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In a previous paper [1], the author introduced a new system for representing multivariate
functions, namely, the ridgelets. In a following article [3], ridgelets were shown to be
optimal for representing functions that are smooth away from hyperplanes, e.g. in two
dimensions ridgelets provide optimally sparse representations of smooth functions that are
discontinuous along lines, i.e. straight edges. This is unlike Fourier or wavelet methods.

This paper applies the localization principle for constructing local ridgelet frames, the
monoscale Tidgelets. This simple refinement allows efficient representations of smooth im-
ages with smooth edges. A model of such images is introduced and the present work
shows that naive thresholding of the monoscale ridgelet expansion gives optimal nonlinear
approximation bounds. The method is constructive and computationally attractive. Po-
tential applications of these results include image compression and statistical estimation.
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1 Introduction

Candes (1998) developed a new set of ideas, ridgelet analysis, and showed how they can be
applied to solve important problems such as constructing neural networks or approximating
and estimating multivariate functions by linear combinations of ridge functions. This paper
argues that ridgelets offer a breakthrough for approximating certain kinds of images with
edges.

1.1 The problem of edges

Consider a simple model of images with edges: Let I'(s, C') be the set of curves defined by
[(s,C) = {v:[0,1] — [1/10,9/102, |l¥llcs < C}. (Here, C? denotes the curves that are
three times differentiable with bounded third derivative.) In addition, we will require that
the curves do not loop around: that is, for § > 0, there must exist 17 > 0 such that

lv(t) =) <0 = [t = t'[ <n(6), n—0ass—0. (1.1)

For a given v € T'(s,C) satisfying the ‘no loop’ condition (1.1), we define the set of
images with singularity ~ as

‘7:’7(7'7 A) = {f € [07 1]2 \7[07 1]7 Hf”CT < A}

Finally, we define our model to be

Fo(r,A)= |J F(rA). (1.2)
~el'(s,C)

Roughly speaking, (1.2) is meant to represent smooth images with discontinuities along
arbitrary smooth edges ~.
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Figure 1: Image Model

Representation. We are interested in sparse representations of images from our model
and in finding, ultimately, good m-term approximations.

Traditional methods based on wavelets, Fourier series, local cosine transforms (JPEG),
or splines fail at efficiently representing images from our model. The edge limits the ap-
proximation error. To detail this claim, let us examine a very simple example: let f be
the indicator function of the disk of radius 1/2, f(x1,x2) = 1{\/m§1/2}. In some sense,

this is a very simple object and we would like to find sparse representations of objects of



this kind. Suppose for instance that one wishes to represent this object in a Fourier basis
adapted to the unit square, say. Then the number of coefficients larger than 1/m (in abso-
lute value) is bounded below by e¢m?3. This immediately translates into lower bounds for
nonlinear approximations. Letting f be the best m-term partial reconstruction of f, the
Lo-squared error of such an approximation obeys

If = fE13, > em™V2 (1.3)

The situation is quite different if one chooses to represent this same object in a wavelet
basis. The number of wavelet coefficients larger than 1/m is bounded below by ¢m. The
squared error of approximation of the best m-tem approximation f'¥ now obeys

If = £ 7, = em™. (1.4)

Both bounds (1.3) and (1.4) are sharp in the sense that the partial reconstructions f and
f);LV converge at the rates m~Y2 and m~! respectively. In this sense, one might say that
wavelets represent a significant improvement over sinusoids.

The previous example illustrates a general fact: let f be an object f € Fp(r, A) taken
from our model, 1 < r; the methods mentioned above would give at the very best a Lo-
squared error of approximation of order m~!. This rate is not optimal and the point of this
paper is to derive a very simple scheme that improves on these bounds.

Estimation. Suppose now that from our model one wishes to recover an image from
noisy data. Although we do not attempt to go that far in this paper, it is interesting to
observe that the inability of the aforementioned methods to approximate smooth images
with edges efficiently has a ‘statistical corollary’: these methods do not remove noise from
images with edges efficiently. For instance, a thresholding estimator in a nice wavelet basis
does not provide good estimation bounds. A more quantitative discussion is provided in
section 5.

1.2 Ridgelets

In [1], the author introduced a new discretization of the frequency plane that led to the
construction of ridgelet frames. We will briefly explain the ridgelet construction in two di-
mensions. Suppose that we have a univariate function v satisfying an oscillatory condition,
namely,

/ O(E) /)¢ [? de < .

A ridgelet is a function of the form

1 y <xcos€+ysin9—b>
al/2 :

. (1.5)
By definition, a ridgelet is a ridge function: that is, a function of a linear combination of
the variables, therefore, constant along lines. A ridgelet has a scale a, an orientation 6, and
a location parameter b. In two dimensions, ridgelets are concentrated around lines: roughly
speaking, the ridgelet (1.5) is supported near the line {z, |u-z —b| < a}.

