinery also shows that the coefficients «, are realiz-
able as bounded linear functionals v, (f) having Riesz representers 1), (z) € L(D). These
representers are not ridge functions themselves; but by the convergence of Neumann series
underlying the frame operator, we are entitled to think of them as molecules made up of
linear combinations of ridge atoms, where the linear combinations concentrate on atoms

with parameters 7/ “near” +.

1.5.3 Applications

As a result of Chapters 2 and 3, we are, roughly speaking, in a position to efficiently
construct finite approximations by ridgelets which give good approximations to a given
function f € L?(D). One can see where the tools we have constructed are heading: from
the exact series representation (1.8), one aims to extract a finite linear combination which
is a good approximation to the infinite series; once such a representation is available, one
has a stable, mathematically tractable method of constructing approximate representations
of functions f based on systems of neuron-like elements.

New functional classes. Rephrasing a comment made in section 1.2, it is natural to ask
for which functional classes do ridgelets make sense. That is, what are the classes they
approximate best? To explain further what we mean, suppose we are given a dictionary
D = {gx, A € A}. For a function f, we define its approximation error by N-elements of the
dictionary D by

N
inf inf [|f = aigrllu = dn(f, D). (1.10)

(ai)ly (M), i=1
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Suppose now that we are interested in the approximation of classes of functions; characterize

the rate of approximation of the class F by N elements from D by

dy(F,D) = supdn(f,D). (1.11)
feF
In Chapter 4, we introduce a new scale of functional classes, not currently studied in
harmonic analysis, which are “quasi-approximation spaces” for ridgelets. That is, we show
that (Chapter 5):

(i) Optimality. There is a dictionary of ridgelet-like elements, namely the dual-ridgelet
dictionary Dpyal— Ridge = {1/;7}7611 ,» that is optimal for approximating functions from
these classes. In other words, there isn’t any other dictionary with better approxima-

tion properties in the sense of (1.11).

(ii) Constructive approzimation. There is an approximation scheme that is optimal for

approximating functions from these classes. From the exact series representation

F=Y_(f )y,

Y€l

extract the N-term approximation fy where one only keeps the dual-ridgelet terms
corresponding to the N largest ridgelet coeflicients (f,1),); then, the approximant f N

achieves the optimal rate of approximation over our new classes.

In Chapter 4, we give a description of these new spaces in terms of the smoothness of the
Radon-transform of f. Furthermore, we explain how these spaces model functions that are
singular across hyperplanes when there may be an arbitrary number of hyperplanes which
may be located in any spatial positions and may have any orientations.

Specific examples. We study degrees of approximations over some specific examples. For
example, we will show in Chapter 5 that the goals set in section 1.4 are fulfilled. Although
ridgelets are optimal for representing objects with singularities across hyperplanes, they
fail to represent efficiently singular radial objects (Chapter 6); i.e., when singularities are
associated with spheres and more generally with curved hypersurfaces. In some sense, we
cannot curve the singular sets.

Superiority over traditional neural nets. In Neural Networks, one considers approxima-

tions by finite linear combinations taken from the dictionary Dyy = {p(k -z —b), k €
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R" b € R}, where p is the univariate sigmoid, see Barron (1993) for example. It is shown
that for any function f € Lo(£4), there is a ridgelet approximation which is at least as good

- and perhaps much better - as the best ideal approximation using Neural Networks.

1.5.4 Innovations

Underlying our methods is the inspiration of modern harmonic analysis — ideas like the
Calderén reproducing formula and the Theory of Frames. We shall briefly describe what is
new here — that which is not merely an ‘automatic’ consequence of existing ideas.

First, there is, of course, a general machinery for getting continuous reproducing formu-
las like (1.6), via the theory of square-integrable group representations (Duflo and Moore,
1976; Daubechies, Grossmann, and Meyer, 1986). Such a theory has been applied to de-
velop wavelet-like representations over groups other than the usual az 4+ b group on R¢, see
Bernier and Taylor (1996). However, the particular geometry of ridge functions does not
allow the identification of the action of I" on 1 with a linear group representation (notice
that the argument of ¢ is real, while the argument of v, is a vector in R%). As a conse-
quence, the possibility of a straightforward application of well-known results is ruled out.
As an example of the difference, our condition for admissibility of a neural activation func-
tion for the continuous ridgelet transform is much stronger — requiring about d/2 vanishing
moments in dimension d — than the usual condition for admissibility of the mother wavelet
for the continuous wavelet transform, which requires only one vanishing moment in any
dimension.

Second, in constructing frames of ridgelets, we have been guided by the theory of
wavelets, which holds that one can turn continuous transforms into discrete expansions
by adopting a strategy of discretizing frequency space into dyadic coronae (Daubechies,
1992; Daubechies, Grossmann, and Meyer, 1986); this goes back to Littlewood-Paley (Fra-
zier, Jawerth, and Weiss, 1991). Our approach indeed uses such a strategy for dealing with
the location and scale variables in the I'y dictionary. However, in dealing with ridgelets
there is also an issue of discretizing the directional variable u that seems to be a new ele-
ment: u must be discretized more finely as the scale becomes finer. The existence of frame
bounds under our discretization shows that we have achieved, in some sense, the ‘right’
discretization, and we believe this to be new and of independent interest.

Third, as emphasized in the previous two paragraphs, one has available a new tool

to analyze and synthesize multivariate functions. While wavelets and related methods
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work well in the analysis and synthesis of objects with local singularities, ridgelets are
designed to work well with conormal objects: objects that are singular across some family
of hypersurfaces, but smooth along them. This leads to a more general and superficial
observation: the association between neural nets representations and certain types of spatial
inhomogeneities seems, here, to be a new element.

Next, there is a serious attempt in this thesis to characterize and identify functional
classes that can be approximated by neural nets at a certain rate. Unlike well grounded area
of approximation theory, neural network theory does not solve the delicate characterization
issue. In wavelet or spline theory, it is well known that the efficiency of the approximation
is characterized by classical smoothness (Besov spaces). In contrast, it is necessary in
addressing characterization issues of neural nets approximation to abandon the classical
measure of smoothness. Instead, we propose a new one and define a new scale of spaces
based on our new definition. In addition to providing a characterization framework, these
spaces to our knowledge are not studied in classical analysis and their study may be of
independent interest.

We conclude this introduction by underlining perhaps the most important aspect of the
present thesis: ridgelet expansion and approximation are both constructive and effective
procedures as opposed to existential approximations commonly discussed in the neural

networks literature (see section 1.1).



Chapter 2

The Continuous Ridgelet

Transform

In this chapter we present results regarding the existence and the properties of the contin-

uous representation (1.6). Recall that we have introduced the parameter space
I'={y=(a,u,b); a,beR,a>0,u€c Sd’l},

and the notation v, (z) = a*I/Zz/J(%_b). Of course, the parameter v = (a,u,b) has a nat-
ural interpretation: a indexes the scale of the ridgelet; u, its orientation and b, its location.

d
The measure p(dy) on neuron parameter space I is defined by p(dy) = aa oqdu db, where

d+1
o4 is the surface area of the unit sphere S?~! in dimension d and du the C111r;|;form probability
measure on S¢'. As usual, f(f) = e~ f(x)dz denotes the Fourier transform of f and
F(f) as well. To simplify notation, we will consider only the case of multivariate = € R?
with d > 2. Finally, we will always assume that 1) : R — R belongs to the Schwartz space
S(R). The results presented here hold under weaker conditions on v, but we avoid study
of various technicalities in this chapter.

We now introduce the key definition of this chapter.

Definition 1 Let ¢ : R — R satisfy the condition

€14

Then v is called an Admissible Neural Activation Function.

13
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Figure 2.1: Ridgelets.

We will call the ridge function 7)., generated by an admissible 1) a ridgelet.

2.1 A Reproducing Formula

We start by the fundamental reconstruction principle that will be extended to more general
functions in the next section.

Theorem 1 (Reconstruction) Suppose that f and fe LY (R%). If 4 is admissible, then

F=co [(phbantan), (2.2)
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where ¢y = W(QW)_dKJI.

Remark 1. In fact, for 1) € S(R), the admissibility condition (2.1) is essentially equiva-

lent to the requirement of vanishing moments:

/tkz/)(t)dtzo, ke {0,1,..., [ﬂ] —1}.

This clearly shows the similarity of (2.1) to the 1-dimensional wavelet admissibility condition
(Daubechies, 1992, Page 24); however, unlike wavelet theory, the number of necessary
vanishing moments grows linearly in the dimension d.

Remark 2. Tf p(t) is the sigmoid function e’ /(1+¢'), then p is not admissible. Actually no
formula like (2.2) can hold if one uses neurons of the type commonly employed in the theory
of Neural Networks. However, p(™(t) is an admissible activation function for m > [4] + 1.
Hence, sufficiently high derivatives of the functions used in Neural Networks theory do lead
to good reconstruction formulas.

Proof of Theorem 1. The proof uses the Radon Transform R, defined by: R,f(t) =
[ f(tu+ Uts)ds with s = (s1,... ,841) € R ! and UL an d x (d — 1) matrix containing

as columns an orthonormal basis for urt.

With a slight abuse of notation, let 1, (x) = a_%z/)(%) and 1(z) = ¢(—z). Put w, w(b) = Yo
da

Ry f(b) and let T= [(f,1hy)hy(z)(dy) = [ ta(u 2 — b)weu(b) s gd+1 oqdu db. Recall Ruf =

F(€u) and, hence, if f € L'(RY), R.f € LY(R). Then, I = [}, * (tha * Ruf)(u- ) g+laddu.

Noting that b, * (1) * Ryf) € L'(R) and that its 1-dimensional Fourier transform is given

by alth(a€)[? f(£u), we have

- / explicu - o) F(€u)al (o) P gy oadu de.

If ¢ is real valued, @/[)\(—f) = 12)\(5); hence,

1 ~ ~ d
=2 / expigu - o} F(€w)al P (661 g0y ~gpr vadu de.
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Then, by Fubini

I = l/exp{zfu z}f(€u) {/W) aé)|? }1{§>0}d§gddu
= 1 [espticu- o) flew el 1 ey dzoadn
1 N
= ;K /Rd exp{iz - k}f (k)dk
= %qu(%)df(w)- N

Integral representations like (2.2) have been independently discovered in Murata (1996).

2.2 A Parseval Relation

Theorem 2 (Parseval relation) Assume f € L' N L%(RY) and ¢ admissible. Then

11 = cu- [ 1655} P

Proof. With w4, (b) defined as in the proof of Theorem 1, we then have

[ 1) = [ a0 caduds =1,

say. Using Fubini’s theorem for positive functions,

da da
|Wa,u (0)|* — oadudb = [ |lwaull3—5 oadu. (2.3)
ad+1 ad+

Wq, is integrable, being the convolution between two integrable functions, and belongs to

L%(R) since ||waullz < || f]l1]1#all2; its Fourier transform is then well defined and @, (¢) =

= 1 _

1o (€)f(éu). By the usual Plancherel theorem, [ |wgy(b)|?db = 2—/|wa,u(£)|2d£ and,
s

hence,

da
= o | VPR i oudud = - [ )P0 o o e
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Since [ |z/1 aé)|?— = Ky|¢|*! (admissibility), we have

2K, 1
T [1F€Pet agau = Sxuen 7B

The assumptions on f in the above two theorems are somewhat restrictive, and the
basic formulas can be extended to an even wider class of objects. It is classical to define
the Fourier Transform first for f € L'(R?) and only later to extend it to all of L? using the

fact that L' N L? is dense in L?. By a similar density argument, one obtains

Proposition 1 There is a linear transform R: L*(R?) — L2(T',u(dy)) which is an L?-

isometry and whose restriction to L' N L? satisfies

R(H(v) = {fs4py)-

For this extension, a generalization of the Parseval relationship (1.7) holds.

Proposition 2 (Extended Parseval) For all f,g € L?>(R%),

M@Z%/RWWW@WMM) (2.4)

Proof of Proposition 2. Notice that one needs only to prove the property for a dense
subspace of L?(R%); i.e., L' N L2(RY). So let f,g € L' N L?; we can write

[ ROOR@ Ot = [ G f500) g7 oadu =1

Applying Plancherel

da
U= o [ Gar T 9 oudu

T o / Flewg(ewalp(ad) P o Gududg

and, by Fubini, we get the desired result. ]
Relation (2.4) allows identification of the integral ¢, [(f, 1), u(dy) with f by duality.
In fact, taking the inner product of ¢y [(f, 4y )pu(dy) withany g € L?(RY) and exchanging
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the order of inner product and integration over 7y, one obtains

(e [ / <f,1/)7)1/w(d7)] 9 =e [ (Mot = (10

which by the Riesz theorem leads to f = ¢y [(f, 1)1y p(dy) in the prescribed weak sense.

The theory of wavelets and Fourier analysis contain results of a similar flavor: for
example, the Fourier inversion theorem in L?(RY) can be proven by duality. However,
there exists a more concrete proof of the Fourier inversion theorem. Recall, in fact, that if
f € L' N L?>(R%) and if we consider the truncated Fourier expansion fK(f) = f(f)1{|§|§K}a
then fx € LY(RY) and |F(fx) — (2m)%f||;2 — 0 as K — oo. This argument provides an
interpretation of the Fourier inversion formula that reassures about its practical relevance.

We now give a similar result for the convergence of truncated ridgelet expansions. For
each £ > 0, define T := {y = (a,u,b) : e <a<e L,uecS" ' becR}CT.

Proposition 3 Let f € L'(RY) and {a,} = {{f,¥y) Y yer); then for every e >0
ay1r. (7) € L(T, u(dy)).

Proof. Notice that a, = (the * Ry f)(b); then

/Flowlu(dv) = /I |d+1 oadu db

e da
< o—d||f||1/ Il -2 < oo
£ ad+% ’

N

where we have used [[wgulls < |[all[lf [l = a'/2[$ll 1] flL- W
The above proposition shows that for any f € L'(R%), the expression

o= /F (F o b a(dy)

is meaningful, since {1} er is uniformly L°° bounded over I'.. The next theorem makes

more precise the meaning of the reproducing formula.

Theorem 3 Suppose f € L' N L*(R%) and 1 admissible.

(1) fe € L*(R?), and
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(2) |If = fellz2 = 0 as e — 0.

Proof of Theorem 3.

Step 1 Letting ¢y (z) = ( :

il
2w A)

IR

exp{— } and defining f2 as

P =cy /F (F * bbby pa(dy),

we start provmg that f2 € L2(RY). Notice that R, (f * ¢n) = Ruf * Ry and Ry (t) =

Gy ol L)L Now F(Ruf + Ru)(©) = (Fuf - Fudn)(©) = Fléwexp({~3¢%).

Repeating the argument in the proof of Theorem 1, we get

A_ € da, ~ 2 axn ity - YN
f&= - /{§>o},sd1 {/a§a§61 ad|¢(a€)| }e p{ifu -z 25 }(Ew)oqgdédu.

—1 -1
5 . d S I
Note that for & # 0, we have / |1/)(a§)|2—3 = |§|d1/ |9 (t)°— (which we will
€ a el¢l
abbreviate as Ky|¢|7"!c.(|¢])) and c-(|¢]) T 1 as € — 0. After the change of variable k = |¢|u,

we obtain k]2
c . Allk ~
2 =2k, [expit -z - 2y (ki Fikyan
which allows the interpretation of f as the “conjugate” Fourier transform of an L? element
and therefore the conclusion f2 € L2(R%).
Step 2 We aim to prove that f2 — f. pointwise and in L?(R?). The dominated conver-

gence theorem leads to

e (IR FR) exp{=3 1P} — co(IkINF(R) in L2(RY) as A 0.
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Then by the Fourier Transform isometry, we have f} — (27r)_dﬁ(cgf) in L2(RY). Tt

remains to be proved that this limit, which we will abbreviate with g., is indeed f.:

@) - L) = e / ((F * drntbs) — (b))

€

—1
& ~ da
< coswp @) [ [ I (Ruf * Rug = Rufli o
’YGFE £ Sd—1 a
-1
1 ‘ ~ da
< el [ [ WbIRS  Ruhy = R lageroud

-1

_1 * da
— e Wl [ 0 [ IR ¢ Ruga — Ruflodu
€ a2 Sd-1
Then for a fixed u, ||Ryf * Rypy — Ruf|l1 = 0 as A — 0 and

HRuf * Ru¢A - Ruf“l < HRule + HRuf * Ru¢z\“1
2[[Rufllr < 2[I £l

IN

Thus by the dominated convergence theorem, [g41 [|[Ruf * Rypx — Rufll104du — 0.
From |f2(x) — fe(#)] < 8(e)[¥lloctll [amr I1Ruf * Rudr — Rufllioadu, we obtain ||f2 —

felloo — 0 as A — 0. Note that the convergence is in C(R?) as the functions are continuous.
Finally, we get f. = g. and, therefore, f. is in L?(R%) by completeness.
To show that || f-—f||2 = 0 as e — 0, it is necessary and sufficient to show that Hﬁ—f“g — 0,

\F = 7l = / FRPQ - e (k) 2dR.

Recalling that 0 < ¢. < 1 and that ¢ T 1 as € — 0, the convergence follows. 1

2.3 A Semi-Continuous Reproducing Formula

We have seen that any function f € L; N Ly(R?) might be represented as a continuous

superposition of ridge functions

x—b.1 wu-z—b.d
e —z/)(u)a—z(iudb, (2.5)

a a a

and the sense in which the above equation holds. Now, one can obtain a semi-continuous

version of (2.5) by replacing the continuous scale by a dyadic lattice. The motivation for
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doing so will appear in the later chapters. Let us choose 1 such that

[$(277¢) 2
J; gt =1. (2.6)

Of course, this condition greatly resembles the admissibility condition (2.1) introduced

earlier. If one is given a function ¥ such that

S w2 )
JEZ
it is immediate to see that ¢ defined by 9 (¢) = |¢](4=1/2F(¢) will verify (2.6). Now, using

the same argument as for Theorems 1 and 3, the property (2.6) implies

£ S P [ (@) 292 = )29 2 — ))du,
JEZ
where again if f € S(RY), the inequality holds in a pointwise way and more generally if
f € LiN Ly(RY), the partial sums of the right-hand side are square integrable and converge
to f in Lo. Finally, as in wavelet theory, it will be rather useful to introduce some special

coarse scale ridgelets. We choose a profile ¢ so that

2= 3P DI,

§<0

As a consequence, we have that for any £ € R

)P+ 227 )P = |g) (2.7)

j=0

Notice, the above equality implies |¢(£)|? < |¢|~", which is very much unlike Littlewood-
Paley or wavelet theory: our coarse scale ridgelets are also oscillating since ¢ must have
some decay near the origin, that is, ¢ itself must have some vanishing moments. (In fact,
@ is “almost” an Admissible Neural Activation Function: compare with (2.1)).

For a pair (p,1) satisfying (2.7), we have the following semi-continuous reproducing
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formula

f o /(f(x), p(u-z—b))pu-z—0b)+ Yy 2@ /<f(w>,¢j(u -z — b))pj(u - © — b)dudb,
j>0
(2.8)

where as in Littlewood Paley theory, 1; stands for 27¢6(27-). At this point, the reader knows

in which sense (2.8) must be interpreted.



Chapter 3

Discrete Ridgelet Transforms:

Frames

The previous chapter described a class of neurons, the ridgelets {1, },cr, such that

(i) any function f can be reconstructed from the continuous collection of its coefficients

<fﬂz/)’y>a a'nd

(ii) any function can be decomposed in a continuous superposition of neurons ..

The purpose of this chapter is to achieve similar properties using only a discrete set of

neurons I'y C I

3.1 Generalities about Frames

The theory of frames (Daubechies, 1992; Young, 1980) deals precisely with questions of this
kind. In fact, if H is a Hilbert space and {¢y, }nen a frame, an element f € H is completely
characterized by its coefficients {(f,¢n)}nen and can be reconstructed from them via a
simple and numerically stable algorithm. In addition, the theory provides an algorithm to

express [ as a linear combination of the frame elements ¢,,.

Definition 2 Let H be a Hilbert space and let {¢n}nen be a sequence of elements of H.
Then {¢n tnen is a frame if there exist 0 < A, B < oo such that for any f € H

AlfIF < D 1 endul® < BIFIG (3.1)

neN

23
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in which case A and B are called frame bounds.

Let H be a Hilbert space and {¢p}nen a frame with bounds A and B. Note that
A|lf113, < S If, on)|? implies that {¢n}nen is a complete set in H. A frame {op nen is
said to be tight if we can take A = B in Definition 1. Furthermore, if {¢p, }nen is a basis
for H, it is called a Riesz basis. Simple examples of Frames include Orthonormal Bases,
Riesz Bases, finite concatenations of several Riesz Bases,etc.

The following results are stated without proofs and can be found in Daubechies (1992,
Page 56) and Young (1980, Page 184). Define the coefficient operator F: H — [?>(N) by
F(f) = ({f,¢n))nen- Suppose that F' is a bounded operator (||Ff|| < B f||%). Let F*
be the adjoint of F' and let G = F*F be the Frame Operator; then A Id < G < B Id in
the sense of orders of positive definite operators. Hence, G is invertible and its inverse G—!
satisfies B~'Id < G~ ! < A 'Id. Define ¢, = G 1iy; then {@p}nen is also a frame (with
frames bounds B~ and A~!) and the following holds:

F=> {f,@n)men =Y (. on)nbn. (32)

neN neN

Moreover, if f = ) _x anp, is an another decomposition of f, then )\ [(f, o) <

Y oneN lan|?. To rephrase Daubechies, the frame coefficients are the most economical in

an L? sense. Finally, G = AJQF—B(I — R) where ||R|| < 1, and so G~! can be computed as

-1 _ _2 00 k
G = aip 2= B".

3.2 Discretization of I

The special geometry of ridgelets imposes differences between the organization of ridgelet
coefficients and the organization of traditional wavelet coefficients.

With a slight change of notation, we recall that 1, = a'/?¢(a(u-z —b)). We are looking
for a countable set Iy and some conditions on ¢ such that the quasi-Parseval relation (1.9)
holds. Let R(f)(7) = (f,1,); then R(F)(7) = (Ruf,thas) With ap(t) = a'/24p(alt — b)).
Thus, the information provided by a ridgelet coefficient R(f)(y) is the one-dimensional
wavelet coefficient of R, f, the Radon transform of f. Applying Plancherel, R(f)(y) may
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be expressed as

712

R(f)(v) = (R f+ %)

/ Flew)P(&/a) explibe)de, (3.3)

which corresponds to a one-dimensional integral in the frequency domain (see Figure 1).

In fact, it is the line integral of f@//)\a,o, modulated by exp{ib¢}, along the line {tu : ¢t €
R}. If, as in the Littlewood-Paley theory (Frazier, Jawerth, and Weiss, 1991) a = 2/ and
supp(y) C [1/2,2], it emphasizes a certain dyadic segment {¢: 2/ <t < 2/+1}. In contrast,
in the multidimensional wavelets case where the wavelet 1), ) = af%z/)(%b) with ¢ > 0 and
b € RY, the analogous inner product ( f,%ap) corresponds to the average of fzza over the
whole frequency domain, emphasizing the dyadic corona {¢ : 27 < |¢] < 2/+1Y,

———
<
2 N\
/ \
/ SRR R PR \
/. ke '~ \
/\ /\
oo \

- N N E -
- [ .\ i |
! T B . - . N N »
\ : [ Y 4 1] [2,+1 |21+2

\ A T D1

A e
"/ /] \\

Figure 3.1: Diagram schematically illustrating the ridgelet discretization of the
frequency plane (2-dimensional case). The circles represent the scales 27 (we have
chosen ag = 2) and the different segments essentially correspond to the support of
different coefficient functionals. There are more segments at finer scales.

Now, the underlying object f must certainly satisfy specific smoothness conditions in

order for its integrals on dyadic segments to make sense. Equivalently, in the original domain
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f must decay sufficiently rapidly at co. In this chapter, we take for our decay condition that
f be compactly supported, so that f is band limited. From now on, we will only consider
functions supported on the unit cube Q = {z € RY, ||z|| < 1} with ||z||so =max;|z;|; thus
H=L2(Q).

Guided by the Littlewood-Paley theory, we choose to discretize the scale parameter a as
{a% }i>jo (@o > 1, jo being the coarsest scale) and the location parameter b as {kboaaj}k,jzjo.
Our discretization of the sphere will also depend on the scale: the finer the scale, the finer
the sampling over S?~1. At scale a‘g, our discretization of the sphere, denoted X;, is an
gj-net of S9! with gj = eoaa(jfjo) for some €y > 0. We assume that for any 5 > jg, the
sets 3; satisfy the following Equidistribution Property: two constants kq, Kz > 0 must exist

s.t. for any u € S%! and r such that € <r <2

d—1 d—1
r r
ks (—) < HBNTH < K (—) . (3.4)
€5 €5
On the other hand, if r < ¢j, then from B, (r) C By(¢;) and the above display, |{B,(r) N
1 d—1
<N <Ka(2)
J
Essentially, our condition guarantees that X, is a collection of N; almost equispaced points

on the sphere S, N; being of order agj “9)@=1) e discrete collection of ridgelets is

¥} < K4. Furthermore, the number of points N; satisfies kg (g)
J

then given by
o (z) = al*P(adu - x — kby), v €Tq={(dd,u kboal), j > jo,u€ Sy, k€Z}. (3.5)

In our construction, the coarsest scale is determined by the dimension of the space RZ.

Defining £ as sup{g, k € N and g < l;—‘f}, we choose jp s.t. a%OH << a60+2. Finally,
we will set g = 1/2 so that ¢; = ao_(j_j‘))/z

Remark. Here, we want to be as general as possible and that is the reason why we do
not restrict the choice of ag. However, in Littlewood Paley or wavelet theory, a standard
choice corresponds to ay = 2 (dyadic frames). Likewise, and although we will prove that
there are frames for any choice of ag, we will always take ay = 2 in the analysis we develop

in the forthcoming chapters.
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3.3 Main Result

We now introduce a condition that allows us to construct frames.

Definition 3 The function 1) is called frameable if 1) € C'(R) and

o inf Z‘lpao Hagjg‘f(dflgo

1<|¢|<ao

o [P(&)] < CIE[*(L+1E)TT  where a > 451y > 2+ a.

This type of condition bears a resemblance to conditions in the theory of wavelet frames
(compare, for example, Daubechies, 1992, Page 55.) In addition, this condition looks like
a discrete version of the admissible neural activation condition described in the previous
section.

There are many frameable . For example, sufficiently high derivatives (larger than d/2+1)

of the sigmoid are frameable.

Theorem 4 (Existence of Frames) Let ¢ be frameable. Then there exists by > 0 so that
for any by < by, we can find two constants A, B > 0 (depending on 1, ag, by and d) so that,
for any f € L*(Q) (where Q denotes the unit cube of R%),

AIFIB < D 1K) < BIIFI- (3.6)

Y€l

The theorem is proved in several steps. We first show:

Lemma 1
Dy D S GO RTCBIS
7€l 0 J>]0,UGE
_QW / > 1fEw)Plilay ) / > 1f(€w)Plag”€Plb(ag "€ Pde  (3.7)
J>J0:u62 ]>]0,u62

The argument is a simple application of the analytic principle of the large sieve (Mont-
gomery, 1978). Note that it presents an alternative to Daubechies’ proof of one-dimensional
dyadic affine frames (Daubechies, 1992). We first recall an elementary lemma that we state

without proof.
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Lemma 2 Let g be a real valued function in C*[0,6] for some § > 0: then,
1
66/2)  + [ st < 1 [l @lae

Again, let 9;(z) be ag/Qz/)(aéx). The ridgelet coefficient is then (f, 1) = (Rufm/;j)(kbgaaj).

For simplicity we denote F; = |R,.f * ¢;|>. Applying the lemma gives

, o) [k+1/2)boag? 1 [(k+1/2)boay?
[ (hboay?) — / ECTEEY [} (5) b,
bo J(k—1/2)boay’ (k—1/2)boag

Now, we sum over k:

R
D s AN CL
< [ GRS ) O Rf + ()0 < VB 5B = (5

Applying Plancherel, we have

|52 Ruf =451y ) - o . | Pl e e

_ZW\/ [ 1f(Eniee) |2d£\/ | 1Pl et e o ps

Hence, if we sum the above expression over u € ¥; and j and apply the Cauchy-Schwartz

inequality to the right-hand side, we get the desired result. |
We then show that there exist A’, B’ > 0 s.t. for any f € L?(Q); we have

aigs Y [ \f(@)f\&(a?s)fdg < BIfI; (3.5)
J>joues; ¥ T
> [ |fen] e [P0 e < 75 5.9)
]>]0,u62

Thus, if by is chosen small enough, Theorem 4 holds.
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3.4 Irregular Sampling Theorems

Relationship (3.8) is, in fact, a special case of a more abstract result which holds for gen-
eral multivariate entire functions of exponential type. An excellent presentation of en-
tire functions may be found in Boas (1952). In the present section, B?(R%) denotes the
set of square integrable functions whose Fourier Transform is supported in [—1,1]¢ and
Qa(d) = {z, ||z — al|o < ¢}, the cube of center a and volume (2¢)¢. Finally, let {2, },,cz4
be the grid on R? defined by z,, = 2¢m.

Theorem 5 Suppose F € B}(RY) and ¢ < 1052 with % an integer; then Va € RY,

Z min (x)]> > ¢} Z max |F(z)[?, (3.10)

meZd Qa+zm( meZd ¢l+~m(l
where ¢; can be chosen equal to 2e %% — 1.

In fact, a more general version of this result holds for any exponent p > 0. (In this case,
the constants £ and ¢, will depend on p). The requirement that w/2¢ must be an integer
simplifies the proof but this assumption may be dropped.

Proof of Theorem 5. First, note that by making use of F,(z) = F(z — a), we just
need to prove the result for ¢ = 0. The proof is then based on the lemma stated below,
which is an extension to the multivariate case of a theorem of Paley and Wiener on non-
harmonic Fourier series (Young, 1980, Page 38). Then with |[F'(\;,)| = ming, (o |F(7)]
(resp. |[F(\f)| = maxg_ (o) |F(2)]), we have (using Lemma 3)

_,0€>2 2
FOE
o) X Eo)

S IFOGP = (17200~ p0? P13 > (5

meZd

1—p —Ld
And 1+pﬁ = 2e — 1.

Lemma 3 Let F € B?(R%) and {\n}eze be a sequence of R? such that

SUPpezd [|Am — M7 ||loo < log? then

(L=pe)’m Y3 < Y [F(A (L+pe)*n || FII3, (3.11)

mecZd

for pg =€ —1 < 1.
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Proof of Lemma 3. The Polya-Plancherel theorem (see Plancherel and Pélya, 1938, Page
116) gives

Y |Fmm)? == F|3.

meZd
Let k& denote the usual multi-index (k1,...,kq) and let |k| = k1 + -+ + kg, k! = k1! .. kg!

andxk:x'fl...

:chld. For any k, O*F is an entire function of type 7. Moreover, Bernstein’s
inequality gives ||0FF||2 < ||F||2; see Boas (1952, Page 211) for a proof. Since F is an entire
function of exponential type, F' is equal to its absolutely convergent Taylor expansion.
Letting s be a constant to be specified below, we have

k mm
FO) ~ Fnm) = 3 200 0y

|k[>1
OFF(m
= ¥ M( m—m)Fo .
! slkl
k[>1

Applying Cauchy-Schwarz and summing over m, we get

_ o 1121kl 20K
9 |0* F (mn)|? | Am m|| s
S 1P - R < 0 3 2EE 5
meZd meZe |k|>1 |k|>1
RF|} - EHls2
< DL 2w
k[>1 k[>1

02 52

_ d-X
= Y Pl — 1) — ).

We choose s2 —— . If pp = e — 1 < 1; then
Y 1FQw) = F(mm)]® < pir Y| F|13
meZa

and, by the triangle inequality, the expected result follows.
Let 1 be a measure on R%; ;1 will be called d-uniform if there exist o, 8 > 0 such that
a < u(Q,,, (£)/(20)¢ < B. The following result is completely equivalent to the previous

theorem.

Corollary 1 Fiz ¢ < lng2 with 35 an integer. Let F € B2(RY) and p be an d-uniform
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measure with bounds a, 3. Then

8
ace| FII% < / Fldu < 2713

3.5 Proof of the Main Result

We notice that the frameability condition implies that

—~ 2
| Bae)
(i) sup —— < oo, and
1<[¢[<a0 jog, agg‘

G) s 3 [dege)|

1<[¢]<ao >0

< 00,

and respectively (i) and (ii') where 12)\(5 ) is replaced by &Z(f ).

For any measurable set A, let y,, be the measure defined as

po@ = 3 [ [otayo] 1awde

J>Jjo,u€;

And similarly, we can define ,uib by changing QZ(S ) into 512)\ (€). Then,

> [|fen] parel d= [ |7 du

J>Jjo,u€;

and likewise for 4u.

31

(3.12)

Proposition 4 If is frameable, py and , are d-uniform and therefore there ezist A', B' >

0 s.t. (3.8)-(3.9) hold.

We only give proof for the measure p, the proof for “iﬂ being entirely parallel. Let pu

be the standard polar form of x. In this section, we will denote by A, (r,d) the sets defined
by Ay (r,0) = {y = p'u/,0 < p' —p <7 ||u' —ul| <d}. These sets are truncated cones. The

proof uses the technical Lemma 4.

Lemma 4 For i frameable,

/ /
0 < inf pu <Am(€,—)> < sup p <Am(€,—)> < 00,
el 2zll’) = iz’ 2]
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and respectively for “2/;'

Proof. To simplify the notations, we will use p for ||z|| and u for z/||z||. Let j, be defined
by aa(jx_jo) < /l/p < aoaa(jg”_jo). Hence, if j > j,, Ve € {—1,1}, the Equidistribution
Property (3.4) implies that

(I=3o) p\ d— (I=3o) p d—
AR A _ ag 70y d-1
k(=) <IBalt20) nmY < Ko )
We have
noalttf2e) = []a0)] Laanlende
J2Jo<,ueY;
] Jo) /

d—1 2
—) / Blaye)| de
p<[¢|<p+L

1 — =3 == 2
> fale™ E>d_1/p<§<p+e (@y IZ W}(% % %) dg.

p 730 |0,_J —Jzﬂd 1

Now, since by assumption, £ < p, we have V || € [p,p + é],ﬁaa(jﬁl) < |aajmf| < 2£aaj°.
We recall that fa, (jo+1) > 1. Therefore,

o 0! i [9ag” ©)”
1y (Ag(£,£/20)) > kalag? )20 inf o _S1
Za(;(]0+l)§\§\§2€agj J’>[] |a0 £|
j (=3 |2
> kglag”® E)d_l 9 inf |1/)(_% £)] ‘
1<|f|<ao 7730 |Cl J £|d 1
Simi].a.rly’ we have
Z /‘1/} ao IA (£,6/2p) (g,ul) g
]>]’E,UEE
. ~ )
la (J0+1)<|§|<2Z(L Jjo ,>0 |(],0 €|
—j' 2
1<iel<a0 5o lag? €l4-1
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We finally consider the case of the j’s s.t. jo < j < jz. We recall that in this case, we have
{B:u(¢/2p) NE;}| < K4, and thus

Z /‘1/’ ag’¢ 1A (/20 (Eu)dE < Kd/p<|g|<p+z Z ‘1/J( Fa ]””5)‘

J0<J<Jaz,u€EX; Jo<j<ja
~ 2
< K20 suwp Blaf ¢
(j0+1)<|§|§2£a ]0] >0
~ a2
< K2t sw Y [dad o)

1<el<a0 55

The lemma, follows. |

Proof of Proposition 4. Now, we recall that {2y },,cz« is the grid on R? defined by

Zm = 20m and we show that sup,, 14 (Qz,, (£)) < oo and that infy, j14(Q,, (£)) > 0.
Again, we shall use the polar coordinates i.e. 2, = ppup,. For m # 0, let 2/, be p| u,, with
Pm = Pm —£/2. Then, we have that A.s (£,£/2p),) = {p'u’ s.t [p" — pm| < £/2, ||/ —upl| <
£/2p! } C B, (£) C Q,,, (¢). To see the first inclusion, we can check that ||p'u’ — ppum||? =
(0" — pm)? + p'pmllu’ — um||?>. Then we use the fact that p'/pl, < 5/3 and p,,/pl, < 4/3 to
prove the inclusion.

For m # 0, let {a" }1<je s, with [l 2 € 5.6 Qs (0) C Uiy (6,6/2]25™ )
and T, be the minimum number of j’s such that the above inclusion is satisfied. By
rescaling, we see that the numbers 77 ,,, are independent of £. Moreover, it is easy to check
that if 0 is chosen small enough, then any set A, (¢, £/2||z||) (where again ||z|| > ¢) contains a
ball of radius 0. (Although we don’t prove it here, § maybe chosen equal to £/2.) Therefore,
the numbers Ty, are bounded above and we let Ty = sup,,, o T4,m- It follows that for all
m # 0, (m € Z%) we have

/
0< inf (A d,—>g A, (0,025

0 Qo (0) < Ty sup sy (Ax(e, L)> .

2]|>¢ 2|zl
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Finally, we need to prove the result for the cube Qy(¢). In order to do so, we need to

establish two last estimates:

2
o) = Y [ o e
7>730 |§|<€}
io)(d— NG
> kga§ Y / > |blagie)| a
{1e1<e =5,
—jo ¢y |2
= kd/ a]O d— IZ |z/)_630 _CZ(; d)|1 dé—
{\E\Sf} >0 &
> kd/ d 1 Z |17[) a’O aOJO£)|2d£
- {e/aosws\se} 550 lag”? ag?0g|d-
(=3 =J0 |2
> kq20(1—1/ap) (éao(]OH))d inf W’(% ag 8|

—(jo+1 —j —j' —Jogid—1 "
ao o )§|§|§ZG‘OJO j'>0 |Cl0 aO £|

Repeating the argument of Lemma 4 finally gives

~ —j’ 2
Bo(f) > ks 20(1 — 1 / (Jo+1)\d— £ W)(Go f)| ]
iy (Bo(€)) > ka 26(1 — 1/ao) (¢ag ""*Y) 1<T§<ao a7 g1

After similar calculations, we can prove that

i Dlad €2
v (Bo(0)) < K42£(bay7)% sup Iz/J(jo §)|1 _
(]0+1)<|§|<la Jjo 7730 |a,0 €|

Again, let {xj}lgjgj with ||(I,‘j|| >/l st Qo(g) C UlSjSJij (E,E/QHZE]H) U BO(E) and T(g be

the minimum number of j’s needed. We then have

0. s (Bo0) s (QolE) < o (Bo(8) + T8 sup s Ault i) ) < o0
This completes the proof of Proposition 4. ]

Although we do not prove it here, we may replace the frameability condition by one
slightly weaker. For any traditional one-dimensional wavelet ¢ which satisfies the sufficient
conditions listed in Daubechies (1992, Pages 68-69), define 1) via @/l)\(f) = sgn(f)|f|d771(1 +
52)7%95(5); then Theorem 4 holds for such a 1.
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3.6 Discussion

3.6.1 Coarse Scale Refinements

In Neural Networks, the goal is to synthesize or represent a function as a superposition of
neurons from the dictionary Drjgge = {p(k - = —b);k € R?, b € R}, the activation function
p being fixed. That is, all the elements of Dg;44. have the same profile p. Likewise, as we
wanted to keep this property, there is a unique profile ¢ for all the elements of our ridgelet
frame. However, it will be rather useful to introduce a different profile ¢ for the coarse-
scale elements. For instance, following section 2.3, let us consider a function ¢ satisfying

the following assumptions:
o &)/ V2 =0(1)  and  |@(&)|/|E| 2 > eif ¢ <1,

o $(&) =O0((L+[¢)7?).