To cut a long story short, one can find a discretization such that the collection

{Wj.00(x) = 27/2(27 (w1 cos(8;0) + z28in(0;0) — k) }(j>i0.00) (1.6)



is a frame for the unit square; the frame property says that for any f supported in the
square with finite L? norm, there exist two constants A, B > 0 such that

AN, <0 1Wsen NP < BIFIL,- (1.7)

Jtk

Then the discrete collection of ridgelets is complete in L3[0,1]? and any function f can
be reconstructed from the knowledge of its coefficients ({4 ¢, f)). In addition, the frame
property (1.7) implies the existence of a dual set (1) together with the classical decom-
position

F=S ey bien = S i) i (1.8)

bk Jbk

with equality holding in an Lo sense.
Ridgelets are directional and, here, the interesting aspect is the discretization of the
angular variable,

0.0 = 2000277 :

that is, the sampling step is inversely proportional to the scale. A detailed exposition on
the ridgelet construction may be found in [1].

We would like to emphasize that there is an important connection between ridgelet
analysis and wavelet analysis of the Radon transform. Let R be the Radon transform of f

[7]
Rf(6,1) :/f(xl,xg)d(:cl cos 0 + xosinf — t) dxidxs.

Then a ridgelet coefficient may be viewed as a kind of wavelet coefficient of the Radon
transform; i.e.,

<fa Q;Z)j,é,]€> = <Rf(6],fv ')7 sz)j,k>a

where ;5 (t) = 27 /24p(27t — k). This fact will be used implicitly throughout the remainder
of the paper.

We will use the compact notation ¥, (o € A) and, therefore, we will keep in mind that
the index « runs through an enumeration of the triples (j,¢, k). It will then be handy to
use the notation A; to refer to the subset of indices for which the scale is equal to j.

1.3 Ridgelets and singularities

Previous work [3] showed that 2-dimensional ridgelets were optimal for representing func-
tions that are smooth away from lines (and in higher dimensions, for representing functions
that are smooth away from hyperplanes). For instance, suppose that ¢ is a C” function that
may be discontinuous along an arbitrary line; then selecting those terms corresponding to
the m largest coeflicients in the ridgelet series gives a degree of approximation obeying

If = fuillz, < Cm™; (1.9)

that is, the approximation error is as if there were no discontinuity. The result is true for
any degree of smoothness r, and a remarkable feature of the result is that we do not need



to know anything about the location of the singularity; the partial reconstruction is simply
based on naive thresholding. In comparison, wavelets are unable to attain similar rates;
wavelets give a degree of approximation only scaling like m~! (1.4) regardless of the degree
of smoothness r > 1.

Unfortunately, because of their straight and elongated structure, ridgelets are not able
efficiently to represent smooth functions with curved singularities. Indeed, if f is an object
from our class F, the rate scales like max(m~—!,m™"). In other words, ridgelets are asymp-
totically equally as good as wavelets for this class of objects. The method of localization,
however, adapts to this apparent difficulty; one can improve on our rate simply by localizing
the ridgelets.

1.4 Localized ridgelets

This section presents the localization idea applied to the ridgelets. Let us consider, for
instance, the uniform partitioning of the unit square with squares of side-length §: this
is illustrated on Figure 2. Suppose now that one wishes to reconstruct a piece of f that
is supported on a square () which intersects with the edge I'. At a superficial level, this
seems attractive as the edge has very low curvature relative to the scale and, hence, is fairly
straight and should be easy to reconstruct. A more sophisticated argument developed in
section 2 shows that truncating the ridgelet expansion provides very good approximations
as long as the number of terms retained is less than the inverse of the curvature. The
strategy that we develop exploits this fact and is essentially equivalent to constructing
local ridgelet approximations on each square and piecing them up.
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Figure 2: Uniform Partitioning

We now present the details of the construction and our main result. Suppose, we are
given a ridgelet frame (14 )aca of L2[0,1]? as in [2] with frame bounds A and B, say.
First, observe that if @) is a square of side-length \Q!l/ 2 and lower-left corner z¢), the
collection (|Q|_1/21/)(|Q|_1/2(- — z0))) is a frame for L(Q). For a fixed square Q, we will
abuse notations and let (¢ o)aca denote a ridgelet frame for 2Q) (this convention will hold
throughout the remainder of the paper).



For an integer s > 0 and integers ki, ko, we let () be the dyadic square defined by
Q = [k1/2%, (k1 +1)/2°%) x [ka/2%, (k2+1)/2%). The collection of all dyadic squares at scale s
will be denoted by Q,. The idea is to smoothly localize the function f we wish to represent
near each of the dyadic squares of Q,. We choose an orthonormal partition of unity wg;
that is, a collection of windows such that wé is a partition of unity

> wh =1 (1.10)

QEeQs

The following details a way of making up such an orthonormal partition: take a C*°
univariate window v supported in [—1/4,5/4] such that v(t) = 1 on [0,1]; define vg =
v(2°x1 — k1) v(2°z2 — k2); and renormalize the windows vg with

wo =vo/( ) vp)'%

QEQ;

It is then clear that the wg’s obey the desired condition.
With this setup, we have the following definition-proposition:

Definition 1.1 The collection (wWQ VQ.a)Qc0,.aca i a frame for Lo(R?) and we will refer
to it as a monoscale ridgelet frame with base-scale s. Moreover, if ({q)acAa is a tight
frame (A= B in (1.7)), then (wWQ ¥Q.a)Qc0,.acA is also a tight frame.

We will briefly justify the claim. Since v is a frame for Ly(2Q) and supp wg C 2Q, it
follows that there exist two constants (independent of @) such that

Allfwoll?, < 1fiwgvg.a)* < Bllf welli,.
a€A

Summing this inequality over squares and using (1.10) give the frame property. The second
part of the claim is trivial.
It will simplify notations to index the monoscale ridgelets via

{u = wQ Ve, Q€ Qs, € A}

where the set of all indices p will be denoted by Mj; the subscript s reminding us of the
value of the base scale.

As we will now see, local ridgelet frames provide good approximations to our model of
images with edges.

1.5 Achievements

Approximation. There is a reasonable way to get good approximations using the simple
modification of the ridgelet construction presented in the previous section. Indeed, suppose
that one wishes to construct an m-term approximation to an element f taken from our
class F(r,I"). It suffices to expand the object in a localized ridgelet frame v, with base
scale s (as discussed in the previous section) where s is chosen such that 22 ~ m/2, and
from the exact series

F=>" f )t

pneMsg



extract the m-term partial reconstruction fM7 corresponding to the m largest coefficients
a, = (f,v¥y). In section 4, it will be shown that the degree of approximation is given by

If = M2, < C max(m ™", m%/2). (1.11)
There are two main comments about this result:

1. Our result (1.11) shows that for 1 <r < 3/2 (and s > r), there are approximations of
Ls-squared error of order O(m~"). This rate is comparable to the rate of approxima-
tion of C” functions without edges. That is to say, thresholding the expansion of the
object in the local ridgelet dictionary gives approximation bounds as if there were no
singularities.

—3/2 whereas it

2. If 3/2 < r < 2, our result only guarantees a squared error of order m
can be shown that m-term approximations with an Ls-squared error of order
O(m™") exist. Constructive, stable and very simple. Nevertheless, the
proposed method represents a substantial gain over classical methods: a
gain of order m~! over trigonometric series, of order m—1/2

etc.

over wavelets,

As previously suggested, the argument relies on the fact that ridgelet expansions are
very efficient at representing objects that are singular along curves with low curvature: that
is, the decay of the ridgelet coefficient sequence is optimal up to a point that depends on
the curvature of the singularity. In order to give a mathematical content to our statement,
suppose that we have a C? function supported on the unit disk but that may be discontin-
uous along a curve of constant curvature 1/R. Then, the m-term ridgelet approximation
has the following property:

If = fmll7, <Cm™ m < R.

This result is the object of section 2. In section 4, we will use this result to derive the
approximation bound (1.11). We will comment on possible extensions and future work in
section 5.

2 Representation of slowly curving singularities

In this section, we will suppose that we are given a ridgelet frame as in Candes (1998,
Chapter 3), with ¢ and ¢ being R times differentiable and 1 having vanishing moments
through order D; min(R, D) > 2.

The sequence of ridgelet coefficients of a given function f will be denoted by a: a, =
(f,¥a) and we let |a|(,) be the nth largest entry in the sequence (|aq|).

The main result of this section is as follows:

Theorem 2.1 Let w be a C? function supported on the unit disk D = {z% + 22 < 1} and
let f be the function defined by
f(w1,2) = w(@1, 22) (2, Ry a2<r2)-
We have
S laffy < CR? sup [ D™wZ. (2.1)
n>R Im|=2

where the constant C does not depend on f.



As we shall see in Section 3, a consequence of Theorem 2.1 is that the partial reconstruction
Fa = a0 1{jaa|> o]y} Pa
(e

obtained by naive thresholding obeys
If = fall7, <Cn"2, n<R.

Remark 1. Theorem 2.1 is in some sense optimal as it cannot be fundamentally improved
since the rate R~2 corresponds to m-term approximation error of C? functions. (The result
would perhaps continue to hold under slightly weaker conditions such as w € W2, for
instance; such refinements, however, are not the point of this paper.)

Remark 2. It will simplify the analysis to take 1 to be compactly supported. It is not
a loss of generality as the theorem continues to hold if one also assumes sufficient decay on
1 together with its derivatives.

2.1 The Radon transform

The analysis turns out to be slightly simpler if one chooses to work with a translated version
of f rather than with f itself. Let g be defined by

g(w1,22) = f(21 — R, 22);

it is then straightforward that it suffices to prove the desired property for g (the argument

being simply to transport the estimates that one obtains for the wavelet coefficient of

Ry(t,0) to those of Rf(t,0) using the trivial relationship Rf(t,0) = Rg(t + Rcos#6,0)).
The Radon transform of g may be calculated as follows:

Ryg(t,0) = /w(ml - R, x2)1{$%+z%§Rz}(5(m1 cos @ + xosinf — t) deidrs

= /w(t1 cosf —tosinf — R, t;sinf + ta cos 0)1{,5%“%9{2} dto
— /RZ_t%

where the last equation holds if, of course, t% is chosen to be less than R?.
Now, set

w(ty cos® — tasinf — R, tysinf + to cos ) dia,

to
GQ(tl,tQ):/ w(t; cos@ —usin® — R, ¢ sin 6 + wcos 0) du;

—00

with these notations, we have

Go(t,VR? —12) — Gy(t,—VR2 —12) > < R?
0

t2 > R?