Clearly, for a frameable 1 , the collection
{p(u; -z — kbo), 27/2¢(20ul - & — kbo), j > 0,ul € %,k € Z}, (3.13)

(where again X; is a set of “quasi-equidistant” points on the sphere, the resolution being
00277) is a frame for L2(Q)). The advantage of this description over the other (3.5) is the
fact that the coarse scale corresponds to j = 0 (and not upon some funny index j; which
depends on the dimension). In our applications, we shall generally use (3.13) for its greater
comfort. As we will see, in addition to the frameability condition, we often require ¢ and
1 to have some regularity and 1 to have a few vanishing moments.

We close this section by introducing a few notations that we will use throughout the
rest of the text. Indeed, it will be helpful to use the notation v, for ¢(u; - x — kbg). We will
make this abuse possible in saying that ¢(u; -z — kbg) corresponds to the scale j = —1. For

J > —1 then, denote also by I'; the index set for the jth scale,

(Note, finally, that v € I'_y, ¢, () is in fact p(u; - x — kbp).)
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3.6.2 Quantitative Improvements

Our goal in this chapter has been merely to provide a qualitative result concerning the
existence of frames of ridgelets. However, quantitative refinements will undoubtedly be
important for practical applications.

The frame bounds ratio. The coefficients a, in a frame expansion may be computed
via a Neumann series expansion for the frame operator; see Daubechies (1992). For com-
putational purposes, the closer the ratio of the upper and lower frame bounds to 1, the
fewer terms will be needed in the Neumann series to compute a dual element within an
accuracy of e. Thus for computational purposes, it may be desirable to have good control
of the frame bounds ratio. Of course, the proof presented in section 3.5 provides only crude
estimates for the upper bound of the frame bounds ratio. The interest of this method is that
it uses general ideas, stated in section 3.4, which may be applied in a variety of different
settings. The author is confident that further detailed studies will allow proof of versions
of Theorem 4 with tighter bounds. Although, such refinements are beyond the scope of the
present study, we next present a result that supports our certitude.

Actually, a reasonably simple calculation shows that the frame bounds ratio can be

made arbitrarily small in dimension 2. In this case, let us consider a 2-dimensional frame,

{p(x1 cos 0; + x4 sin O; — kby), 2j/21/)(2j (x1 cos 0{ + z9 Sin0‘g — kbg),
§>0,0) =270gi277  k € Z}, (3.15)

where at scale j the 02 ’s are equispaced points on the circle, with step 270p2~7 (take 0y !

to be an integer).

Proposition 5 Let (1) be the frame defined by (5.15) and suppose that the pair (p,1)
satisfies (2.7), say. Then,
1 o _ _ o
SR = s IFI3| < © 65" + 55 IFI3, (3.16)
5 27‘(‘()090

where the constant C depends at most upon @ and 1. It follows from (8.16) that the frame

bounds ratio is bounded by %(90 + by) for the same constant C.

The result links the decay of the frame bounds ratio to the oversampling factor (fgbg) .

The proof of the proposition may be found in the Appendix.
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The oversampling. The redundancy of the frame that one can construct by this
strategy depends heavily on the quality of the underlying “quasi-uniform” sampling of the
sphere at each scale j. The construction of quasi-uniform discrete point sets on spheres
has received considerable attention in the literature; see Conway and Sloane (1988) and
additional references given in the bibliography. Quantitative improvements of our results
would follow from applying some of the known results obtained in that field.

Computations. Another area for investigation has to do with rapid calculation of
groups of coefficients. Note that if the sets ¥; for j > jo present some symmetries, it
may not be necessary to compute 1’/;7 for all v € I'g; many dual elements would simply
be translations, rotations and rescalings of each other. This type of relationship would be

important to pursue for practical applications.

3.6.3 Sobolev Frames

Actually, there is a trivial extension of Theorem 4 to the case of the Sobolev spaces H*. So,

let us consider the space Hj(Q) for s > 0. Recall that

I = [ Ik B a

is an equivalent norm on Hj(Q).

To fix the ideas, we will consider a frame of the type (3.13) as discussed in section 3.6.1.

Theorem 6 Suppose v is frameable and that both by and 6y are small enough so that
{1y} is a frame for Ly(Q). In addition, assume that 1/3(5)/|§|5 satisfies the conditions of
Definition 3. Then, we can find two constants Ag, Bs > 0 so that, for any f € Hj(Q)

Allf s < D0 275 [ f,)I” < BIS I (3.17)

Y€l

Proof of Theorem. In fact applying Lemma 1, one immediately sees that

2 2
| S - g [ S leIfe |2'1/|’2( o

vely J>0,u€X;

1 2 —
SN ST ATk N D SR R O e

y>0 uedl; ]>0 uedl;
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Taking the coarse scale into account amounts to add (in the previous display) | f(£u)|?|@(€)|?

to the quantity >~ ex, |£|25|f(£u)|2|2*j£|2% at each of its occurence. Now, the
rest of the proof is absolutely identical to the one of Theorem 4. Our irregular sampling ap-
plies and gives the desired result provided that (£)/|€|* satisfies the conditions of Definition
3. 1

Remark. Anticipating the next chapter, suppose for instance that ¢ and v satisfy the
conditions listed at the very beginning of Chapter 4, section 4.1; then our constructed Lo

frame (Theorem 4) is also a frame for every H§ with s > 0.

3.6.4 Finite Approximations

The frame dictionary Dr, = {1,,v € I';} may be used for constructing approximations of
certain kinds of multivariate functions. It would be interesting to know the “Approximation

Space” associated to this frame; that is, the collection of multivariate functions f obeying
If = fnla <CNTT, (3.18)

where fy is an appropriately chosen superposition of dictionary elements

N
N =D XNty y - (3.19)
i=1

Based on obvious analogies with the orthogonal basis case, one naturally expects that
functions f of this type can be characterized by their frame coefficients, saying (3.18) is
possible if, and only if, the frame coefficients {c, },cr, belong to the Lorentz weak I? space
lp,o, with 7 = (1/p —1/2);. Work to establish those conditions under which the above
would hold is in progress.

It would also be interesting to establish results saying that (3.18) is equivalent to a weak
[P condition on the frame coefficients even when the approximant (3.19) is not restricted
to use only v € I'y. If one could establish that any continuous choices v; y € I' would still
only lead to f with weak-IP conditions on frame coefficients, then one would know that the

frame system is really an effective way of obtaining high-quality nonlinear approximations.



Chapter 4

Ridgelet Spaces

Littlewood-Paley theory is at the heart of the study of a wide range of classical functional
spaces (Stein, 1970; Frazier, Jawerth, and Weiss, 1991). In this chapter, we do not use
the classical d-dimensional Littlewood-Paley analysis to study the regularity of an object f,
but rather use its one-dimensional version to study the regularity of the Radon transform
Rf. Doing so, we introduce a new scale of functional spaces that we believe are not studied
in classical analysis. Most of the analysis in this chapter serves to provide an external
characterization of these spaces together with an intuitive description.

As we will see in the next chapter, these new spaces are the ones that make sense for

neural nets.

4.1 New Spaces

We start out this section by listing a few classical definitions/conditions and will assume

that they hold throughout the remainder of the chapter.
(i) ¢, 9 € S(R).
(i) supp ¢ C {|¢] < 1}.
(iii) supp ¢ € {1/2 < |¢] < 2}

(iv) @(&)/I€]@ V2 =0(1)  and  [@(E)|/|¢]@ V2 > ¢ if €] < 5/6,
(&) >c if 3/5 <€ <5/3.

39
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These conditions are standard in Littlewood-Paley theory except for the first part of (iv)
Instead of requiring || to be 1 in the neighborhood of the origin, we want |¢|/|¢|(¢1)/2 ¢
be 1 near the origin. As we now recall, the reason for this modification originates in section

1.3. At times, we will choose pairs (¢, 1) satisfying the additional condition (2.7), namely
(2 7¢) |
Ei 2 T

Recall that (v) allows to represent any function in Li N Ly(RY) as a semi-continuous super-

position of ridgelets (2.8), i.e

f o / (F(@), $(u-z = 0))d(u-z —b)+ 27D / (F (@), 45 (u - 2 — b))apj (- & — b)dhudb,
J>0
(4.1)
where again the notation 1; stands for 27¢(27+).
Keeping in mind that R, f denotes the Radon transform of f defined by

W= [ fla)ds,
u-x=t
we now turn to the main definition of this section.

Definition 4 For s > 0 and p,q > 0, we say that f € R; , if f € L1 and
jsi(d=1)/2 p\'”
Ave | Ruf + ¢l <oo  and ) (Aqye ||Ruf*¢j||p) € 0,(N). (4.2)

Note that we have defined our space as a subset of L;. The major reason is that we truly
understand the ridgelet transform for elements of Lj; it is beyond the scope of this thesis
to extend the transform to distributions. In our definition, it would be possible to drop the
membership to L; but the discussion that follows would have been more complicated and
even more technical without further enlightening our business.

Next, we define

1/q

o 1/p\ 1
1£llms, = Ave || Buf < oll, + Z(W(d D72 (Ave | Ruf * ;1) ) (43)

>0

and we will prove later that this is a norm for a suitable range of parameters s, p and q.
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There is an homogeneous version of our definition where the norm (4.2) is replaced by

1/q

o 1/p\ ¢

JEZ

To be consistent with the literature of Functional Analysis, we will call these classes R;,,q.

Remark 1. 1t is not hard to show that the definition is independent of the choice of the
pair (p, 1) provided it satisfies (i)-(iv). Furthermore, it is not necessary to assume (ii)-(iii);
i.e., to assume that ¢ and z/A) are compactly supported. As we will show later, one can
get equivalent definitions to (4.2)-(4.3) with the relaxed assumption that ¢ has a sufficient
number of vanishing moments.

Remark 2. Like the Sobolev scales (respectively Besov scales) where a norm is defined
based on the Fourier transform (respectively wavelet transform), what we have done here is
merely to define a norm based on the ridgelet transform. Let R;(u,b) the ridgelet coefficient
defined by w;(u, b)(f) = (f(2),b;(u-z—b)) = R fth;(b) for j > 0 (v(u, b)(f) = {f (), p(u-
z —b))). The quantity ||f||g; A may simply be rewritten as

1/q

i1, = [ |v<u,b)(f>|pdudb)1/p+ Z(mm—”/? (/ |wj(u,b><f>|pdudb)1/p)q ,

J=0

which is a measure of the size of these coefficients.

Remark 3. For p,q > 1, there are of course obvious analogies with the Besov scale. In
fact if d = 1, the definitions fully agree — at least within this range of parameters. In higher
dimensions, as we will see, the spaces R , correspond to a different notion of singularity;
Besov norms and analogs measure the smoothness of an object where the smoothness is
understood as the local regularity of the function. Here, our norm also corresponds to a
certain notion of smoothness, but in a different way. The scope of the remainder of this
chapter is to attempt to give an accurate intuition of what this new notion is about.

Remark 4. At first, the definiton may seem rather internal. In fact, it is possible to
give an external characterization of these spaces in the case where p = ¢. As usual, let R, f

denote the Radon transform of f. Then, roughly speaking, we have for g =p > 1

1 Wy~ Ave [RufIZ, oo (45)
> vy
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We explain further what we mean by (4.5). In fact, one can easily be convinced that the

R, , norm (4.3) dominates its homogeneous version (4.4). Moreover, it is clear that

I P
£ 11 , < Ave ||Ruf||Bs+(d—l)/2
P> u D,
in the usual sense of norm equivalence (B;f,j;,_,(d_l)/ ? is the corresponding homogeneous Besov

space). On the other hand, it is trivial to see that

p p
A1l s < CAJe ||Ruf||stJ,J;(d71)/2‘

That is the sense of our sloppy equivalence (4.5). In this thesis, we are mainly concerned
by the representation, the approximation or the estimation of functions of d-variables that
are compactly supported, say, in the unit ball ;. We should note that in this case, the
distinction we have just made is irrelevant as both norms (the homogeneous one and the
non-homogeneous one) are equivalent and, therefore, (4.5) holds in the usual sense of norm
equivalence.

Along the same lines of consideration, one could quickly remark that the space R§72(Rd)
is, indeed, the classical Sobolev space H*(RY) = B§7Q(Rd) since it easily follows from our
definition that || f]| R3,(RY) is an equivalent norm for H*. One could go at length over the

properties of the new spaces RS

».q» nvestigating for instance embedding relationships or

interpolation properties, etc. However, the goal of this chapter is to show that the spaces
R, , characterize objects with a special kind of inhomogeneities rather than exploring these
issues.

Our characterization highlights an interesting aspect: the condition does not require
any particular smoothness of the Radon transform along the directional variable w.

Example. We now consider a simple example to illustrate the difference between
traditional measures of smothness and our new criteria. Let f(z) = 1¢;, 50} (2)~/2ellel*/2,
From a classical point of view, this function has barely one derivative (the first derivative
is a singular measure). To quantify this idea, one can show that f € Bj ; if, and only if,
s < 1. On the other hand, this object is quite smooth in regard to (4.3). In fact, f € R{
as long as s < 1+ (d — 1)/2. We now give a detailed proof of this claim for we will make

an extensive use of some details appearing in the argument.



CHAPTER 4. RIDGELET SPACES 43

Proposition 6
f@) = 1oy 2n) P2e P2 e Ry iff  s<1+(d—1)/2.

Proof of Proposition. Using the external characterization that we developed (Remark

4), it is sufficient to show that
o<d = Ave||Ruf||]13[1;1<oo and o>d = Ave|Ru,f|%, = oo.
u , u 1,1

Let u be a unit vector. Next, let ) be an orthogonal matrix whose first two columns are u
and u', where v’ is a unit vector, orthogonal to u and belonging to the span of {e;,u} — e;
being the first element of the canonical basis of RY%. We will choose u' so that u' - e; < 0.
Now, let &’ be the change of coordinates defined by ' = QT z. We then rewrite the Radon

transform as

Ruf (1) = /  fea= [ Qe

e
T =t

So that in our case, the above expression becomes

R,f(t) = // . l{u-el x| +u' e m’2}(27T)_d/26_‘|x,”2/2dxl2“'dx:i
zh =

= (27r)1/26t2/2/l{u-elt+u’-61$’2}(2ﬂ—)1/2€$,%/2dxl2

To simplify the notations, let ¢ denote the Gaussian density (¢(t) = (2r) /2 ~*°/2) and ®
be the cumulative distribution function, i.e. ®(t) = [, , #(t')dt'. With these notations, we

have

u-eyt
1—(u-ep)?

Ry f(t) = o(1)®( ).

(In case u = ey, the RHS is replaced by ¢(t)1{;~03.) We now use the following lemma.

Lemma 5 Let u be uniformly distributed on the unit sphere. Then the density of uy = u-e;q

s given by

flur) = ca(l —ud) @372,
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where cq 1s a renormalizing constant.

Proof. We give a non-rigorous proof, similar in spirit to what can be found in physics
textbooks. We want to calculate the measure of the infinitesimal surface §S; = S~ n {t<
uy < t+dt}. The density is clearly symmetric around 0 and, therefore, we may assume that
t < 0 without loss of generality. Let T}, be the tangent hyperplane to the sphere at a point
u. Let u’ be the unit vector of T}, that belongs to the span of {u,e;}. We then clearly have
|u' - e1]? =1 — |u-ei|> =1 —u?; that is, the cosine of the angle between any vector of the
tangent hyperplane and e; is 1 — u2. Then, the infinitesimal measure of S; is, to the first
order of approximation, the one of a cylinder of radius (1—#2)'/2 and sidelength dt/(1—t2)'/2;
therefore, its measure is proportional to (1 — #2)(4=2)/24dt/(1 — #2)1/2 = (1 — ¢?)(4=3)/2

Corollary 2 Again, let u be uniformly distributed on the unit sphere and setv = uy/\/1 — u?.
The density of v is then given by

F(v) = (1 +0?)~42, (4.6)

The proof is a simple consequence of the change of variables formula.

End of proof of Proposition 6. With the same notation as in Corollary 1, recall that

Ry f(t) = p(t)®(vt).

Using the rescaling properties of Besov spaces, it is not hard to show that for any o > 1 we

have that there exist two constants C,Cy > 0 (not depending on v) such that
Cro” P <||Rufllgy,  and  [Rufllsr, < Co(1+07 ).
Using Corollary 1, we have that for o < d,
Avel[R.fllag, < C/(l + 0" (1402 < .
And conversely, for o > d,
w0 =0 [0 MU+ 0?) U2 < Ayell R

which is what needed to be established. &
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To close this section, we remark that

Proposition 7 For s > 0 and p,q > 1, the space R, , equipped with the norm || f|lgz =
’ P,q
1flli + I fllrs, is @ Banach space.

The proof of the proposition is in the Appendix.

4.1.1 Spaces on Compact Domains

As our thesis deals essentially with compactly supported functions (see Chapters 2, 5 and
6), it is necessary to define properly the restriction of our new spaces to compact domains
as we will make an extensive use of their properties in the sequel. The definition of this

restriction is classical.

Definition 5 Let Q be a bounded set of R%. We define

Ry () ={f € L1(?), 3g € R} ,(R") with gq = f}. (4.7)
Now, the following trivial proposition will serve as a preliminary for a subsequent result.
Proposition 8 The space Ry () equipped with the norm

1/l oy = inf lgligs = inf lgllz,ma +llgllas oy (4.8)

— infimum taken over all g € Rls,,q(Rd) in the sense of (4.7) —is a Banach space.

Proof of Proposition 8. It is clear that R; (£2) is a linear space and that ||f||R§q(Q) is a
norm. We need to check for completeness. Let {f,},>1 be a Cauchy sequence and assume

without loss of generality that

||fn+1 - fTLHﬁ;,q(Q) <37, n >0,

(we take fo = 0). Let {gn}n>1 € R;yq(Rd) be a corresponding sequence in the sense of
(4.7)-(4.8) such that

llgn+1 — gnllﬁ;,q(m) <27
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Then we have

o0
g= lim g, = Zl(gnﬂ — gn);
n=

with

(0] (0] (0]
—-n
|| § 1(9n+1 - gn)”ﬁz,q(Rd) < § 1 ||gn+1 - gnllﬁzﬂmd) < g 12 < Q.
n= n= n=

Let f = g|q. It follows easily from the last two equations that f is the limit element of f.
|

Remark. Let 1 be a bounded domain such that Q C Q. Suppose moreover, that both
2 and Q; are nice in a sense that, say, their boundary is C*°. In our definition (4.7)-(4.8),

one can restrict g € Rziq(Rd) to be such that

g =f and supp g C €.

Doing so, we obtain the same space R, ,(€2) and an equivalent quasi norm. The reason is
that the multiplication of an element g € R;yq(Rd) by a fixed window w € C§° is a bounded
operation from R;,,q(Rd) to itself. We will prove this later. In the application we have in

mind, we shall consider the unit ball 24 as our domain 2 and 2€; as ;.

4.2 R,

A Model For A Variety of Signals

In the previous section, we introduced a new scale of functional classes and presented some
basic properties. In this section, we will give a more intuitive characterization of these
spaces: we show how they model objects having a very special kind of singularities. To

describe these singularities, we introduce a definition due to Donoho (1993).