Ryg(t,0) = {

Gy is, of course, two times differentiable; in particular, we have

2Go(t1,t2) = w(t; cosh — tasin@ — R, t1sin 6 + to cosh).



Hence, the derivative 02Gy(t1,t2) vanishes whenever (¢ cosf — tasinf — R)? + (t;sinf +
tacos0)? > 1. In addition, straightforward calculations show that

sup sup [[D™Gy(:,+)|[ec <C sup [|[D"wl[oo (2.2)
0 |m|=2 |m|=2

for some universal constant C' (we used the notation D™ = 0]"'05" for any double m =
(M1, ma)).

We will now study the behavior of the Radon transform Rg(t,6); we will limit our
study to 6 € [—m/2,7/2] because of the relationship Rg(t,0) = Rg(—t, (60 + 7)). We start
by making a couple of observations.

e The Radon transform Rg(6,-) is obviously twice differentiable at any point ¢ # R.

e The support constraint on w implies that the function Gy is supported on a strip
|t1 — Rcosf| <1, which means that Rg(¢,0) = 0 whenever |t — Rcosf| > 1.

e The Radon transform Rg(6,-) may not be differentiable at the point ¢t = R. There
are two ranges of angular values for which Rg(t,6) exhibit a very different behavior.
Let ©g be defined by

On = {0, |sinf| < 2/R}. (2.3)

For € in the complement of ©g, the Radon transfrom Rg (0, -) is identically zero in a
neighborhood of the point ¢ = R, and therefore Rg(6, -) is at least twice differentiable
over the real line whereas if 6 € O, Rg(f,-) may have a singularity of degree 1/2
at the point ¢ = R. Indeed, for a fixed § € Op, the Radon transform is possibly
nonzero only if the support of g and the line of integration L;y have a nonempty
intersection. The support of g is included in the disk {(x1,z2), 22 + 2% < R?} and
in the disk {(x1,z2), (x1 — R)?> + #3 < 1}. Using polar coordinates, for a point
x = (x1,22) = (pcos ¢, psinp) € L to be in the support of g, we must have

p < R, and

(pcosp — R)? + p?sin® ¢ < 1.
In particular this implies that ¢ must obey
|sing| < R71.

Then, for a given value of ¢ obeying the previous condition, p must now obey

Rcos¢ — /1 — R?sin? ¢ < p < max(R, Rcos¢ + /1 — R2sin? ¢).
Finally, since (pcos ¢, psin¢) € L; g, we have
pcos(f — @) =t

and, therefore, the Radon transform of g is possibly nonvanishing only in the interval

(Rcosgb — /1 — R2sin? QS) cos(f — ¢) < p < max (R,Rcos¢+ \/1 — R2sin? gb) cos(f — ¢).

Of course, if 6 is such that |sin@| > R™!, then cos(d — ¢) < 1 (|sing| < R7!) and
hence the Radon transform is identically zero in a neighborhood of ¢ = R which is
our claim.



The terminology ‘in or near the wavefront’ will refer to the set of angles ©r while the
terminology ‘away from the wavefront’ will refer to the set {6, 0 ¢ ©r}.
We prove the following lemma:

Lemma 2.2 Suppose that 6 € [—m/2,7/2]. For t # R, the Radon transform Rg(0,-) is
twice differentiable and the second derivative can be decomposed as follows:

j—; Ryg(0,t) = F1(0,t) + F»(0,1), (2.4)
where
Fi(0,t) = cos® 0 Ti1+2cos@sin0 T o+ sin? 6 15, (2.5)
with
T;; = R{(0:0;w) 1r}, 4,5 =1,2. (2.6)

The ‘singular’ term F5(0,t) has the following properties:

1. for |sinf| < 2/R, there exists a constant C' such that

1F5(0,1)] < C max (31/2 IR — |32, R|R — trl) sup |D™wlle  t# R

|m|=2
2. for|sin®| > 2/R, F»(0,t) is differentiable and

d
—Fy(0,t)] < C'|sinf|™2 sup || D™w]|o-
dt |m|=2

In both equations the constant C' does not depend on g. Moreover, the support of F5(6,-) is
at most of length 2(R~! + | sin 6]).

Proof of Lemma. For t # R, the first derivative of the Radon transform Rg(0, -) is is given
by

D Rg(0.1) = 4Co(t,VRE = 12) — yCo(t, /T — 2)

dt
t
_\/ﬁ (62G9(t, R2 —#2) + 02Gy(t,—V/ R? — t2)> ,

while the second is equal to

5—; Rg(0,t) = 07Go(t, vV R — 12) — 91 Gy(t, —V/ R? — 1?)
_ % (010Gt VR = 2) + 010:Go(t, — VR = 2))
_ ﬁ (aQG(,(t, R? — 12) + 0,Gy(t, —V R? — t2))
+ ﬁ (aSGg(t, R? —12) — 93Gq(t, —V R? — t2)) :

10



We will rewrite the previous decomposition as (2.4)
2
p7e] Ryg(0,t) = F1(0,t) + F5(0,1),

where

2

Fi(0,t) = 02Gy(t,V/ R — t2) — 0iGy(t,—/ R2 — 12), F»(,t) = -z

Ryg(6,t) — F1(0,t).
It is now easy to check that F enjoys the decomposition (2.6). This decomposition states
that F3(0,t) may more or less be rewritten as a sum of Radon transforms (with weights

depending on the angular variable ), a fact that will prove to be especially useful.
For t # R, thanks to (2.2) we have

(6132G9(t, R2 — t2) + 010:Gy(t, —V R? — t2)) ‘

1 t
id sup || D™ w0

=C
\/R— [t /R + [t] jm|=1
up D™ w][oo-
\/ | jm

The other terms are handled in the same way, namely,

2t
’1/R2 _ t2

R2
‘W (c‘bGe(t, R2? —12) + 05Gy(t, _\/m)>’
1 R?
=¢ (R — |t)3/2 (R + |t|)3/2 7SnuP [[w]loo
R1/2
<O 2, el

while

t2

'm (3§Ge(t, R? —12) — 93Gy(t, —\/W))‘
<C 1 2 -
=T (R=t) (R+[t]) = 0

R
<C'7 sup |ID"w|| o0,

T (Bt
Now for 0 € [—7/2,7/2] and |sinf| < 2/R, the support of Fy(f,-) C [Rcosf — 1, R] C
[R — 2, R] which allows to drop the absolute value of ¢ and gives (77?).
Suppose now that § € [-7/2,7/2] is fixed so that |sinf| > 2R™!. Tt then not diffi-
cult to check that 92G(t,VR? —t2) = w(tcos® — vV R? — t?sinf,tsinf + v R? — t? cos 0)

is identically zero. For Fy(-,0) to be nonzero, the point (tcos@ + v R? — t?sinf, tsinf —
vV R? — t2 cos ) must be in the support of w. i.e.

(tcos+\/ R2 —t2sinf — R)* 4 (tsinf — / R? — t2cos §)* < 1.

11



The analysis is parallel to the one leading to (??). Indeed, letting ¢ = Rcos(6 — ¢), the
previous inequality becomes

(Rcos¢ — R)? + p*sin? ¢ < 1.
which implies that

R inf cos(0 —¢p) <t<R sup cos(f —¢).
¢, |sinp|<R™! é,|sin p|<R—1

Then using the identity
cos(f — ¢) — cos = —2 cos 0 sin’ g + sin # sin ¢,

we obtain that for any ¢ s.t. |sin¢| < R~ we have
—2cosR™2 — R Ysinf| < cos(f — ¢) — cos§ < R~ Y|sind)|.
Then of course, this implies that F(t, ) to be nonzero, ¢ must obey
—2R™! — |sinf| <t — Rcosf < |sind)|,

which shows that the support of Fy(-,0) is at most of length 2(R™! + |sin §]).

Finally, since F»(6, ) is identically zero in a neighborhood of ¢t = R, F»(6, ) is differen-
tiable (because w is twice differentiable) and an analysis similar to the one

This finishes the proof of the lemma. |

2.2 Ridgelet analysis

To clarify notations, 1, will be the dyadic wavelet defined as 1; 1.(t) = 27/2¢(27t — k) and
V¢ the ridgelet ;¢ (21, 22) = (21 cosbj e + x2sinb;,). Recall that we have chosen
1) to be compactly supported with at least 3 vanishing moments. Therefore, if we let the
function p be defined as

t
o) = [ vt wdu
—0o0
then p is compactly supported, has at least one vanishing moment ( [ t*p(t)dt = 0, k = 0,1)

and obviously satisfies

2
() = (1)

The function p is frameable according to the definition given in [1]. As a consequence, the
collection pj ¢ (w1, x2) = pji(x1 cosb;,+x2sinb; ) is a Bessel sequence (and may very well
be a ridgelet frame), i.e. for any f in Lz[0, 1]?, we have

> 1 fpien)® < BIIFIS-

bk

We will split the ridgelet index set A and let A’ be the subset of indices corresponding
to angular values in or near the wavefront defined as follows:

A= {(jvga k)79j,€ € @R}

12



In the sequel, the index o will enumerate the triples (j, ¢, k) so that
Ao = (g, Vi k)

Let a’ = (aq)aca’ be the subsequence corresponding to the angles in the wavefront, and
similarly a” = (aq)ac A4/, the one corresponding to the angles away from the wavefront.
It is trivial that the theorem will be proved if one shows

Z |a’|%n) <CiR? and Z |a"|%n) < CyR72 (2.7)
n>R n>R

We will now establish the above inequalities for the angles in and away from the wavefront
separately.

2.3 Away from the wavefront

Whenever 6;, € Or, Rg(0;y,-) is twice differentiable and integrating by parts gives
d?