Definition 6 Let o > —1/2. We say that 0 : R — R is a normalized singularity of degree
a if o(t) is CF on R\ {0} where R = max(2,2 + «) and

e lo()] < |t ¥, and

° gt_T:LU(t)‘ <(m+laf) ™, t#0, m=12,... R
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A normalized singularity is a smooth C® function which may or may not be singular at the
origin. Following Donoho (1993), we list a few examples of normalized singularities: |¢|®,
[t|*1{t > 0} , |t|*w(t) where w(t) is a “nice” smooth function properly normalized, etc.
Additional examples are given in the reference cited above.

We make use of the definition to construct a class of functions whose typical elements

are of the form o(u -z —t).

Definition 7

Sf = 1> aioi(ui -z —t;), Y lail <1, [loilly < 1}, (4.9)

where the o;’s are normalized singularities of degree a.

Our class is a kind of projection model. It is synthesized out of ridge functions that may or
may not be singular across hyperplanes (the parameter @ measuring the type of discontinu-
ities allowed). Therefore, the model is meant to represent objects composed of singularities
across hyperplanes. There may be an arbitrary number of singularities which may be lo-
cated in all orientations and positions. The conditions on the coefficients a;’s and on the
Li-norm of the o;’s guarantee that the elements of S have finite energy. Now, the main
theorem of this section allows us to bracket this very intuitive class between two spaces of

the type Rj .

Theorem 7 There exist Cv,Cy > 0 such that

R}ja+(d71)/2 (C) C 8% C R1+a+(d71)/2(02), (4.10)

1,00

when these spaces are restricted to the unit ball Qg4.
(The notation R}jaﬂd*l)ﬁ (C1) stands for the set of elements of R}jaﬂd*l)ﬂ (24) such
that HfHR}j“Hd_U/Q < C; and similarly for R}j£+(d—1)/2(02)‘)

For any s the difference between R, and Rf . is very subtle. Of course, we have
that ||.[[g; _ is dominated by ||.[|g; ,; but actually there isn’t much gap between these two
spaces. (For instance, we shall see that they have the same approximation bounds.) So, the
theorem really identifies a very natural class of function whose typical elements may have
some discontinuities accross hyperplanes with classes of our new scale.

Remark 1. Note that the result provides some intuition about the smoothness parameter

s. As the functions get smoother, i.e., o increases, the parameter s increases accordingly.
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The proof of the theorem is fairly involved and requires several steps and composes the
remainder of this section. At the heart of the argument, there is the atomic decomposition

of the space R{ ;.

4.2.1 An Embedding Result

In Chapter 2 (Theorems 1 and 3), we derived a reproducing formula and established the
sense in which it hold. Our condition requires that the function f one wishes to represent
as a continuous (or semi-continuous) superposition of ridge functions must belong to the
space L1 N Ly(R%). To make use of our reproducing formula, it is most useful to know for
which value of the smoothness parameter s is the space R{ | (€24) embedded in Ly(€24). The

following lemma answers this question.

Lemma 6 Suppose that f € R (Qq) for s > d/2. Then f € Ly(Qq) and

If1l2 < C [[fllrs , (2) (4.11)

Moreover, the result is sharp in a sense that for s < d/2, there are elements in R{ ;({2q)
that are not square integrable.

Proof of Lemma. Tt is sufficient to prove the desired norm inequality (4.11) in Rfyl(Rd)
and such that g C 2€24. Indeed, let f be in Rf (€24); then for any g € R‘fyl(Rd) such that
90, = f and supp g C 2Q,, we have

1fll2 < llgllz < Cllgllz; | (ra)-

And taking the infimum over the g’s would give the desired result.

Step 1. We then prove the result in the case where g € Lo. We know that

lgll3 oc Ave||Rug * @[3 + D 27"V Ave|| Rug = 5.
u e u
Jz

Now it is clear that R,g * ¢ (resp. R,g * 1)) is an analytic function of exponential type 1

(resp. 27) and, therefore,

IRug @l < ClRugxlli  and  |[Rug * ¢jll2 < C272||Rug % 41
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Consequently,

lgll3 < C/ IRug * @l [|Rug = pll2 + > 27@"D2072|| Ryg x b1 [| Rug * 45l2 ¢ du.
720

But for any u € S9!, we have ||R,g * ¢|la < C|lgll2 and ||Ryug * 1jll2 < C|lg|l2 for some

positive constant C, see for example Candes (1996). Thus the inequality becomes

lolls <€ [ { 1Rug = ol + 329D Rug 4 51§
J20
The last inequality holds for any ¢ satisfying the conditions specified above and, therefore,
we can conclude to the validity of (4.11).
Step 2. We finish the proof by density. Suppose g is in R‘fyl(Rd) and that supp g C 2Qy,

we show that

lgllz < Cllgllr; | re)- (4.12)

So, let A be a non-negative, radial, infinitely differentiable and compactly supported func-
tion in R? such that J A = 1. Further, let 6 be its Radon transform (because of spherical
symmetry, the Radon transform does not depend on u). We define A, to be e ?A(-/¢) and
similarly 6. = e~16(-/¢). We first show that

lim lg % A~ gllay o) = 0. (4.13)

We have R, (g% A¢)*1p; = Ryg*1;*d. (and similarly for the coarse scale, i.e. the convolution
with ¢). Now, it is immediate to check that for any j,u and b, (R,g * 1; * é.)(b) —
(Rug * 1j)(b) as € — 0 (and similarly when ; is replaced by ¢). Further, we show that

lim ||g * A€||Ri1(Rd) = ||g||Ril(Rd); in other words

lim Ave HRug*sO*qﬁeHlJrZ%HRug*z/)j*¢e||1 = Ave IIRug*sDHmLZ%IIRug*%IIl
J=Z J=Z

(4.14)
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By Fatou’s lemma, we get that liminf||g « Ac[ gs ey > |9llps | (rey- Conversely, since

[1Bug x5 % elli < [|1Rug * Pjlllldellt = [ Rug * 1bjll1,

we have that limsup || * Acl|gs (re) < l9llg;  (re) » Which proves (4.14). Finally, Scheffé’s
lemma establishes the claim (4.13).
We recall that since g is assumed to be in L, then g x A, is in Lo. Now, from Step 1,

we have
lg* Adls < Cllg * Adllgy

and thus we deduce that {g * Ac} is a Cauchy sequence in Lo and therefore converges in
Ly. On the other hand it is trivial that g x A, converges to ¢g in Ly. Then, g x A converges
to g in Lo and, therefore, we have proved (4.12). The lemma follows.

This lemma has a rather useful corollary.

Corollary 3 The space R{ ;(Sq) equipped with the norm

1/ llRs , (24) = inf{[lgllg; | (re) 9 € RS ,(RY) with gg = f} (4.15)

18 o Banach space.

Proof of Corollary. For compactly supported functions, the Ly norm dominates the L; norm.
Now from the previous lemma it is clear that the norm (4.15) and the one of Proposition 8
are equivalent. This proves the claim. 1

Actually, it is not hard to see that one can extend Lemma 6 and its corollary. For p < 2,
we have Rj (Qq) C L2(€2g) as long as s > 1/p — 1/2 (the argument being essentially the
same as the one spelled out in the proof of Lemma 6) with continuous injection. Moreover,
for p > 2, the same is true as long as, this time, s > 0. Although we do not prove these

results here, we will use them in Chapter 5.

4.2.2 Atomic Decomposition of Rf (€)

We start out with a lemma that helps to establish our decomposition result.

Lemma 7 The set {¢(u-z—Db), 2_js2jd7511/)j(u-$—b), 7 >0,u€ 8 be R} is bounded
in R ;(Qq).
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Proof of Lemma. Let w be in C§°(2€);) such that its restriction to the unit ball is 1
(w)q, = 1). It is enough to show that, say, the set {w(z)p(u-z—b), w(x)2*j52j%z/)j (u-z—b)}
is bounded in Rf,l(Rd). The analysis is greatly simplified if one replaces the window w by
the d dimensional Gaussian density ®4; in fact, it is sufficient to prove the lemma with the
gaussian window. Again, the reason is that the multiplication of an element in Ril(Rd)

with a fixed C§° function is a bounded operation.

Lemma 8 Suppose that f € Rf, and let x be a bounded C™ function together with its

derivatives. Then there exists a constant c, such that

xR, < exllfllgs, -

We postpone the proof of this intuitive lemma. As we shall see in the next chapter, we can
prove Lemma 7 directly without the help of the intermediate Lemma 8.

End of proof of Lemma 7. The norm ||®4(z)tpj(u -z — b)HRf,l being clearly invariant,
we will without loss of generality assume that u = e;. Finally g, will denote R, {®q *1;(u -
x — b)}. Following the discussion presented in the last chapter, it is sufficient to show that

there exists a positive constant C such that
5e—jd=L
Aqye||g’)/||B'19-+l—(d—l)/2 <C2%270 7, (4.16)

In the remainder proof, ¢ will stand for the quantity s + (d — 1)/2. Reproducing the

calculations from the last chapter, we rapidly get

4 (1) = (1) / )2 (@ (it — /1 — uly — b)) dy

We recall that v denotes the ratio u;/y/1 —u2, so that /1 —u? = (1 +v?)~1/2.

case 1. a = 2/(1 +v?)~Y/2 > 1. Then g, can be written as

g, (1) = $()(1 +v°) (¢ % a) (vt — (1 +0%)"/D).

Next, we use the following result from Triebel (1983)[Page 127]:

1f *gllsg, < Iflis7, llgllsp -
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Applying this inequality gives

¢ *Yallay, < l9llbg, llayp(a ')“BROO
Cylligllsg, <

IN

where the constant (', depends only on . Therefore,
||g’Y“B‘ﬂl S C(]_ =+ ’[)2)1/2(1 + ,UO'—I).

case 2. 27(1 +v?)~1/2 < 1. We rewrite things slightly differently.

g, (1 / ()22 (urt — /1 — uy))dy / )29 (it — ey))dy = $(E)ge (1),

where obviously, € = 27\/1 —u? = 2/(1 +v?)71/2 < 1 and g.(t) = [ ¢(y)1b(t — ey)dy. For k

a non-negative integer, we have

9B )] = \ [ o t—ey)dy\
< / ()| ® (& — ey)dy

IN

C/¢(y)(1 + |t —ey|)"™dy for some positive m

e / () (1 + [t — eyl) ™dy + / ¢(y)(1+|t—ey|>’“dy)
[t—ey|>|t|/2 [t—ey|<|t|/2

C 1 2 fmd d
/tey>|t/2 o(y)(1 + |t]/2) y+AEy|<t|/2|¢(y)|| y)

o @+ ™+ / |¢(y>||dy)
ley|>t[/2
< C(A+E)™+ @ +]et)™™)

IN

IN

In the case where € < 1, the last expression implies that |g£k) (t)| < C(1+|t])~™. Therefore,

ge € S(R) and is bounded in almost every known space and particularly BY;.
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Now, the rescaling properties of Besov spaces gives that for ¢ > 0, there exists some

positive constant C such that for |\| > 1,
IO )lBg, < CINIIfllsg,
for any f € BY,. It is then obvious that, from g, (t) = 27 (t) ge(27uyt), we can deduce
||97||B{’1 < ng(rﬂrl),

for some positive constant C'.

Combining the two estimates from Case 1 and 2, we get that for o > 1,

dv
AJGHQWHB{’,I X /||97||Bi’,1(1+v2)d/2

< o[ ol [ el g

- [vl<? P (T o2)re o] >29 P (T o2)are
dv . dv

< c 1+ ”—1—+/ 2l

= </v§2j( |v] )(14_”2)(,171)/2 (o] >29 (1 +v2)d/2>

< C (2j02*j(d*1) + 2j02*j(d*1)) i

Now if we recall that o = s+ (d — 1)/2, we have proven (4.16). The story is the same for

the coarse scale ridgelets ¢(u -  — b) and thus the proof of the lemma is complete. 1

Theorem 8 (Atomic Decomposition of Rj(2q)) Suppose that f € R{,(Qq) for s >

d/2. Then, there exist numerical sequences such that

o
flz) = Z akQ_ijij%l/)jk (ug - = — by), (4.17)
k=1

with the convergence in Rj . Moreover,
)

o0
D o] < 2(2m) ¢ 1/l Rs -
k=1

(We recall the convention we adopted in section 3.6.1: for ji = —1, 9j, (uy - © — by) stands

for p(ug - x — by).)
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We follow Frazier, Jawerth, and Weiss (1991) since our proof is a minor adaptation of
their argument. In order to prove our claim, we shall use a lemma from functional analysis

that can be obtained from the Hahn Banach theorem:

Lemma 9 Let K be a closed, convex and bounded subset of a Banach space B over the
reals. If x does not belong to K, then there exists a continuous real valued linear functional

such that sup,cx l(w) < l(z).
Proof of the Theorem. So, let f be in R{(Qq) for s > d/2. We then know that

f € LiN Ly (y) and that we have

f0</(f()90( 2z — b)) z—b+22ﬂ“/ 2), 3 (- = — B)py (- = — b)dudb,

Jj=>0
(4.18)

where the equality means has the following sense: Sy(f)(z) = f( (), o(u-xz—b))p(u-z—
b)dudb € Ly, for any j > 0, Aj(f)(z) = 27V [(f(2),;(u-z—b))pj(u-x—b)dudb € L,

and

Si(f)=5So(f)+ Y. Aj(f)—=f inLy as J— oo
0<j<J-1

In addition, the convergence does also take place in Rf,l(Qd). To see that, suppose g €

‘f’l(Rd) such that gjo, = f. With the same notation as above, we have

9="=50(9)+>_ Ajlg)

Jj>0
The convexity of the norm implies
1A R (20 < 2j(d1)/|wj(9)(% b)|dudb Su{?”d’j(u'$_b)“Ril(Qd
u,
< (2ild-Daisg-i® / |w;(g) (u, b)|dudb

_ ooisgitst / w3 (9) (u, b) | dudb
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where the last inequality is a consequence of Lemma 7. We then immediatly have that

Cde1
l9 = $3(lng o) < €3 026 [ fuj(g)wblduds >0 as T o0
>J

by definition of the norm ||.||gs (ra). Since g (resp. S;(g)) coincides with f (resp. S;(f))
on the unit ball, the convergence is established.

We are now in position to finish up the proof of the theorem. Let A be the set defined
by

A={dpu -z —b),ucS ! be R} U{£2 72T p(u-z—b),j >0, ue S+ beR}.

Lemma 7 implies that A is a bounded subset of R7,(Qq). Let T' = {3 ppfr, pr >
0, Sitipe =1, fr € A, m € N} and K = T then K is closed, convex and bounded.
Suppose || f{|gs (o) < (2m)?. For every [ in the dual of R 1(€2q), we have

() = o / 0(9) (1, B - — b))

£ 9l vy 5 /wj(g)(u,b)l(2js2d2l7j)j(u-x — b))dudb
j=0

< 0 sl ( [ b+ 2f82f%|wj(g>(u,b)|dudb)

< (2m) "supl(h)lgllr;, »
heA ’
where again g satisfies the condition listed above. Taking the infimum over g yields
1(f) < @2m) “supU(h)[|fll s, g < supl(h).
heA ’ heA

Hence, by Lemma 9, f € K. We can then conclude that

mi
Cilgaild=1
f(@) =" pR2 952055 1 (u), - — by) + fi(z),
k=1
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where f1 € R{;(Qa), [|f1llrs  (0n) < 2(2m)4 and 371", pi = 1. We then iterate this process
with f replaced by 2f;, and so on, obtaining

9] My
_ _ing ind—1
Fla) =Y 27N " pp2 TS g (uf - — b)) + fi(x)
n=1 k=1
and
o0 My o)
n=1 k=1 n=1

This can be rewritten in the form
i . Cd—1
Fla) = ar2 D5 (ug - — by),
k=1

with Y77 |ag| = 2. The general case is now immediate. |
To cut a long story short, if we are given a function f on, say, the unit ball £; which

can be extended to a function in Ry ; in the whole space, then we have
flo) =" ap2 25 g (uy -z — by). (4.19)
k=1
4.2.3 Proof of the Main Result

End of proof of Theorem. Now, s =1+ a + (d — 1)/2 with « > —1/2. We can therefore

rewrite (4.19) as

o0 o0
@)= D applug-z—be)+ Y ap2 K2k (g -z — b))
k=1:jr=—1 k=1:5,>0

Now that we have been able to establish the atomic decomposition formula, the rest of the
proof is almost identical to the one of Donoho (1993). We reproduce it here for the sake of
completeness. We first, suppose that —1/2 < a < 0. Define

¢ = max (Sup sup L p(t)| < (m+Jat) ¢4, !l¢|l1> : (4.20)

t£0 0<m<R  dt™
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As ¢ € S(R) is regular, { < co. It follows that with o =1/(, we have the representation

a”*Y(a(t —b)) = a”“(o(a(t — b)),

where o is a normalized singularity of degree o and by construction ||o|[; < 1. We note that
if o is a normalized singularity of degree «, then a~%c(at) is again a normalized singularity

of degree a.. Hence

a~“p(a(t — b)) = (o(t - b),

where & is a normalized singularity of degree o with ||5||; < a™'7® < 1 if say, a > 1.

Similarly, defining ¢’ as in (4.20) with ¢ in place of ¢ gives

o(t) = (oo(t)

where again, oy is a normalized singularity of degree a so that ||og|] < 1. From (4.19), one

can now check that we may write
f =" aron(ug -z —by)
k

where a,, = Cay, if j > 0 and a;, = ("o, if jp = —1. Now

Z|ak| =¢ > ol +¢ D Jog] < max(¢, )2 (27T)_dHfHRi+la+(d—1>/z-

k:jp=—1 k:jx>0

Hence setting C; = 3 max({, (')~ (27)? gives the desired result.
In the case a > 0, we argue not that v is itself a normalized a-singularity, but instead

that it is a limit of such singularities,

oo
b= wo,
I=1

with [|oy][i < 1 and ¢ = >, |w| — and a similar decomposition for ¢ exists with say, ('
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instead of ¢. The representation (4.19) may be rewritten as
fle) = o2 wion (27 (uy -z — by))
k [
= > ar > wdi(ug -z — by)
k

l

= Zai(fi(ui -z — b;)
7

where the index 7 runs through an enumeration of doubles (k,1), a; = agwy, b; = by, u; = ug
and &;(- — b;) = 277k%(27% (- — by,)). We remark that ||5;]|; < 277(17®) 5o that [|oy]|; < 1.
The reasoning continues as before giving the inclusion for C; = 3(2r)% max(¢, (')~

We now turn to the proof of the right inclusion. So let f be the superposition of

normalized singularities of degree «; i.e.,
flz) = Zami(ui -z — b;),
i

with ). |a;] = 1. We are going to show that f is bounded in Ri;g‘Jr(d*l)/Z(Qd) by some

constant C. Of course, it is enough to establish that o(u -z — b) is uniformly bounded

Ri+a+(d b/ 2(le) for any a-singularity o. Again, it is therefore sufficient to show that

o(u-z—b)®y(z) (Py standard gausssian kernel) is bounded in Ri;gﬁ(d_l)/z (R%). The norm
being clearly invariant by rotation, we will work with o(z; — b) that we will denote o by a

slight abuse of notations. We want to prove

Ave||Ry(®q0) * ¢|y < C  and  sup 27T Ave||R, (Dq0) * ;] < C.