(9, Vjer) = (Rg(0j0,.), Vjn) = <dt2

In this case, one can view a ridgelet coefficient as the sum of two terms (recall (2.4)):

0 1
(9, Vjen) = a§2k + “§f)k

Ryg(0je,.), pjk)-

where
0 1
A\ =2 (i (050,). p50)  and @l =275 (Fa(050,), pjk)-
The decomposition (2.5)-(2.6) gives that ag.og)k is the sum of three terms
(O)k =927 (cos 0; b(“) + QSlnengOSQngEék) +Sin29 bﬁ?)
where

b = (R{(0:07w) 1R} (0.0, ). pje) = (0i00w) g, pjeg), i = 1,2.
Since the sequence p; g is a Bessel sequence, there exists a constant C' such that for any
i, =1,2
>R < Cll@:0w) 1l
3,4,k
Hence,
S 2910l P < ¢ S (@i0yw) 1R]3 < € sup |[D™w]%. (2.8)
34k i<’ Im|=2
Then it easily follows that for any J > 0, we have

SNl 2 <27 sup |7
J>J Ok m|=2

At any given scale j, the number of nonzero coefficients a(og) i 18 bounded by C 2% where
C' is a constant only depending on the ridgelet frame ;¢ . This comes from the following
two facts:
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e the support of pj g is included in {z, | cosf; 21 + sin b, jxo — k277 < A277}. Since
the support of ¢ is included in {z, | cos 0; gx1 +sin; jxo — Rcos ;| < 1}, the number
of locations k (for a given value of 6, ) for which the support of p; s, has a non empty
intersection with that of g is bounded by C 27;

e the scale j counts a number of angular values 0, , bounded by C 27,

Let m; be the number of coefficients o with scale 7 < J that may a priori be nonzero.
Of course, my < C 227 and

0 - m
> 1y <33 laf < Cmy? sup 07wl

n>my Ji>J Lk |

This implies that for any m > 0 we have

S 1a®)2, < Cm™? sup [D™w|f%.

n>m lm|=2

The analysis of the coefficient sequence a!) is very similar to the one exposed in Candés
(1998)[pages 84-85]. Recall that

W =2 E03): 1)

For 6, € O we argued that F5(6;,.) is differentiable (Lemma 2.2). The function p;;, has
one vanishing moment and a classical argument [12] then shows that

_as d
(P00, ), pip)] < C27%2 sup |d—F2(9j,e775)|
t € supp pj i t

< €273 5in;,| 73 sup |D™w]|co. (2.9)

|m|=2

(The proof of the above inequality consists in integrating by parts and we omit it.) We
then have

]ag-lg)ﬂ < C’2_j(3+1/2)\sin9j7g]_3 sup ||[D™wl| . (2.10)
Y |m|=2

To control the decay the coefficient sequence a(!), we will use the following property
proved in [8], for example: let (b,) be an arbitrary sequence (by,), then

1/2
(Zw%n)) <Cm by, r=1/p—1/2. (2.11)

n>m

Hence, it will suffice for our purpose to show that the sequence a(!) is bounded in a3
The length of the support of Fy(6,-) is bounded by 2(R~! + |sinf]|) (see Lemma 2.2) and

hence the set of possibly nonvanishing coefficients {k, ag.’lzk # 0} has a cardinality bounded

by C'2/|sinf| (recall |sinf| > 2/R) for some constant C' depending on the length of the
support of p and hence only depending on that ¢). Then summing inequality (2.10) over
the location parameter k gives

1 i . L 3pail .
3 lal P < €27 PEHD) sin g | 73027 | sin 0, sup 107wl
k mi=

14



For 6 € [—m/2,7/2], we have
210]/7 < |sinf] < 0],

(of course, a similar statement is available in the range § € [7/2,37/2]) and therefore for
any 0 € [—m/2,7/2], one has

sin 60| < O[04 = C (0 £277)1 5P

The following bound is now deduced from the previous inequality: for any ps.t. 1—3p > —1
(i.e. p<2/3)

> |sin @' 7% < C'2J.
£:|sin6; ¢|>2 R~1
Thus, at a given scale j we have

Z Z]aﬂk|p < C27PGH/2)9797 sup || D™wl|E,
L:|sin@;|>2R-  k Im|=2

provided that p < 2/3. It is useful to recall that the constant C' in the above display only
depends on parameters associated with the ridgelet frame.
Finally, the boundedness of the £, norm follows from the previous estimate since

> > Zi P < oY arEH/29% sup | D"l

J=0 £ sin6; |>2R1 J Im|=
< C sup [[D™wlff,

m|=2

as soon as p(3+1/2) > 2, i.e. p > 4/7. In particular for p = 2/3, the sequence (ag.lg)k)

(restricted to A\ A’) satisfies

laMlle,,s < C S D™ wll,

m|=2

which is what needed to be proved (2.11).
The proof for the angles away from the wavefront is now completed as of course one has

3 10 +af) < CR sup D],

n>R |

which proves the first half of (2.7).

2.4 In or near the wavefront

As a corollary of Lemma 2.2, there exists a constant C' such that for any 6;, in © g we have
[(Fo(83., ), pi)| < Crnax (Y227 (1 R, R4 R, (212)

provided that p; is identically zero in a neighborhood of t = R. Inequality (2.12) simply
follows from

[(F2 (050, ), pja)| < sup  [F2(b50,8)| |kl -
L€ supp pj

15



As a consequence, the identity

d? 0 1
ajor = (R9(Oje,-),jn) = <@Rg)(9ﬂa )i Pjk) = a§,e),k + a}e),k

which holds whenever ¢ = R is not in the support of p; implies that
a; 0k < C max (31/2 9-3(1 + |k|)~3/2, R2™%/2(1 + |k|)_1> . 0,0 € Og. (2.13)
On the other hand, if t = R is in the support of 1;; we have

1, < CRV?2973/2973/2 — ¢ RY/2 97

< sup  [Rg(0je.0)||v)k
t € supp ik

ek

and therefore (2.13) continues to hold whenever ¢t = R € supp ;i
Without loss of generality, assume that R = 2% and let A’ be the subset of A’ defined
as follows: (j,¢,k) € A, if and only if

1. j<sand#f;, € O, or
2. s<j<2s,0;,€0Oprand k| < Kj.

For a given scale j < 2s and value of the angular variable 6;, € ©Or, (j,0;,,k) is in A} for
all values of the location parameter k if j < s, whereas if s < j < 2s, A’ retains only the
coefficients corresponding to |k| < K;. We will set

Kj == 6j2_j228,

where €; might be chosen as follows:

1 1
€; = max <1+(5—j)2’ 1+(25—j)2> .
We observe that
>, 4<C
s<j<2s

for some constant C' not depending on s.

Now, at a fixed scale j, the cardinality of the subset {/, #;, € ©Or} does not exceed
C max(1,277%), where the constant C only depends on the ridgelet frame. Altogether, the
cardinality of |A%| is bounded as follows:

A~ C2P+ Y CYTK; <0242 ) ¢ <C2%
1<s s<j<2s s<j<2s
Looking at the contributions of the terms that are not in A/, we have

> okl = > Y DY gkl D0 D D ajenl

(7,0;.0,k)EANA, §<j<2s £:0;,€0R ki|k|>K; j>25 6:0;,€0n K
= Bj+ Bs.

The bound (?7?) gives

Z ’aj,ﬁ,kF < C max (25 2_2j Kj_2? 225 2_3j KJ_1> .
k:|k|> K
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Now the bound on the cardinality of the subset {/, 6, € Or} gives

S Jasl < Cmax (27 K72 272 W K.
(Z@jJE@R k:|k|>K]'

Hence, using the definition of K; = ej225_j we obtain

By < C > max (27272727 ¢))

5<j<2s

< ¢ Y 228V 4 (2 )2 +2727(1+ (25— )?)
s<j<2s
S 02252—45 + 9=59—5 02—25'

For the sake of completeness, the previous display made use of both

ST+ (25— )22 ~ 2
J<2s
(that is, the last term of this series dominates the sum of the others) and
D214 (j-s)?)~2
j>s

(i.e., the first term now dominates the others). As far as the second term is concerned, we
simply have

By < CY > 227 4% ¥

Jj>2s4:0;,€0OR

< C) 2742r2¥ <2
Jj>2s
To summarize,
Y e <C27, (2.14)
AV

which proves the second half of (2.7). The proof of our theorem is complete. 1
There is nothing special about the location and orientation of our singularity. In fact,
repeating the exact same steps of our proof would give:

Corollary 2.3 Let f be supported in the unit square, say, and be twice differentiable (with
bounded second derivative) away from a singular curve T' with constant curvature 1/R.
Then, if aq is the ridgelet coefficient sequence of f, we have

> lalf,y <C sup [D™FITqoaary B

n>R Im|=2
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3 Main Result

In this section, we introduce a slightly different definition of monoscale ridgelets. This will
ease the statement of our main approximation theorem which follows.

We add an “extra layer of coarse scale coefficients” to eliminate various artifacts. Con-
sider a standard multiresolution analysis that is adapted to the unit square [7] so that the
set of translates {2° (2% - —k)}, k = (k1,k2), ki = 0,1,...,2° — 1 is orthonormal (un-
derlying there is, of course, a wavelet orthobasis of Lo[0,1]? {27 (27 - —k)}, k = (k1, ko),
ki =0,1,...,2/ —1). Let P, be the orthogonal projector onto Vi, the span of the ¢;’s; i.e.,

Pf =) (fron)en =D Brors  Br=(f, k). (3.1)
k p

The following Pythagorean relationship holds

I3 = 1P fI3 + 17 = Po)f13. (3.2)

Finally, define the coefficients

ay = <(I - Ps)fa de}Q,a> n= (Q,Oé), Q S QS,OZ € A. (33)

Definition 3.1 The monoscale ridgelet transform with base scale s is the mapping from
functions f € Ly(R?) to the amalgamation of coefficients (B;) and (a,).

It will be more convenient to use a single notation to index the set of curvelet coefficients;
the notation M/ will stand for the union of M, and k € Z? so that whenever p € M.\ M,
we let a, = B.

The sum of squares of the coarse-scale-coefficients obey

> 1B = 1P
k
while that of the coefficients a,, verifies
> laul* ~ (T = P £
MeMs

It then follows that we have a quasi-Parseval relation, namely

U5~ > laul?,

neM(

thanks to the Pythagorean relationship (3.2). Hence, the collection

@Z)ungkl,kg MGM;\Msa @Z}u: (I_Ps)(wQ"/JQ,a)a /«LGMS

is a frame of Ly(R?). Dual elements (¢),),.c M exist with the property

F="Y (v (34)

weM;

From this exact series, one can extract finite approximations and we will let fM% be the
m-~term approximation corresponding to the m-largest coefficients.