The basic calculation that we have already used gives

Ry(®g0)(t) = /¢ o(wmr — (1 —uf)?y —b)dy

= ¢(t) a/2/¢ g(urz /(1 —u )1/2—y—b/(1—u%)1/2)dy
= (1 +v") " (p* &) (vt — (1 +0%)"/?p),

where we recall that v = u;/(1 — u?)'/2. Here, & is of course a normalized singularity of
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degree . Suppose now that |v| > 27; we then have that
lpx ol e < Clidllpe Nl prees
and a rescaling argument gives
6550 —(1+0%) bl 110 < C Lol gl p 1515150
Therefore, it can be shown that
1Ru(®ao) | e < Cllgllgo o]l e

Now, a calculation in Donoho (1993) shows that the homogeneous Besov norm || - || o 18
uniformely bounded over all the normalized singularities of degree . Hence, for |v| > 27

we have
IR (@40) = sl < C 2770,
For |v| < 27, the picture is slightly different. Let s be greater than a+d, e.g take s = 14+a-+d;
6 %505 < Cl1dllzg_l1oll em
From this, we deduce that (rescaling property)
[Bu(@a0)l s < C Q40 6Ly 18] g1se
which implies
1R (®40) * 4pjll1 < C279HHD(1 4 %)%,

because of a previous observation. Averaging our two estimates yields (recall that the
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measure is o dv /(1 + 02)‘1/2)

: —j(at1+d (1 +0%)%? —i(ra) [ dv
A«YQHR“(%U) ik < C (2 ! | /v<2j de + 2 o> (14 v2)4/?
< C (2—j(a+1+d)2j 4 2—j(1+a)2—j(d—1)>

which is what needed to be shown. Of course, we also have for the coarse scale (¢ denoting

the 1-dimensional gaussian density)

Avel| Ry @q0 * ¢ll1 < Ave||[Ry@qol1]lolli < Avel|@aolli[lolls

= Avellgo(- = b)[lillell < Cllo(- =b)]lL < C.

Theorem 7 is now completely proved. |



Chapter 5
Approximation

This chapter shows how we can apply the ridgelet transform to derive new approximation
bounds: that is, we derive both a lower bound and an upper bound of approximation for
our new functional classes. These two bounds are essentially the same and show that in a

sense, the ridgelet-dictionary is optimal for approximating functions from these classes.

5.1 Approximation Theorem

In order to state our approximation result, we need a bit of terminology. Suppose we are
given a dictionary D = {gx, A € A}. For a function f, we define its approximation error by

N-elements of the dictionary D by

N

inf inf ||If = aigylla = dn(f, D). (5.1)
(O‘i)?{:l (/\i)zNzl i=1

Suppose now that we are interested in the approximation of classes of functions. We char-

acterize the rate of approximation of the class F by N elements from D by

dN(]:a D) = sup dN(fa D)a (52)
fer

that is, the worst case error over F.

Next, suppose we are given a frame (,) € I';. We know that any element of, say Lo(€2)

61
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might be represented as

f=2 (Fahy = Y (f)iy. (53)

Y€l vely
To simplify, o, will denote the ridgelet coefficient (f,,). Finally, fn will denote the N-
term dual-ridgelet expansion where one only keeps the dual ridgelets corresponding to the

N largest ridgelet coefficients. That is,

fn= Z a71{|a7\2|a\(]\,)}d)’y- (5.4)
v€lq
In this framework, we are interested in the Ly approximation of 7 = Rj (C) =

{f, ||f||R]qu < C} over, say, the unit ball Q4. That is to say, we measure the approxi-

mation error in Ly(£24). We have the following result:
Theorem 9 Consider the class R}, ,(C) and assume s > d(1/p —1/2) .

e (i) For any “reasonable” dictionary D

dy (R ,(C), D) > K N~*/4, (5.5)

where the constant Ky depends at most upon s,p,q.

e (ii) Simple thresholding achieves the optimal rate i.e.

If = Nl < KN, (5.6)

where again Ko might depend on s,p,q.

Essentially, what the theorem says is that no other “reasonable” dictionary exists with
better approximation estimates for the classes R, (C), than what can be obtained using
Dpual-Ridge- We must clarify, however, the meaning of the word “reasonable”: when con-
sidering lower approximation bounds by finite linear combinations from dictionaries, we
remark that we must only consider certain kinds of dictionaries. We quote from Donoho
and Johnstone (1995). “If one allows infinite dictionaries (even discrete countable ones),
we would then be considering dictionaries D = {gx, A € A} enumerating a dense subset of

all common functional classes (including R; ,(C).), and which can perfectly reproduce any
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f with a singleton: di(f,D) = 0”. Thus when we say “reasonable dictionary,” we have in
mind that one considers only sequences of dictionaries whose size grow polynomially in the
number of terms to be kept in the approximation (5.1)-(5.2).

Remark. In Chapter 4, we considered a very natural class S§; of objects having a special
kind of singularities (Definition 7) and showed that they almost correspond to balls in R} ,
(Theorem 7); it follows from Theorems 7 and 9 that these classes have the same lower and
upper bounds, as the Ly approximation rate (5.5)-(5.6) does not depend on the parameters
p and ¢q. Further, our result implies that thresholding the dual-ridgelet expansion is optimal

for approximating objects from these classes.

5.2 Lower Bounds

The proof of the lower bound uses an argument which is rather classical in statistics and
perhaps in rate distortion theory. The goal is to construct a “fat” hypercube which is
embedded in the functional class you wish to approximate. (In statistics for example, this
technique is often referred to as the construction of Assouad’s cube.) More specifically, a
result from Donoho and Johnstone (1995) shows how the hypercube embedding limits the

approximation error.

Theorem 10 Suppose that the class F contains embedded hypercubes of dimension N (0)
and side §, and that

N(6) > K62+ < § < 6.

Let Dy, be o family of finite dictionaries indexed by k = ko, ko + 1, ... obeying the size
estimate #Dy, < BEP. Let n(t) be a polynomial

dN(]:aDW(N)) > K'N7".

In our situation, the construction of embedded hypercubes involves properties of the
frame. Roughly speaking, for a fixed scale j, a subsequence of the frame (¢y),er; properly
rescaled is an hypercube of the desired dimension. In order to prove this fact, we need first
to establish a number of key estimates about the decay of the kernel (i,,1,). We will
notice that some of these key estimates support a number of claims that have been made

in Chapter 4.
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5.2.1 Fundamental Estimates

The purpose of this very technical section is then to show that the kernel (¢,,,) for
7,7 €' is “almost diagonal.” As we will see, the fact that (1,,1.,) decays rapidly as the
“distance” between the indices (y,7’) increases is a crucial fact of our analysis.

Of course, (1), 1,) makes no sense, as the ridgelets ¢, are not square-integrable. So as
usual, we take a fixed window w in S(R?) and look at the inner product with respect to

the signed measure w. The goal of this section is to give upper bounds on the kernel:

Ko(y,7) = /z/)j (-2 — by (o - & — W yw(a) dar (5.7)

(Recall the convention about our notations introduced in section 3.6.1: ¢_;(u -z —b) stands

for p(u -z —b).) Let @ be an orthogonal change of coordinates (z = Qz') such that

u-x = and woz=(u-u)z] —/1— (u-u)? .

Finally, we set v to be u - u'/y/1 — (u - u')2. (We recall that for a fixed u', and a uniform
distribution of u on the sphere, the density of v is proportional to (1 + v%)~%2.) With our

notations, the kernel (5.7) can be rewritten as

Ko(r,o) = / (1 +02) 2 (0 — 2) — b) by (2 — ) w(Qa') da’

_ / (L + 02"V (0 — ) — b) apy (a2 — ) woah, ) )y i,

where wq (2], 4) is of course [w(Qx')dxf ... dz!,. It is trivial to see that wg belongs to
S(R?) and that for all Q, and any ny,nso, there is a constant C' (depending on w, ny,n,
and m) with

< C (L4 |ar| + |22) ™" < C (L [aa )™ (1 + |z2]) ™™

8n1+n2
‘ ’LUQ(ZEl,(L‘Q)

n1 )
01! Oy

In this section we will assume that ¢ and 1 satisfy a few standard conditions: namely,
both ¢ and ¢ are R times differentiable so that for every nonnegative integer m there is a

constant C' (depending on m) so that

d’l’L

0] <C
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for some constant C' (depending only upon m and n) — and similarly for ¢. Further, we will

suppose that 1 has vanishing moments through order D.

Lemma 10 Assume j' > j and suppose n < min(R, D). Then, for each n,m >0, there is

a constant C (depending on n and m) so that:

(i) Suppose 29(1 +v?)~1/2 > 1, then

Ko (7)) < € 27927 (1 o) 2 (L4 W) 7™ (1 A+ [ob = (14 0%) 2],

)_m.

Case (i). The change of variables x| = x1, 2}, = u1z1 — uszo allows rewriting the kernel

(ii) Suppose 27(1 +v2)~Y/2 <1, then

- (1 + U2)1/2
v

1Ky (7,7)| < €279 m2im+ (1 4 jp})—m (1 +27 b b

Proof of Lemma.

as
Kulror) = [ (e =0y (= ¥ ol vt = (1+0%)V20}) defda

Now let 1iq be the function defined by g (), 2}) = wo (=), val — (1 +v?)/2zh) da) dxhy. Tt
is fairly clear that

oM +n2

n Ing
Oz "' 0xy

wo(ah, oh)| = C (1+v?) M2 2(1 4 |2 | + vz — (14 0%)22h)) 2™,

where again, the constant C does not depend on (). Let n be an integer. By assumption,
the wavelet 1 is of class C® for R > n and has at least n vanishing moments. Then from

standard wavelet estimates, it follows that one can find a constant C such that
[Ku(y,7)] < C 27727 (14 0?2 (14 V] + [ob — (1+07)'/20])72m,

which implies the desired result.

Case (ii). Let us consider the function

gy(x1) = / pj(urz1 — upze — b)wg(x1, x2) day,
R
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so that Ky (7,7") = [9(27 (21 — V'))g,(21)dz,. For any n, there is a constant C' such that

for any £ <n
d’ . .
‘Wz/)j(ulxl — U2T9y — b)‘ S C 2y(€+1)(1 + 27|u1:1:1 — UT — b|)_m
L1
and
8n—£ 5
axn,gw(wl,wz) SO A fzr] 4 z2f) ™" < C L+ o) ™ (1 +[z2) ™.
1

Now the result from Chapter 4 guarantees that

gy (1) < C 270FD (A 4 |2y )™ (1 + 2 |ugay — b)) ™.

i

n
dz?

And again standard wavelet estimates give in this case:

Ku(y,y)| = ‘ [t = 1gn ) o
< €279 (L 4 |6 ]) (1 4 2 |urh! — b)) ™

L+
v

IN

C 277D (1 4y )~ (1 +27 |b

b)_m.

Corollary 4 Let j' > j and assume n < min(R, D). Then, there is a constant C depending

The lemma is proved. |

on n and p so that:

(i) Suppose 29 (1 4+ v?)~1/2 > 1.

([ 1uter e av "
([ 1xuti P ar) "

C 2fj’n2fjn(1 + UZ)n+1/271/2p,

IN

IN

C 279M7IN(1 4?2172,
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(ii) Case 27 (1 +v?)~1/2 < 1.

([ 1ute e av a
([ 1Kuteoe o) "

Proof of Corollary. The proof is absolutely straightforward as one just needs to integrate

C 2 i'nointlg=i/p

IN

¢ 9—9'n9i(n+1)9—j/p.

IN

the upper estimates obtained in Lemma, 10.

Corollary 5 Let j' > j and suppose n < min(R, D). For 2n > d/p — 1, there is a constant
C (depending on n and p) so that

1/p o

(/ | Ko (y,7")[P dbtf d“,> < (2 '=ingig=id/p
1/p o

(/ |Kao(v,7")|P db du) < ¢ 9 U —imgig—id/p,

Proof of Corollary. 1t is not hard to show that

dv .
2 (n+1/2)p71/27 ][(2n+1)p7d}
/(1+v?)1/2’<2f(1 ) (14 v2)d/2 < Cnp2 ,

if n is large enough. On the other hand,

dv ,
< oild),
/(1+v2)1/222j (1+v2)2/2 =

Combining these two results we have
1/p PN PN
</ | K (7, ') |P db’ du') < ¢ 2 U'=dngig—id/p L ¢ 9~ *])712]2*]‘1/17’

which established the first result. The second result is similar in every point. 1

From Corollary 5, one can deduce the result announced in Chapter 4 (Lemma 7).

Proposition 9 Let s >0 and 0 < p,q < 0o. For any j >0, v € S*1, b € R, if min(R, D)

1s large enough, then

95 (- = )| gy () < C 27529/20340/2=1/p),
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for some constant C' not depending on j,u,b.

Proof of Proposition. Let w be a nonnegative C'*° window supported on 2€2; such that
wjo, = 1. It suffices to prove that |lw(z)y;(u-x — b)HRIs),q(Rd) = O(27921/2214(1/2-1/p))  But

1/p
s a2 = W)l = ([ ulr P ' a

o 1/p
+ {2] s9i' (d—1)/2 (/ | Ko (y,7') [P dbf du’> }

and applying our estimates (Corollary 5) gives

£

lw (@) (u -z =b)rs,

< C 2*]'?"&!1_,_Z(2j’52j’(d71)/22*\j*j’\n2min(j,j’)(1*d/p))q
3’20

< CleHED/2HI=d/a | 37 9=(i=i s Hd=1/241=d/p)q 4 3 9=('=)n=s-(d-=1)/2)q
J'<j 3>

< Cq2j52j/22jd(1/2,l/p)}q’
where the last inequality holds as long as n > s+ (d — 1)/2. As a conclusion, we have that
lw(@);(u -z — b)|| < C29321/223401/2=1/p)
as expected.

5.2.2 Embedded Hypercubes

For the frame construction, the discretization of the directional variable u involved the
covering of the sphere by balls. Indeed, at a given scale j, the discrete set of directions ¥; is
a covering set of the sphere: a set such that the collection of balls centered at the set points
and of radius proportional to 277 cover the whole sphere S%~!. We have discussed the
importance of good covering sets and their relationship to the control of the frame bounds
ratio.

Inversely, the lower bounds involve properties of packing sets of the sphere: for a fixed

€ > 0, how can we distribute points on the sphere such that balls of radius ¢ and centered
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at these points don’t overlap? The maximum number of points we can distribute is called
the packing number. Again, there is a considerable literature (Conway and Sloane, 1988)
on this matter that the reader can refer to. In the sequel, we shall only make use of trivial
facts about this packing problem.

The purpose of this section is to establish a technical fact that would guarantee that
a certain functional class cannot be approximated by finite linear combinations of a given
dictionary D faster than a certain rate. It is important to note that the proof of this fact
(or in other words of the existence of lower bounds of approximation) does not need to be
constructive. This observation greatly simplifies our argument.

For a fixed j, let S; be a set of points on the sphere {u;} satisfying the following

properties.
(ii) |Sj| > By 9(i—jo)(d—1)

(iii) For any u € S%~1, and all 0 <1 < j — jo,

|w - ugl (i—jo)(d— dv
i 0< <1} < By 200 1)/ —
[{u = (1= (u- Ui)2)1/2 <1 < 2 et i+ 02)(1/2
s ey dv
D P UL B VTR 2(JJ°)(d1)/ —
|{U ) = (1 — (u . Ui)2)1/2 — }| > 2 9i-1 <] <2t (1 +112)d/2

In the above expression, the constants By and Bs can be chosen to not depend on 5 and jp.

We remark that the first property (i) implies that

|U’7, ,u’l,| ..
o (1 — (u; - uyr)?)t/2 2 270} = {ui}

This fact is a mere consequence of

||ui/ + uz||2 = 2(1 + Ujg - ui/).
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Indeed let, v; s = w;-u;y (1 — (u;-uy)?)~'/2. Suppose for instance that v; # > 27770, We have

Vi i
o —uil® = 2(1- 5
v (L4 07,1
1 1

= 2 < .
(1 —i—in,)

(14 07) 2 (o + (1 +07,)1/?)

148! 148!

Therefore, v; ;» > 27770 implies ||uy —u;|| < 27U=70). From (i), it follows that it is equivalent
to 4 = 4'. The argument is identical in the case v < —27Jo,

To simplify the analysis, suppose ¢ € S(R) compactly supported supp ¢ C [-1/2,1/2],
and has a sufficiently large number of vanishing moments. We normalize 1 such that
||l2 = 1. Further, let w € C§°(24) be a radial window such that 0 < w <1 and w(z) =1
for any = with ||z| < v/3/2. We now consider the set A; of windowed ridgelets at scale j

A = {fir(x) =229 (Qu; -z — k)w(z), u; €S;, k€Z and |k|277 <1/2}. (5.8)

Finally, we will assume j > 2 so that 1/2 +277/2 < 1/2/2; from our assumptions it follows
that supp fix C {z, |u;-2z| < V2/2} for any fig in Aj.
We show that if jo is large enough then the elements of A; are “almost” orthogonal.

That is, we prove the following result.

Lemma 11  (3) There is a constant cq (only depending upon the dimension d) s.t.

Vied, flz=zc (5.9)

(1) If jo is chosen large enough,

Vied, Y Whol<3 (5.10)

9EA; . g#f

Proof of Lemma. The norm of f; being clearly invariant by rotation (w radial), one can
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assume that u; = e;. We have
/ 2942(20 () — k2)) w () da

/ / 204p2(20 (21 — k277)) w?(z) dz1dzs . . . dzg
lz1|<v2/2 Ja3+..52<(1/2)2

/ 24p? (2 (zy — k2j))dz1/ Ldzidzs . .. dzg
|z1/<v2/2 w24..23<(1/2)?

Y

\Y

= I3 ca = ca,

where ¢q might be chosen to be the volume of a d — 1 dimensional ball of radius 1/2. This
proves (i).
Before proceeding further, observe that if 0 <n<e<1l,z€ R,y € R, and § > 0 we

have

D Utz —ek) T (L |y — k)T < Cpe T (L Jy —ame )T (5.11)
keZ

By construction, it is pretty clear that the supports of 1)(2/u; -2 — k) and ¢(2/u; -z — k')
do not overlap when k # k’. Therefore,

Z |(fik, fipr)| = 0.

K k' £k

Next, a simple application of our fundamental estimates when u; # u] shows that one
can find a constant C(d) depending on d, ¢ and w such that (note that in this case
(1+07)'? <27),

i 2d+1 g _
[(Fies fir )| < C1(d) 277GV 1 07,) 72 (1427 vk — (140 ) V2K 2
Now, it follows from (5.11) that

2d+1

Z|<fi,k,fz",k')| < Cy(d) Q_j(2d+1)(1+%2,i') 2 27(1 +vz'2,z")_l/2
k/

= Cy(d) 27241 + v} ,)*

for some new constant Cy(d), depending only on d, 9 and w. Summing over u; (u; # u;)
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and making use of our assumption (iii) gives

> (i fira)l = D D Wik Fir )]

fit W €A St o # ik wir g Fu; K
~J—Jo
< Cy(d) 2754 " (14+2%) fuy, 27" < Jug| <2
=0
2id 13 o(j—jo)(d 1)j7j0 20\d dv
< Cy(d) 2799 By 2V 70N (14 2%) / S —
% at-i<pl<at (1+v2)4?
Jj—Jjo
<

Cs(d) 20 —Jo)(d—1)9~2jd Z ol(2d-+1—d)
=0

IN

Cu(d) 20—30)(d=1)9—2jdg(i—jo)(2d—(d~1)

= Cy (d) 27]‘02'1,

where again C4(d) is a new constant C'(d, v, w). (Notice that we have sacrificed exactness
for synthetic notations: in the second line of the array, read |{u;,0 < |v;#| < 1}| instead
of [{ui, 2671 < |viz#| < 2%} when the index ¢ equals 0.) Therefore by choosing jo large
enough, one can make sure that the quantity Cy 27702¢ is dominated by ¢4, which proves

(ii). n
Lemma 12 Let C the parallelepiped be defined by

C={f. f=) &Gufir |Gixl <1} (5.12)

ik

Then, for any f in C and triplet s,p,q; s > 0,0 < p,q < 0o, we have
1£1l s (g < C 2752092,
where the constant C depends at most on s,p,q, ¥, w and the dimension d.

Proof of Lemma. Let f be defined by f = sz & kfir and let us calculate the norm of
f. First notice that since supp f C €, then [|f||g; (o, = ||f||R§,q(Rd). Further, since
1fllrs, < ||f||R;,q, whenever ¢’ < ¢, we only need to prove the result for say 0 < ¢ < 1.
Finally, as to simplify notations, we show the result for p = 1; as the argument for p # 1 is

absolutely parallel, we will just indicate where to modify the proof to handle this case. We
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have

wr @O = | [T &afia @2 9@ W - 1)
ik

< Y ikl | / 20/24p(2 (u; -z — k277)) 27 p(27 (' - 7 — V) )w () da]
i,k
<

> /2]'/21/)(23' (wi -z — k279)) 27'4p(27 (' -z — V))w(z)dz|
ik

To be consistent with the preceding section and to simplify the notations, let Ky, (i x,7')
be defined as

Ko (Yik, ') = /2j¢(2j (ui - @ = k279)) 27 (27 (u' - & = V))w(w)da.

(Because of an exigence of consistency, we want to bring to the reader’s attention that the
normalization has changed, i.e. 27/2 has been replaced by 27.) Once again we apply our
fundamental estimates. Let v; be u; - u//(1 — (u; - u')?)'/2. Suppose for now that j' > j, we

have for v; < 27
Ko ()] < €229 (U 022004 )20+ o — (1 +02) 22 9]) 2.
And summing over k gives
YK (rig ) <272 (L o) TP V) TR (14 ) T
k = 27~ In=D (1 4 ?)(1 4 |b|) 2
Recall our assumption (ii) states that for £ > 0,

i dv
Uuj, 2=l <yl <29 < B 2(]_30)(d_1)/ S —
o sl =2 B at-1<pu<2t (1 + v2)d/2

and, similarly, for the interval 0 < |v| < 1. Repeating the argument of the previous lemma
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gives
J—Jo
Z Z Ko (ig, V)| < ¢2~i'mg—i(n—1) go(i—jo)(d—1) Z 20Cn=(d=1))(1 4 |p])~2
i|vil<2i-io k =0

< C270mImI(1 + (b)) 2

Now for v; > 27790, since our estimate for v; > 29 dominates the one for v; < 27, one can
check that

| Ko (Yig,y')| < €279 2100 (1 4 o)) 2 (1 +P -

and, again, summing over k yields

ZIK Yigs ¥ < €277 HD (L4 b)) 2

Now, we know that |v;] > 27770 implies ||u’ — u;]| < 2-U~70) and, similarly, when the index
i is replaced by i’. Suppose S = {i, |v;] > 2/7/0} # () and let ig be one of its elements.
Then, by the triangular inequality |v;| > 27770 = ||u;, — u;|| < 2 2777 it follows that
the cardinality of S can be bounded by a constant depending at most on the dimension d.

Therefore, we have

Yo X Ku(vig )l < 027D (1 4 )2

iofoi|>27=i0 K

Combining these two estimates yields
ZZ|K Yiks Y | < (2™ G’ J)nQJ( +|bl|)—2

Similarly, for j* < j, an identical reasoning allows getting similar upper bounds (suppose
n > d). First, assume that |v;] < 2/, From

1Ko (i, 7)) < C 279279 (1 + o)™ FV2(1 4 [B277]) 72 (1 + Juik277 — (1 + 02)1/20|) 72
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one can deduce (applying (5.11)) that
Z K 7| < C 2790270020 (14 02)" (1 + b)) 2

And therefore, already well-known arguments imply that

i, [vi|<20" kK

Similarly, in the case where v; > 27, we have

(1+0H)2 ,

(1

Ko (ia,7)| € €272 0D (1 4 2772 (1 +2 k277 - g

)

giving

> 1Ky ) < 02792 D (L b))
k
Again, summing over the i’s yields
Yo D Kw (g2 U D2d (14 )

islv;|>27" K

Combining the results, we have
32 YKl /)] € 0207002 (14 )

The following display summarizes the situation:

c2-G—i")(n— 4)2i/2(1 +)2 <y

5.13
CrUIPLAL ) 2 o

Jwj (u,b) ()] < {
In the case p < 1, we just need to replace (1 + |'])~2 with (1 + |¥'])~2%/? at each of its
occurence in (5.13) as it follows from the same argument using, however, Lemma 10 with

sharper bounds. A direct consequence of the above inequalities together with the preceding
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comment gives that for any p > 0

1/p oG- n-d)9i/2 i < ;
([ st arar) g{ e s
C2—'=i)n9i/ i >

As long as n is chosen to be greater than max(s + (d —1)/2,d), it is immediate to establish

from here that for any ¢ > 0,

1/p Vo d 1/p o
([t np ava) +{2“2“21(/ oy )P } < Coiti+h),

£y

which is our claim. |
Note that the previous lemma shows how to construct a full parallelepiped embedded in
R (£24). However, in view of Theorem 10 one needs to construct a cube. The next lemma

shows how to orthogonalize our parallelepiped.

Lemma 13 Suppose we have d vectors { f;i}1<i<a in a Hilbert space such that for all 1 <
1<d

(i) Ifill = 1,
(it) D221 fis f) <1 —0 <1.
We consider the set C = {Zgzl Yifis lYlloo < 1}. Then there exists a hypercube H of

sidelength & that is included in C.

Proof of Lemma. Let us consider the symmetric matrix G defined by G;; = (fi, f;)-
Applying the Gershgorin Theorem, we deduce from the hypotheses (i) and (ii) that all the
eigenvalues of G must be greater or equal to 0. Therefore G is a positive definite matrix
and we can talk about H = G~'/2. It is an easy exercise to see that the collection of vectors
{ei}1<i<q defined by e; = H f; is indeed an orthogonal basis of span({f;}1<i<a) (See Meyer
Meyer, 1992, Page 25 for a proof.) Furthermore, a trivial fact states that

! !
E T;e; = E x;fi whenever z = Huz.
i i

Thus the embedding problem becomes: show that ||z|lcc < 0§ = ||Hz|low < 1. This is

nothing else but to prove that the norm of H, as an operator from £,, — f, is bounded
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by 6~!. Recall,

1 H (00 b)) = S‘}PZ |Hi -
) -

We now derive an upperbound of ||H||(s, ¢..)- We have

™

1 (o0}
H = —/ (G + ) IA 24,
0
(see Meyer for a justification of this fact). The previous relationship implies that
1 [ a B
[H (000 £00) < ;/0 1G4 AD) Yooy V2N

Now G=T—-F,G+ X =(1+MNI—F = (1+X(I - (1+A) !F). The standard inversion

formula for matrices (Neuman series) states

(G+A)T =1+ NI+ Y a+NFFF),
k>1

which gives

G A sty < TN T W o) T 2L+ X) N 0 )

k>1
< (T+NTTEHY A+ NP o)
k>1
< (4nt—
- L= 1F (0 00)

Finally,
1 -
[ [ (e ) < ;/0 (L= 1E g ) ™ (LX) TIATZAN = (1= || F ] 1) ™

By assumption we have || F||(s sy <1 — 0 implying ||H ||z r..) < 0~1, which is precisely
what needed to be proved. |

We are now in a position to state the main theorem of this section.

Theorem 11 Suppose 1 < p,q < oco. Let R, (1) be the unit ball of Ry ,(2Qq). Then there
exists an hypercube of sidelength & and dimension m(5) embedded in R, ,(1). That is we
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can find m(5) orthogonal functions g;ms, ©=1,... ,m(6) with ||g;mzsll2 = 9, such that
H(67 {gl}) = {f’ f = Z&gi,m,éa |£| < 1} - R;,q(l)a
3
and
m(0) > Ko~ a7,

Proof of Theorem. The proof is a mere consequence of the three preceding preparatory
lemmas. In view of Theorem 10, this is exactly what needed to be shown to prove the first

part of Theorem 9.

5.3 Upper Bounds

In this thesis, we will prove the upper bound (5.6) for the classes R, , in the following
cases: (s,p,q) € {(s,1,9),(s,2,2),(s,00,q), ¢ > 0}, where this set is of course subject to
the additional condition s > d(1/p — 1/2) as it is a required hypothesis of our theorem.

5.3.1 A Norm Inequality

Let a frame be constructed as in Chapter 3, section 3.6.1. We define a discrete norm on the

frame coeflicients o, = (f, 1) as follows

lalles,, = (127529902 PICY 7 ey [P)12) 5 i, (5.14)
’YGFj

The norm (5.14) is the discretized version of the continuous norm (4.3).

For compactly supported functions, we have the following lemma.

Lemma 14 There is a constant C' possibly depending on s,p,q such that
lelles , < Cllfllgs,, - (5.15)

We prove the lemma for the subset of triplets (s, p, q) defined in the first paragraph of this
section.

Proof of Lemma. Without loss of generality, we may assume that supp f C Q4. For a
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frame of Lo (€24), let A be the Analysis operator defined by Af = (ay),,er,. To prove the
lemma one has to prove that

[Af e, < ClIfliRg,-

p.a —

Case p = 1. We first treat the case p = 1. Introducing a slight change of notations, let
R;(u,b) be the ridgelet coefficient defined by R;(u,b)(f) = (f,27/?¢% (27 (u -z — b))) (with
the convention that R_q(u,b)(f) = (f,¢(u-x —b))). Suppose that w is a nice C*° function,
0 <w <1, supp w C 282y and w)g, = 1. The trivial equality f = fw together with the

semi-continuous reproducing formula (2.8) imply that

o) [RGB -0 ), )l
+> 2 / Ry (u/, ) ()27 Pp(2 (u' - 2 = 1)), wipy )/ db.

J'>0
In view of the Parseval relationship (Proposition 2), the above relationship is fully justified
as the membership to R;  for s > d(1/p—1/2) implies (for compactly supported functions)
membership to Ly (see last paragraph of section 4.2.1). Then, observe that

3 lool < [ IRAW D] S 1 - = V) wpy)du'at

veLT; veLT;

+ 2P [ IR )T NP0 = ) w

J'>0 ver;
Now apply a properly renormalized version of (5.13) to get

Z |a7| < Z 2j’d2_(j—j')(n_d_1/2) / |R]I (U,I,bl)(f)|duldbl

YET; -1<5'<)

+ ) 2idym G t1/2) / \Rj (', 0) (f)|du'db’

3>
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Then,

29312 3™ o) < 7 9= a/2=sm1/D i sgi /2 / Ry (', b1) ()| b

€L —1<5'<j

£ Y oG s 2) g g2 / Ry ) (f) ' d

3>

and from there, it is then easy to see that for any ¢ > 0

lalle 127527992 % ™ Jan |)jle, < 1(27°27 d/2/|Rj’(ulab,)(f)|duldb,)j’“€q = £z,
’YEF]‘

(The cases where ¢ < 1 and ¢ = oo are clear, and interpolation does the rest.)

Case p = co. In this case, we have

o] < / Ry (o W) ()l - 2 — ), w(aw)ip, ()] d'db
+3 0 / Ry (!, ) (D2 P27 (- & — W), wla)p, () du' Y

3’20

< IIR_1(f)||oo/|<s0(U'-w—b’),w(w)%(w))IdU'db'
+ > 2Ry (oo / (2722 (u' - = 1)), w(w)ypr ()| b’

§'>0
Recall the estimates relative to the decay of the kernel (Corollary 5)

/ (27 Pp(27 (' - = V), w(a)py (2))|du/dl < 27 =T (/2 g = ming

_ gid/29—j'd/29-|j~'|(n—(d=1)/2)

Thus, making use of this result we obtain

2js2jd/2|a7| < Z2js2jld/22f‘j7]"‘(n*(dfl)/Q)||Rj,(f)“00
j'>-1
< Z 27'397'd/29=1i=3"|(n=s=(d=1)/2)|| R, ()| o-
j'>-1
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Now again, it is clear that the above inequality gives for any ¢ > 0

lales, , = I1(27°27% Sup s jlle, < [1(270274/2 / | Ry (', ) (f)ldu'db)jlle, = 1f | e, .-
TEL;

(5.16)

Case p = q = 2. This case is a direct consequence of Theorem 6. |

Extension. It seems reasonable to suspect that one can extend Lemma 14 by inter-
polation. By definition, the space R) , is a weighted space of the type 2,(Lp): using the
notations of the lemma, one can rewrite the R, , norm of an object as

q/p 1/

111, = 1275292 || Ry ()|, (se-1xmylle, = | D [/ | Rj(u, b)|” dudb
ji>—1 Sd-1xR

with obvious modification in the case p = oo or/and ¢ = co. (Again, there is a full analogy
with the Besov scale; replace R;(f) with f*¢; and the weights 27523%/2 with 27%.) Similarly,

the sequence space rj, , is a weighted space of the type l4(¢,). From Lemma 14, we know

that for any s,q > 0, the operator A is bounded from Rj , (respectively, RS, ) to ri

(respectively, r, ;). Now, the sequence spaces r} ,

well-known properties and one expects the same interpolation properties to be true for the

are clearly interpolation spaces with

spaces R . If that were true, one would be able to prove Lemma 14 for the full range of
parameters s > 0, 1 < p < 0o, ¢ > 0 — at least when R) = C L2(f23) — since bounds at
the “corners” are already established. Work in this direction is in progress and we hope to
report on it shortly.

Further, we have learned that in the case where p = ¢ = 2, the norms |- || , and ||-[|rg,
were actually equivalent; therefore, this favors the conjecture we have just brought up and
leads to a more ambitious one: namely, the norm equivalence between || - [[rs - and || - [|g; -

Lemma 14 has a very interesting corollary. Let us consider a frame like in section 3.6.1
such that both ¢ and 1 are compactly supported and that 1/ has enough vanishing moments
so that Lemma 14 holds. The assumption of compact support will simplify the proof of the

corollary but is not a necessary hypothesis.

Corollary 6 Assume s > d(1/p —1/2); and let p* be defined by 1/p* = s/d + 1/2, then
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for fin R; (24) we have

Ity < Cllflrs 0 (5.17)

where wly« is the weak-Cy- quasi-norm (5.20).

In fact, one should be a bit more careful in the above statement: for a function f in R}  (€q),
extend it to a function in R;;’q(Rd) supported in 2Q4; then take the sequence « to be the
frame coefficients of the extended f (where the frame is for Lo(2€)).

Proof of Corollary. The proof is a minor adaptation of a result in (Donoho, 1993). We
do not reproduce it here. 1

Now, the proof of the upper bound is almost complete as it is a direct consequence of

the result presented in the next section.

5.3.2 A Jackson Inequality

Besides the approximation of functional classes, one can be interested in knowing achievable
rates of approximation for a given target f. The next simple lemma establishes that the
sparsity of the ridgelet coefficients imply a minimum rate of convergence (i.e. a lower bound
on the exponent of approximation (7.1)) of truncated N-term expansions.

Suppose we are given a frame (¢,) € I'y. We know that any element of, say Ly({2g)

might be represented as

[= Z <fa77[)7>1/;7 = Z <f71/;7>1/’7- (5-18)
Y

ely Y€l

To simplify, o, will denote the ridgelet coefficient (f,,). Finally, fx will denote the N-
term ridgelet expansion where one only keeps the terms corresponding to the N largest

coefficients. That is

In(@) = e, >jalw ) - (5.19)

v€lq

We recall that for a sequence (6,,), the weak-£, or Marcinkiewicz quasi-norm is defined



CHAPTER 5. APPROXIMATION 83

as follows. Let |0](,) be the nth largest entry in the sequence (|0,]); we set
16]we, = supn/?|0] (). (5.20)
n>0

Lemma 15 Let 0 < p < 2 and suppose that the sequence of coefficients (a,)yer, has a

bounded weak-£,, norm. Then there is a constant C' (depending at most on p) such that
If = fnllz < CN |,
withr =1/p —1/2.

Proof of Lemma. Let A (respectively S) be the analysis operator (respectively synthesis
operator) defined by

A: Lg(Qd) — gQ(Fd) S @(I‘d) — LQ(Qd)
fo= {fiy) Oy — 2071/;7.
v

Then, the frame decomposition (6.7) tells us that, first, SA is the identity of Ly(£4), and,
second, K = AS is the orthogonal projector onto the range of A. Again, let ay = (f, 1)
be the ridgelet coefficients of f and o) be the truncated sequence of the Nth largest

(N) (N).

coefficients, i.e. ay ' = a71{|aw2|a‘(m}. Then, of course, fN = Sa Now the frame

property gives

If = Fnlliay < BIA = fo)lle,)
B |la— Ko™y, 1,

B||K(a —a™)]p,r,

< Blla—a™yr,,
since the norm of K is 1. Now, Lemma 1 in Donoho (1993) allows us to conclude that

ler = o™,y = 3 lolfy < alp) lofiy,
n>N

and therefore, we have reached the desired conclusion. |

Lemma 15 together with Corollary 6 finishes the proof of the second part of Theorem 9.
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5.4 Applications and Examples

This section uses the preceding lemma to study the approximation of specific examples of
singular objects. Let w be a window in C§°(€24) and let us consider for a moment the
function f,(z) = (z1)Jw(z). Our example f, is a C*° function away from the hyperplane
21 = 0 but which is singular across this same hyperplane: the singularity being of degree «.
As we will see, the representations of such objects in a ridgelet frame are extremely sparse.
In some sense, ridgelets are optimal to represent objects of this kind.

In all that follows, we will use the notations from Chapter 3. We will assume that ¢
and 1 are R times differentiable and that ¢ has vanishing moments through order D. Now

repeating the argument of section 5.2.1, we have
RN = [ 1o 9o =) do
= [ 2 )1+ 02) o] = o) wglat ab),

where wg is exactly as in the beginning paragraphs of section 5.2.1. So, R, (f) is the wavelet

coefficient of h, where h, is defined by

ho(t) = (1+v2)~ a/Z/yin(t,y—vt»

From the last display one can see that

d" Lol

Tho(t) = (14 v?) a/Z/ Z( ) (07 *05wq) (t,y — vt) dy.
Now, a single integration by parts argument shows that

| / Yo' (9] Bhwo) (t,y — vt) dy| < C ol (L+ ot)™ Ly,

estimates that can be turned into

\/ YT’ (07 05we) (t,y — vt dy| < C(L+ o]*)*?(1+ (1+0%) 2 [t)* " Lyjy<y,
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for any ¢ < n and some constant C' depending on n. Then

d’n,

| b ()] < C (L o) 2 (L4 (14 0%) 2 )™ "Ly,

where again the constant C' might be chosen to only depend on n. In the remainder of the
proof, we will suppose o — n < —1.

Now, let v be such that (14 v2)}/2 < 2/, Standard wavelet calculations show that
Ry ()] < €270 YD (14 0?) 2 (14 |(1 4 0)2R277 )2,
For (14 v2)!/2 > 27, a simple calculation, parallel to what we have done, argues
Ry (f)] < C277F D (1 4 [k])> .

We are going to show that, for a nice frame, the ridgelet coefficients of f are in ¢, for

any p > 0. So, let p > 0 be fixed. Our estimates imply that for (1 + v?)1/2 < 27,

D IRy (f)P < CP2mip T2 (1 4 g2 pinme)/29i (1 4 )12,
k

if n is chosen large enough so that (o« —n)p < —1. Next we recall that for s > 0

> (14 0?)*/%? < C max(2/%, 2741,
i€ :(1+v?)1/2<2i

and hence, summing over ¢’s gives

SSSTR(P < Pty gigipin-a)ys
i€T; k
= (poir(1/2+a)

if n satisfies the additional condition: n —a > d/p.

Hence, we have proved that the ridgelet coefficients R (f),cr, — for a frame as in Chapter
3, with ¢ and ¢ being R times differentiable and 1y having vanishing moment trough order
D — satisfy

1By (f))reralle, < C,
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provided d/p + o < min(R, D) which is what we claimed.
Applying the Jackson inequality (Lemma 15) gives

Proposition 10 For any o > —1/2, for any u € S, b € R let f(z) = (u-z—b)T. As usual
fN will denote the truncation of f to the dual-ridgelet terms corresponding to the N largest

ridgelet coefficients. Then,

If = fN“LQ(Qd) =O(N™) for any r > 0.

(Note that for « < —1/2, f is not square integrable.) Various extensions of results of this

kind are, of course, possible.



Chapter 6

The Case of Radial Functions

In Chapter 5 we have seen that ridgelets are optimal to represent functions that may
be singular across hyperplanes when there may be an arbitrary number of hyperplanes
with any orientations and locations. A natural question one may ask: can we curve these
hyperplanes (singular sets)? In other words, how are good ridgelets to represent objects
being singular across curved manifolds? To answer this question, the study of radial objects
is particularly attractive for it is both enlightening and simple. We will give accurate degrees
of approximation of radial functions by ridgelets. Finally, we will establish a remarkable
result: the rates of approximation by ridgelets to radial functions which are smooth away
from spheres are identical to the rates achieved by wavelets.

The analysis will illustrate why ridge functions (neural networks) are not free from the
curse of dimensionality.

Again, we shall restrict our attention to the case of compactly supported objects.

6.1 The Radon Transform of Radial Functions

Let f be a radial function f(z) = ¢(||z]|) where ¢ is an even univariate and real valued

function. Throughout this chapter we will suppose that supp f C €4, the unit ball of R

87
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Recall that R, f is the Radon transform of f. We have

RO = [ ollalr

= 1872 [ (2 =)D 20 dr. (6.1)

To simplify the notation, we will let T;; be the operator defined as

oo

(Tap)(t) = /| (12 — 24D 2 () dr, (6.2)

t|

so that R, f(t) = |S42|(Typ)(t). The operator Ty is an integral operator whose kernel is

r(r? — tZ)Sfl_?’)ﬂ; from (6.2) one sees easily that for ¢ > 0, we have

(Tup)(Vt) = %/OOO(T‘ — t)gfiig)ﬂ(p(ﬁ) dr.

Therefore, if we let Uy be the convolution operator defined by
> (d—3)/2
Wat) = [ =0 glrar (6.3

and C be the change of coordinates g(t) — g(v/t) (C~! corresponding of course to g(t) —
g(t?)), we have

1
Typ = 50*1 Uy Cop.

Now, suppose that we first look at functions vanishing in a neighborhood of the origin.

For instance, let p > 0 such that ¢ , = 0. We have for 1 <p,q < oo

1Tapll gora-nr2 < Collellsg,,

where, in addition to p, the constant C, depends on s,p,q. To see this, observe that for
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supp g C [p, 1], the operator C : g(t) — g(v/t) is bounded from B; ,(0,1) to itself for any
choice of s,p,q. In addition, C~' : g(t) = ¢(t?) is bounded from Bj (0,1) to By ,(—1,1),
again for any possible triplet s, p, g. The only thing remaining to prove is that Uy is bounded
from B, ,(0,1) to B;;;(dfl)ﬁ (0,1). This is not very difficult and is shown in the Appendix.

As a matter of fact, we probably do not need the additional assumption ¢ to vanish in

a neighborhood of the origin.
Proposition 11 Suppose ¢ is an even function such that ¢ € B, (=1,1). Then Tyqp €
Bet D21 1) and

Tl rsca-rz 1y < Clltllg 11 (64)

for some constant C depending at most on s,p,q and the dimension d. Moreover, suppose

in addition that ¢ vanishes in [—p, p|; then we have the reverse inequality

1Taell pesa=—rz 1y = Cllelsg, (1), (6.5)

where, here, the constant C may also depend on p.

Proof of Proposition. We give a proof of the first part of the proposition in the case of odd
dimension d. For the time being, we omit the proof when d is even. The reader who might
doubt the validity of the result in the latter case is invited to add the additional condition
¢ to be supported away from 0 in the reminder of the chapter (since, we have proved the
result in this case).

First, observe that the membership to By , is equivalent to both memberships to L, and

Blf,q. Now the following semi-norms are equivalent:
~ , .
||f||j;5,q =|f ||B;;11
and, therefore,

1flls, = Ifllp + “f,”B;,gl’

in the sense of equivalent norms. Now suppose further that f is compactly supported, say,
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in the interval [—1,1]. For p > 1, we have the Poincaré inequality which states that

||f||p < C(p)“f,Hpa

and therefore, for compactly supported functions, ||f’||, + ||f'||35711 dominates || f| 5; -

Now, we prove the proposition by induction. For d = 3, it is not hard to see that

d

S(Tap)(t) = —tdlt)  for t#£0.

Following our observation, if ¢ € By, it is then obvious that T3¢ € B;;;l and that we have

Ts0l gs1 < Clloll s,

for some constant possibly depending on s, p, g.

Next, suppose that Typ € B;;;l and satisfies (6.4). Again, one can see easily that

CTup)(t) = —Tap)(t)  Tor 1 £0.

Therefore, the same argument as the one for d = 3 yields (6.4) for d + 2.

We turn to the proof of the lower bound (6.5). Let x be a C* function such that
0 < x <1, x =1 whenever || > 1, and x = 0 for || < 1/2 (the notation x. will
stand for x(-/€)). Now, there are well-known inversion formulas for the Radon transform.
In particular, when the function f is radial (f(z) = ¢(||z||), it is easily established that
(Natterer, 1986)

(t) oc L7 (Ty 0 Typ) (1), (6.6)

1d
tdt
Xp/Q(Td o Ty)p (note that the first part of our proposition implies that g € B;;;dil). We

where L is the operator Again, we assume that ¢ € B, and let us consider g =

claim that
||Lg||B;,td—2 < CHQHB;,tdfl .
To see this, recall that the differentiation operator % is a bounded map between B[f,q and

Blf,gl for any —oo < s < 00, as it can be obtained as a corollary of two theorems from
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Triebel (1983, Pages 57—61). Further, the multiplication by 1/t is of course a bounded
operation in Bps’gl restricted to its elements supported in, say, {p/4 < |t| < 1} D supp g.
By induction, we get that

12971l s < Cllglls,
But of course, it follows from (6.6) that for |t| > p/2, we have LY 1g(t) = ¢(t) implying

p= XpLd*Ig. Therefore, to summarize, we have

i d-
lellsg,, = Ix L gll s, < CIL gllsg,, < C lgll pgsa

= Clixpja(Tao Ta)ell gyra < Cll(Ta o Ta)oll gyia < ClTapll para-nrz,

where the last inequality comes from the first part of the proposition. This completes the

proof of the proposition. 1

6.2 The Approximation of Radial Functions

Proposition 11 has important consequences. For instance, suppose we have a frame of
L2(24) (see Chapter 3)

{o(ul - — kby), 2/%4(20ul - & — kby), 7> 0,4 € X,k € Z},

where we recall that |Z;| = O(2/(¢=1)). We will take both ¢ and 4 to be compactly
supported. Following Chapter 2, we will denote the element of the frame 1), for v € I'y.
We know that any element of, say, L2(€;) might be represented as

f= Z <fa77[)7>1/;7 = Z <f71/;7>1/’7- (6-7)

Y€l Y€l

To simplify, a, will denote the ridgelet coefficient (f,),). Finally, let fn be the N-term
ridgelet expansion where one only keeps the terms corresponding to the IV largest coefficients

(5.19). We have the following theorem:

Theorem 12 Let f be a radial function supported in the unit ball f(x) = @(||x||) such that
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€ By, Suppose that s > d(1/p —1/2) . Then we have the Ly error of approzimation
If = fxlla < C Nl s .. (6.8)

Remark 1. In fact, the result (6.8) is probably sharp: that is for any s’ > s, there must
be a function ¢ € B; , with, say, [|¢[/ps, =1 such that

limsup ||f — fylla N¥/? = cc. (6.9)

At the end of this section, we will argue that there is some strong evidence supporting this
conjecture. This suggests that neural networks are also subject to the curse of dimension-
ality: to obtain approximation to f at rates N~", we must assume that f is r - d times
differentiable.

Remark 2. We remark that the rate of convergence is identical to the one obtained
using truncated wavelet expansions. This remarkable fact will be examined further in the
discussion section.

Proof of Theorem. We start by proving the upper bound. Notice that by construction

the collection
{io(t — kbo), 27%p(27t — kby), j >0, k € Z}

is a frame of Ly[—1,1]. Now, for an univariate function g : R — R, let a1, = (g,%;x) and

Br = (g, ¢x). Although we do not give a proof here, the quantity
£ llbs,, = 1Be)klle, + 1127270273 " Ja 1P) 7)o e, (6.10)
k

is an equivalent norm to the norm of f in By  , for any g supported in [—1,1].

As we suppose that f(z) = g(||z||) is supported in the unit ball, we recall that

on = (f,1py) = (Ryy [ i) = |57 [(Tug, k) = 1" |tj 1(Tag)-

For a g in Bj,, we know that its image Ty4g is in Bg:‘q_(d_l)/z; in addition, its norm

]|ng||bs+(d,1)/z is bounded by Hg||31§ .- Further, it is fairly clear that for any ¢ > 0,
p,q ’

1 Taglly,s a2 < N Tagllysra-nr2 < C llgllbg,-



CHAPTER 6. THE CASE OF RADIAL FUNCTIONS 93

Following Donoho (1993), one may bound the number of coefficients, at a given scale j,

whose absolute values exceed a certain threshold € > 0 as displayed below:
#{k, loj k| > €} < ey min(27, (27 CHADERZZRN I Tyg)| oyianype!)P).
p,00

Thus, the number of ridgelet coefficients c., at scale j that exceed e in absolute value is

larger than € > 0 is bounded as follows:

#{7: loy| > € and |y] = j}

< cb002j(d*1) min(27, (ij(s+(d71)/2+1/271/p) ||ng]|b;+ogd,1)/2€*1)p)

¢y C min (2%, (27 (s+d(1/2=1/p) ||Td9“b;t£)d*1)/2 e HP), (6.11)

(d-1)

since the number of directions ug is bounded by €2/ for any scale j. Summing (6.11)

over scales 7, a bit of algebra shows that (provided s > d(1/p —1/2)4)
N
#{7: loy| > e} <C ||Td9||b;+ogd—1)/26 s/d+1/z, (6.12)

where C' possibly depends upon d, s,p and the sampling resolution by. Let p* be defined
by 1/px = s/d + 1/2. The inequality (6.12) merely states that the weak-£,, norm of «
is bounded by Hng“b;ngd’lW up to a multiplicative constant. The supporting Lemma 15
leads to the desired conclusion. 1
Of course, one would like to have a converse statement or, in other words, give lower
bounds of the squared error of approximation ||f — f ~Nll2. In the remarks directly following
the statement of our theorem, we have articulated a reasonable conjecture (6.9) expressing
the sharpness of the bound (6.8). Unfortunately, we are not able to prove this conjecture
yet. However, we have available a recipe for constructing radial functions whose ridgelet
coefficients sequences are not sparse. For instance, let p’ be a real such that 1/p' > 1/p* =
s/d + 1/2. Making use of Proposition 11 and Lemma 2 in Donoho (1993), one can find a
€ By, (llellp;, = 1) such that the sequence of ridgelet coefficient « is not in wé,. Now,
the problem is that we don’t have a converse to Lemma 15: that is, if we know something
about the rate of approximation by finite linear combinations of ridgelets (or their duals),

does it imply that the ridgelet coefficients have a certain decay? Let us be even more precise.
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Suppose f is such that there is a sequence fy = Zf\;l Ai,NY+,; v with the property
If = Fxllz <CNTT

Does it imply that {(f, )} € wl,(T'q) with r = (1/p —1/2)4+? In Approximation Theory,
this is often referred to as a Bernstein type of inequality whereas Lemma 15 is a kind of
abstract Jackson inequality. Suppose the ridgelets were orthogonal; then the Bernstein
inequality would be trivial. The delicate issue here is, of course, that the ridgelets are

possibly linearly dependent. Work in this direction is in progress.

6.3 Examples

In this section, we consider a class of radial functions (f,) defined by fa(z) = (1 — [|z||*)%.
Away from the sphere of radius r = 1, these functions are smooth but are singular across
this same sphere. Here, the index parameter « is simply the degree of the singularity (see
Definition 6). In all that follows, we will suppose o > —1/2, so that f, is square integrable.

First, a simple calculation shows that

1
Rufa(t) = 18972 [ (r> —t»)=3/2(1 —r?) % dr
It

1
_ %(1 _ 2)atd-1)/2 / (1 = p)@=3/200,
0

_ Ca,d(l o t2)a+(d71)/2.

We now check the sparsity of the representation of f, in a ridgelet frame. Again, suppose
that we are using ridgelets such that their profiles ¢ and 3 have compact supports. We
will assume that ¢ and ¢ are R times differentiable and that ¢ has vanishing moments
through order D. Finally let p* be defined by 1/p* = 1/2 + (o + 1/2)/(d — 1). We
show that the coefficients «, are in w/,,. If min(R,D) is large enough (min(R,D) >
max(2/p*,2 + a + (d — 1)/2) suffices), we have

ay = (f,¢y) = Ca,d/(l — )0t d=1)/293/2, (274 — by)
< Ca,d 9—i(1/2+a+(d—1)/2) (1 + Hkbo| _ 2]-‘)—2/11*
= a2 DI (14 ||| — 27]) 2P (6.13)
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The proof of the first inequality is an application of integration by parts and we omit it.
So, let € > 0 and let us bound the number of coefficients ., that are greater or equal to

€ in absolute value. For a given scale j and orientation u{, it follows from (6.13) that
#{k, oy | > €} < € 279D/ 2=px/2) (6.14)

where the constants may depend on the parameter by. Moreover, (6.13) implies that

#{k,|ay| > €} = 0 whenever j verify
Cod 9=i(d=-1)/p* ¢ & ng‘d/Q 9=i(d=1)/2 - p*/2
Then, of course, if we fix the scale j, we trivially get that
#{y with |y| = j,]ay| > €} < C2j(d71)/2€7p*/21{2j(d—1)/2g(ca,de—l)p*ﬂ}-

And summing across scales gives

#{7 a|a’7| Z 6} = O(E_p*)a

which estabishes the claim.

As a consequence of the last display, a direct application of Lemma, 15 gives

Proposition 12 Suppose a > —1/2 and let f be the spherical singular function f(x) =
(1 — [|z)|*)%. As in the preceding section, let fn be the truncated ridgelet expansion of f.
Then,

If = fillz = O(N (e F/2/@=1) (6.15)

Suppose one were to use wavelets to approximate the singular function f from the above
Proposition. So let (¢, ]Ek) (A= (4,k), § >0,k € Z%) be a nice isotropic wavelet basis in
R? with compact support, enough regularity and vanishing momemts. Standard techniques

show that for any § > 0, we have
9 *.Oé . 75
[(f,ha)| < C(8,@)277277 (1 + [||k]| — 27]) "

As a straightforward consequence of the above estimate, one can see that the best wavelet
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approximation converges at the rate O(N~(2+1/2)/(d=1)) In this case, it can be shown that

this rate cannot be improved.

6.4 Discussion

In this chapter, we have demonstrated in several places that ridgelets and multi-dimensional
wavelets were equally as good, at least asymptotically, to approximate radial functions. For
instance, in the previous section, we have shown explicitly that the rate of approximation
of, say, fo(z) = (1 — ||z?)%, for @ > —1/2 using ridgelets coincides with the one obtained
using multi-dimensional wavelets — regardless of the degree of the singularity o and/or of
the dimension d. In fact, this conclusion is not limited to the case of radial functions. For
instance, one could consider a simple extension of our radial example: let F be the set of
all diffeomorphisms » : RY — R4, with, say, h € C" for some r > 0 and such that all
the partial derivatives of h up to order r are bounded by some constant C. Now, for any
h € F, consider g, = fo o h. So, g, is a smooth function away from a hypersurface ¥ with
a minimum of curvature and singular across 3 (roughly speaking, one sees a singularity of
degree @ when one crosses 2 along a normal vector to the surface). It then turns out that if
r is large enough, the conclusion of Proposition 12 remains unchanged for this larger class
of functions. That is, the rate of approximation of ¢ by ridgelets is O(N—(@+1/2)/(d=1)y and
so is the rate of convergence of wavelet approximations.

In the author’s opinion, this result is most remarkable and surprising. The two dis-
cussed approximation schemes are, of course, very much unlike: as one is building up an
approximation using oscillatory bumps at various scales whereas the other is using ridge
functions localized around strips of various scales. And yet, both seem to represent func-
tions that are smooth away from curved hypersurfaces, but that may be singular across
these hypersurfaces, with the same degree of accuracy.

We close this chapter by pointing out that our findings seem to contradict — at least
at a superficial level — the results obtained by Donoho and Johnstone (1989). In fact, the
model they consider is somewhat different as they study the squared error of approximation
with respect to the gaussian measure whereas we are concerned with compactly supported
functions. Hence, their results are not inconsistent with ours. First, the behavior at infinity
of the functions they are treating may account for the divergence of our conclusions. Second,

their study only concerns the case of R? and, perhaps, the effects they describe are specific
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to this case.
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Chapter 7

Concluding Remarks

7.1 Ridgelets and Traditional Neural Networks

The purpose of this section is to show that ridgelet approximations offer decisive superiority
over traditional neural networks. We recall that in the latter case one considers finite
approximations from Dyy = {p(k -z —b), kK € R",b € R}, where p is the univariate
sigmoid. As we have already shown, neural networks cannot outperform ridgelets over the
classes R, ,(C). However, outside of this paradigm, it is of interest to compare for any
function f the rates of approximations using either Dyy or Drjdgelets-

In Chapter 5, we defined the approximation error of a a function f by N-elements of

the dictionary D:

N
inf inf ||f— Zaig/\iHH =dn(f, D).

(ai)ly (M), i=1

In many interesting cases, dy(f,D) =< N~ or dy(f,D) < N~"log?(N). A crude measure

of convergence is the exponent of approximation.
r*(F,D) =sup{r, dy(f,D) = O(N™")} (7.1)

This measure is, indeed, insensitive to log-like factors. Now, one would like to know if there

exists a function f for which
T*(fa DNN) > ’f’*(f, DRidgelets)-

98
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The answer to this question is generally negative. In order to give a precise statement,
we only consider finite linear approximations with bounded coefficients: i.e., we restrict the
minimization (7.1) to |a;| < C for some positive C'. In practice, this restriction makes perfect
sense since one is not going to store unbounded coefficients. Also, note that the relaxed
greedy algorithm (1.2)-(1.3) produces coefficients bounded by 1. With this restriction, one

can show

Theorem 13 For any given f,

’T‘*(f, DNN) < T*(fa DRidgelets)- (72)

Whenever traditional neural networks give a good approximation of f, there is at least an
equally good - and perhaps much better - approximation using ridgelets. In short, there
seems to be very little advantage in using traditional neural activation functions.

Proof of Theorem. The idea behind the theorem is very simple: any neuron p(k - z — b)
can be approximated in O(N~*) for any s > 0 using the dual ridgelet dictionary; therefore,
one can get a very good approximation of any finite linear combination of such neurons.

Step 1. Let g = (ag,ug,bp) bein ' = R x 81 x R and let P, be the neuron defined
by py,(z) = p(ao(ug.z — bp)). Consider now a ridgelet frame for L(2€2,) as in Chapter 3,
section 3.6.1, and a d dimensional window w, 0 < w <1, supp w C 2§y and wyg, = 1. The

frame decomposition theorem allows us to write

Pro (@)W () = Z a’YO,’YJ)’Y(x) (7.3)

Y€l

in the sense of L9(29Q,;). From the exact series displayed above, extract — as usual — the
finite sum p,, y corresponding to the N largest coefficients. The first part of the proof

consists of proving that

sup [|pyy = Pyo,N Loy SCN° (7.4)
Yo

for any s > 0. To prove the claim, we will try to use a maximum number of results proved
in the previous chapters.
Let us consider for a moment the Meyer wavelet basis (Daubechies, 1992) (950,;,3,1[{7,/9)

on the real line. For scalars ap > 0 and by, pgp, Will denote the univariate function
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plag(t — bo)). As one can guess, the wavelet coeflicients sequence of pgy, p,w is extremely

sparse. We claim that

C279/2(1 + |k — 27bg|) =0 ag > 2

ag,bos ¥j < o—j ] j
[Py bos i) { Cag2~9273/2(1 + |k — 2bg|) 0 ap < 2

First, notice that p(t) = (1 +e~%)~! = 1/2 + o(t) where o, according to Definition 6, is an
a-singularity of degree 1 (up to a renormalizing constant). To see this, remark that |o(t)]

is obviously bounded by [¢| and an induction argument shows that for n > 1,
|—0a(t)| < C(n)e 1,

which suffices to establish the singularity property. Then, for any positive ag, ag 1a(ao(t —

bp)) is also a singularity of degree 1. For a singularity of degree 1, we know that
[(ag o (ao(t = bo)), )| < C27%/2(1+ |k — 2bo|)

where the constant C' may depend on §. Then, of course, v ; is orthogonal to the constant

function; hence,
|(Pao s )| < Cag2 /(1 + [k — 27bg]) 2,

which is the part of the result corresponding to the case ag < 2/. As far as the case ag > 27

is concerned, we observe that

d
77 Paosbo (t) = aop'(ao(t — bo))

and, therefore, the above derivative is bounded in absolute value by age%/*~%l. Now since

1) has one vanishing moment, a simple integration by parts gives
|<:0ao,bow’¢j,k>| < CQ_j/Q(l + |k - 2jb0|)_6v

which proves the second part of the claim. It follows from the previous inequalities that for
every choice of p, [|a||, is finite and uniformly bounded (over all the possible choices of ag

and bg). Furthermore, it is trivial that B, = (pg,b, Pok) satisfies |G| < |lo]|1.
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Now, back in terms of our frame decomposition, the property we have just shown is very
interesting since it implies that the sequence (cvy, ) er, in (7.3) is also uniformly bounded
(over all choices of 7p) in £,. This merely follows from Chapter 5 (section 5.2.1) as it is a
consequence of Lemma 10. Then, Lemma 15 allows us to conclude and establish the validity
of (7.4).

Step 2. We are now in a position to finish up the proof of the theorem. We show that for

any 7 < r*(f, Dyn) there is a sequence fy of N-term ridgelet expansions with the property
If = Il =OW™).

It is not difficult to construct such a sequence since by assumption we know the existence
of a sequence g, (z) = > 1" @i mp(kim - £ — bim) (that we shall write g, = >, @ mpy; ),
such that

If = gmlls < Cm™"

with, say, ' = (r + 7*(f, Dnn))/2. For a fixed N, let m be defined by m = N'=°, where
(1 —&)r' = r. Next define fy as follows:

m
I =2 0im Y P o
=1 y

Then, of course, fy is a ridgelet expansion of order N terms and

m
If = fll < 0 = gmll + D leimlllom = Py, ool
i=1

= O(m™) +mO(m™°)
— O(N—(1—6)r’) + O(N—(1—6)(s—1)) — O(N—r)

since s may be chosen arbitrarily large (in particular s — 1 > r’.) This finishes the proof of
the theorem. 1

Remark. In fact, the proof of the theorem shows that the assumption requiring the
coefficient «; to be bounded may be dropped. The same result is true if we restrict the
coefficients to grow polynomially: that is, in the best approximation (7.1) we only require

|oii| < BN? for some constants B and (3.
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7.2 What About Barron’s Class?

In Chapter 1, we did mention a well-known result from Barron (1993) — see section 1.2; we
recall that in his paper, Barron studies rates of approximation of a special class of square-
integrable functions supported in the unit cube Q of R% by finite superpositions of elements

taken from Dy n: namely, he considers objects satisfying

Il = [ IEIFG) e < C. (7.5

In this section, we will refer to this class as the Barron class B(C') and to || - ||p as the

Barron norm. His work shows that
dy(B(C),Dyn) = O(N~/?). (7.6)

In fact, the Fourier dictionary is optimal for approximating elements of B(C). (This is
not surprising since the class B(C') is defined by means of the Fourier transform.) Indeed,

one can show that
dN(B(C)a DFourier) = O(Nil/Zil/d), (7.7)

where the Fourier dictionary is, of course, Droyrier = {€2™%, n € Z?}. Moreover, thresh-
olding the Fourier expansion (keeping the N terms corresponding to the N largest Fourier
coefficients) gives the optimal rate of approximation. In the next paragraph, we will show
how to use the tools developed in this thesis to prove that (7.7) is indeed a lower bound. As
far as the upper bound is concerned, observe that the Barron norm is actually equivalent

to

Ifle = Y Inlllf2mn)l,

neZd

as it is a simple consequence of a famous theorem due to Plancherel and Pélya (1938). Next,
a bound on the right-hand side of the above display implies a bound on the weak-£; /4
quasi-norm (5.20) of the sequence (|f (27n)|)pezd- Thus, Fourier series outperform neural
networks over the B(C) model of functions.

In his analysis, Barron shows that the rate (7.6) may be obtained with expansions
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of the form fy(z) = Zf\;l aip(k; - * — b;), where the «;’s may be restricted to satisfy
ZZ]\; | lai] < C" for some constant C'. Hence, a straightforward application of Theorem
13 gives at the minimum dy(B(C), Dpuai—ridge) = O(N %) for any s < 1/2. Moreover,
a bit of ridgelet analysis shows that the rate of approximation of the Barron class by any
reasonable dictionary (see Chapter 5, section 5.1) is bounded below by O(N—1/2-1/d), The
reason is the following: let us consider a pair (¢, 1)) satisfying the conditions (i)-(iv) listed

at the very beginning of Chapter 4 together with (2.7); namely,

Jrzh/)2 7€) |2_1‘

24 gt

|£|d !

Then we have,

I1f 1l

/ Vkll1 (k) | dk

- /6 . / F(éw)ljél dedu

) /g/s Flenllp(@)Fleldsdu +5_ 2D /6 L, Vewlie o) Plel ded

7>0

1/2

< </|<,o P de [ 1€l |2d5du)

1/2

+y 2D (/w (279¢)] |£|2d€dU/|f Eu) Pl (27 ”£)|2d€dU>
7>0
1/2 1/2
< [/|f fu)l? |2dfdu] £ 30 g2 [/|f cu)2li (2 Jf)|2dsdu]
7>0

= Clfllgyan. (7.8)

Then, it follows from (7.8) that the Barron class B(C') contains RQ/ 1 (C1) for some con-
stant C'1, and since the rate of approximation of the latter class is bounded below by
O(N—1/2-1/d) (Theorem 9), so is B(C). We hope that this example emphasizes further the

use and the potential power of the ridgelet analysis that we have developed in this thesis.
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7.3 Unsolved Problems

Along the way, we have encountered a couple of issues that were left unanswered or un-
proved. In this section, we address a specific one.

One might be actually interested in synthesizing functions out of the ridgelet dictionary
rather than out of the dual-ridgelet dictionary for approximating a target f. For instance,

instead of considering N-term expansions of the form

I =Y 0L {jay [laln ¥

vel

one may want to consider expansions like

N = a1, 514 Yy

yel’

where o, (respectively &) stand for the ridgelet coefficients (f,1,) (respectively the dual
ridgelet coefficients( f,1/~)7>). A natural question is whether or not these two approaches
generally give the same results. That is, for a given f are the approximation errors || f — fv||

and ||f — fn/| of about the same order? We know that

acwl, = |f—fxl=ONT) forifp=r+1/2 and
acwl, = |f—fn]|=0O(NT") for 1/p=r+1/2,

and, thus, the problem unquestionably takes place at the coefficient level. In this thesis, we
have mainly studied dual-ridgelet expansions because one has a direct access to the ridgelet
coefficients « since the ridgelets are known explicitly. It is much more delicate to work out
similar estimates for the dual coefficient sequence.

In this direction, it would be interesting to know if both sequences have the same
structure; that is, let || - | be a norm on the sequence space — like (5.14) for example. Is
the norm based on the ridgelet coefficient sequence equivalent to the one based on the dual
sequence? Especially, in view of the previous display, one would like to know, for example,

if for a fixed p > 0,

ledle, =< lllle,, (7.9)
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the aim being to transfer knowledge about the size and/or organization of o to &. In fact,
one direction of (7.9) turns out to be easy. To fix ideas, suppose we are given a frame of
Ly(2€4) and a function f in Ly(£24), such that & € £,. Let 0 < w < 1 be a C* window,

supported in 24, so that its restriction to 4 is 1. From the frame decomposition

f=fw= ZO‘WJ)VZ 2&71/)77

Y€l Y€l

it follows that

0[7 = Z (’U}Q/),y,l/),y/)d,y/ and 5[7 = Z (w’l/’;fy”l/’;,yl>01,yl.

7' €lq 7' €lq

Now, the estimates obtained in section 5.2.1 imply that for any p > 0,
lalle, < Cpllélle,,

provided that 1 has a sufficiently large number of derivatives and vanishing moments. To

establish the converse, it would be sufficient to show that, say,
wipy = Z Ayt
,-YI
with
SUPZ |)‘%7’|p \ SUPZ |>‘%7’ P < Ch,
'Y ,y/ ’Y’ 'y

which expresses that the dual frame has a sparse representation in the original one. The

author has proven some results in this direction but they are too fragmentary to be reported.

7.4 Future Work

7.4.1 Nonparametric Regression

We anticipate the translation of our approximation results to statistical estimation results.

Such connections have been made clear in section 1.3. For example, as in Donoho and
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Johnstone (1995), consider the following white noise model
Y.(dz) = f(x)dz + eW (dz), = € [0,1]%.

Here, f is the object to be recovered and W (dzx) is the standard d-dimensional white noise.

For a class F of objects, let R¢(F) be the minimax risk

Re(F) = infsup E||f — 3.
f F

Following ideas developed in Donoho, Johnstone, Kerkyacharian, and Picard (1995) and
Donoho and Johnstone (1995), we expect to derive the asymptotics of R¢ (as € — 0) for

the classes R; .. More importantly, consider estimators of the form

f: Z 777(<1/)7,Y€>)1/;7,

Y€l

where (1) er, is a nice ridgelet frame and where the functions 7 are scalar nonlinearities
(hard/soft-thresholding, etc.) depending upon € and the parameters s,p,q. We then ex-
pect such estimators to be adaptively nearly minimax, possibly within log-like factors, for
estimating objects from these classes. In short, thresholding the noisy ridgelet coefficients
should be nearly optimal for the estimation of objects exhibiting the spatial inhomogeneities

described in Chapter 4.

7.4.2 Curved Singularities

Finally, ridgelets are optimal for representing objects with singularities across hyperplanes
(Chapter 5), but they fail to represent efficiently objects with singularities across curved
hypersurfaces (Chapter 6). Work in progress investigates possible refinements of the ridgelet

construction to handle curved singularities; we hope to report later on this program.



Appendix A
Proofs and Results

Chapter 3

Proof of Proposition 5.
Let a, be the ridgelet coefficient (f,1),). We recall that o, = (R, f * ;) (bk277) (and
in case 7 = —1, the convolution is in fact with ). We will use the polar notation in its

standard form; i.e. f(¢,0) = f(tcosf,tsinf). From Lemma 1, we got
2
|2 ol = 5y e GTCREIE

W (& 0D PIb(27¢) W&W (60D PI2-ig 2l (2-00) .

Mimicking the argument of Lemma 1 (large sieve principle), we have

S 2

feoral < [ e NI 7(.0)ldo (A1)

[0,27]

< / FE OV F(E.0)]do

\/ / f(E.0)p |§|de\/ / IV (6.0)|121¢|db,

where the V f is the gradient of the 2-dimensional Fourier transform of f.

IN

As a consequence of (A.1), we have a sampling result for the angular variable of the
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same flavor.

‘/ZZVf Pl // Z|f€9||¢2jg|d0d£‘ (A.2)
/Z\/Zlff PIHEIOR — oo /W| (€.0) 1 (26) o de

/; (¢/{0’2ﬂ |£||f(£,0)|2|¢(2—j£)l2d0\//[0’2ﬂ IIVf(f,0)||2|§||z/;(2—j§)|2d0> d¢
/ (\/ /M |§||f(§,9)|22jj |¢(2j§)|2d0\/ /W IVF(€0))17l¢] Z]j ¢(2j§)2d9) d¢

F(£.0)2 h(2-7€)|2d0 HANE (97 6) [2d0dE.
W/W 6. OF > haierd dff\///m,m IV 56 PIel 3 e

IN

IN

IN

IN

Adding the coarse scale term amounts to substituting ) [h(279€) |2 by |@(€) |2—|—Zj [p(279¢)?

in the last inequality. Recall that by assumption we have

OF + Y217 = €],

j=0

and suppose
sup|@(§)[* + D 27O < B.
The last inequality of (A.2) together with the conditions on ¢ and 1) imply
/ DML e WL CUIR R

- \/ZZM Pl P = 5]

B¢ / |§||f“(§,0)|2d0d§\/ / IV£(£,0)|12[¢|dode

IN

IN

BV2||f|l22l| fll- = 2v2B| fII3. (A-3)
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Again, using A.1, one can check that

Sl - /ZZIM P26 e
Y
DM W £, 8)RIBEE) |2d5\// (& 6D P12 Te 2 b (2-6) 2de
\// INICLIRTERS |2d£\// S S IE o FeP e e

But we have just proved (A.3) that

/| ST e ok < o s 718 + 2V3BI f13.
Similarly, one can show without effort that

/ZZus P2 7€l (276

for some constant B’ only depending on . Therefore, we can deduce from all this that
Sl = 5 | MR cIfE (A
v

for some C.

Finally, combining (A.3) and (A.4) gives

2 £112
\Zw e 18] < s 16 + 15

which is the desired result. |

Chapter 4

Proof of Proposition 8. The fact that R;yq(Rd) is a normed space is trivial. We now prove
the completeness. Let {fy, }n>0 be a Cauchy sequence in R;,q(Rd). Then, of course, {fy}n>0
is a Cauchy sequence in Li(R?) and, therefore, converges to a limit f in L;. Let w;i(f)(u,b)
(resp. v(u,b)) be (Ryf *1;)(b) (resp. (Ruf * ¢)(b)). It follows that w;(f,)(u,b) converges
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to w;(f)(u,b) a.e. (and similarly for v(f,)(u,b)). On the other hand, {w;(f,)(u,b)}n>0 is a
Cauchy sequence in L,(S? ! x R) and therefore the limiting function, which coincides with
w;(f)(u,b), is in L,(S4~1 x R). Now, it follows by standard arguments that f belongs to
R;,,q(Rd) and that f, converges in R;,,q(Rd) to f. Hence, R;,,q(Rd) is complete.

Chapter 6

Lemma 16 The operator Uy defined by
Wan)®) = [~ =0 g(r)ar
0

is bounded from B, ,(0,1) to B;,fj;(d_l)/?(o, 1).

Proof of Lemma. Let (@jox), ¥jk 0 < k <27, § > jo, be a wavelet basis on the interval
(0,1). We will assume that (¢jo.%),%jk, are R times differentiable and are of compact
support (support width < ¢277.) In addition, we will suppose that the j k’s have vanishing
moments through order D. We will denote by B, 1 = (f, @jo.k) and a; = (f,¥;k) the
wavelet coefficients of f. We recall that each Besov space B, ,(0,1) with (1/p —1) <s <

min(R, D) and 0 < p,q < oo is characterized by its coefficients in a sense that

1F 183, 0,1) = I Bjo g )klle, + 12727 OZTIPICY ey ) P) 5 e, (A.5)
k

is an equivalent norm to the norm of B;  (0,1).

Further, suppose one wants to bound the norm of an operator T': B, ,(0,1) — B} (0, 1)
for all possible choices of 1 < p,q < co. (The norm being defined as sup ||T¢ |5y /[ f|l5B;,-)
The theory of interpolation tells that it is sufficient to check the boundedness for cases
(p,q) € {(1,1),(00,0),(1,00), (00,1)}. That is what we shall verify for U;. Now let

gic®) = [y =)0 o(y) and g, (t) = [(y — )% p; 0(t). We have for £ € R

9jo(t) = /(y — 1)\ 2 9do 2 (270y).

Moreover, for £ < min(R, D) we have

g3 (t) = / (y — ) 290/ 2y 90y,
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Then of course,

TN <27 min(j,j')(d—1)/29—|j—j'|(n+1/2) (1 + Qmin(jyj')|k2*j _ k’g*j’|)_2_

From this last inequality, it follows that

sup Y |T(A, )] <

{ C2-9'(d=1)/29=(j=i")(n-1/2) I < 4
KEA; pen,

C2-3(d-1)/29— (=) (n+1/2)  jr

and

sup Y [T\ V)] < (A.7)

{ C2-7'(d=1)/29=(=3")(n+1/2)  j1 < ;
keA; k'GAj/

C2-ild=1)/29=(j'=j)(n=1/2)

Case (1,1). In this case we have that

“Ud“Bf N el < S;\l{p Z 2j(s+(d—1)/2—1/2)2-j’(s—1/2)|7_(>\’ ).
' ’ A

But (A.7) yields

sup Z 2j(s+(d71)/271/2)27]"(571/2) |7_()\, >\I)|
AI
A

< sup 3 2UmI6mD9mG=d ) 1/2) | § 9li=)(sH(d=1)/271/2) == =1 /2)
" jo<i<y’ i>g
< C,

where the last inequality holds as long as n > s+(d—1)/2. This fact implies the boundedness
for (1,1).
Case (00, 00). This time,

Udllpe  porivye <sup 20 HE=D/ZHD =0 (sH1/2) 17 (3 X)),
00,00 900,00 )\I
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Now, (A.6) gives

sup Z 2j(s+(d71)/2+1/2)27]"(5+1/2) |7_()\, >\I)|
A %

< sup 3 2UIEHED2 /D= 041/2) 4§ 9=l =5+ /D= =) n=1/2)
Jo<j'<j J'>j
< C,

where, again, the last inequality is verified if n > s+ (d — 1) /2. We obtain the boundedness
for (o0, 00).

Case (1,00). This time

“Ud||Bfoo,BfJ££d_l)/2 < sup Z 2 (s+(d=1)/2=1/2)9=3"(s=1/2) gy Z I7(\, X))

J'>J0 3>7o keA; keAy
Again, similar calculations as in the above two cases give
sup 3 9i(s+(d-1)/2-1/2)9~'(s-1/2) g, S LN
J'>Jo 7>70 keA; kleAj,
< Z 9(i—=i")(s=1/2)9=(i'=5)(n—1/2) Z 2(i=i")(s+(d=1)/2=1/2) 9= (j—j")(n+1/2)
Jo<j<j’ >J
< G

where again, the last inequality is verified if n > s+ (d — 3)/2.

The case (0o, 1) is analogous. The lemma is proved. 1
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