With these notations we have the following approximation theorem for elements of our
model of images:

18



Theorem 3.2 Let the base scale s be the largest integer such that 2% < m/2. Then for
any element f taken from our model, we have

1 = FAEI3 < € max(m=, m ™) | f1[2a o yory:

where the constant C' is, of course, independent of f.

Proof of Theorem. It is of course sufficient to prove the result for m of the form m = 225+1,
s=0,1,.... We claim — and that is, indeed, our main result — that
2 - -3/2
Z lal(,y < C max(m™*,m /2, (3.5)
n>m

where a is the monoscale ridgelet coefficient sequence of f. The theorem follows immediately
from (3.5) since the quasi-Parseval relationship that is available for frames transforms this
inequality into an approximation bound. We give a proof of this fact. Let F' be the frame
analysis operator F'f = ((f,v¢y)) and F be the synthesis operator Fbu = Zb;ﬂ;u; then
FF =1Id and FF is the orthogonal projector onto the range of F' and has, therefore, a
norm (as an operator from f5 onto itself) bounded by 1. Recall the frame property

ANFIZ < Y1)l = IFFIZ, < BIFIE.

Now, let b be an arbitrary sequence and define f = Fb=$ bui/;u. Then, ||f||3 < A_1Hb||§2
where A is the lower frame bound that appear on the right-hand side of the previous display.
This simply follows from

IFI? < ATHIE Foll7, < A7Y[bZ,

The theorem is proved provided that one establishes (3.5); this is the object of the next
section.

4 Proof of the Main Result

Throughout this section, @) € Qs will denote a dyadic square of side-length 27°. Next, we
will work with a unit-speed parameterization of the edge I': that is, I' = {7(¢), 0 <t <
length (')} with

I @®) =1,

where the notation + stands the first derivative of . Similarly, 4" will denote the second
derivative of ~.
In order to prove our claim (3.5), it will be sufficient to establish that letting

Ao = <(I - Ps)fv waQ,a>a
we have

> lalf,y < € max(27%,27%),
n>22s

We will distinguish two types of squares: the ones that intersect or are ‘close’ to the
singular curve I'

0, = {Qe Q. dQT) <2+, m
and the others @ € Qy such that d(Q,T") > 27572,
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4.1 The squares away from the edge
Let @ be a square such that Q € Q; \ Q.; a rather classical argument shows that
I(I = Po)fwlls < C2720F) 712, (4.2)

for some constant C' not depending on f. Indeed,

F@) =" Brer(@) + D> ajrtbin(e).
P

j>s k

For any = € R?, there are only a finite number of terms per scale j that are potentially
nonzero in the above series, namely the terms corresponding to those indices (7, k) for which
x € supp ;. Since the support of 1;; has a radius at most equal to C - 277 (j > s) and
d(Q,T) > 275%2 whenever Q € Q,\ Q. we have that

supp ¥k NQ # 0 = supp ¢ NT = 0.

Let 1) be such that supp ¢, NI = (), then we have
loj ] < C2790F) ) (4.3)

since the function f is C* over the support of 9); 1., see [12] for details.
At each scale j, we have

#A? = #{k, supp ;p N Q # 0} < C 2972
and, therefore, since the corresponding coefficients are bounded by (4.3) we have
I =P)fuwglly < D > layu
728 keAf

C Z 22j—252—2j(1+a) ‘f|2.o¢

j=>s
< 02—23(1+a)|f‘2 ]

2

IN

Now inequality (4.2) implies that

Yo dlagalP<C Y U= P)fuwgly < C27Ff PR (4.4)
QeQ,\Q, « QeQ:\Q,

4.2 The squares near the edge

We start this section with a lemma that gives an upper bound on the number of squares

Qe (4.1).

Lemma 4.1 Suppose that we have a curve v with finite arc-length and let I' be the graph
of this curve. Then,

#{Q, QNT # 0} < 2length (') 2° + 8.
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Proof of Lemma. Without loss of generality, we will work with a unit-speed parameteri-
zation of the curve 7. Let tp =0 < t1 =20 <t =46 < ... < tp—1 =2(n—1)0 < t, =
length (I'), where § = 27° and n is the largest integer such that 2(n — 1)d < length (T').
We claim that

U @clJ@u (29, (4.5)
Q:QNI'#£D i

where Q. ,)(26) = {=, ||z — v(t:)|lc < d}. By construction, we first observe that

i - <
x € U Q:>qu€1£H:c Ul|oo < 4.
Q:QNI'#£D

Next, we note that

inf ||z — ulloo < 6 = 3, ||z —v(t:)]loo < 20.
uel

The reason is that if u is a point achieving the minimum with v = ~(¢), we have t;_; <t <t;
for some index ¢, 1 <17 < n; now,

[l =yt lloo < [l = Y(B)lloo + IV (E) = 7(Ei)lloo <0+ [[7(t) = (Ei)ll2 < &+ [t — i

and similarly for the index i—1. The claim follows since inf;c ;15 [t—t;] < [tio1—ti]/2 < 6.
We finish the proof using the simple observation that the volume of the left-hand side of
(4.5) is less or equal to the volume of the right-hand side of the same display: that is,

#{Q, QNT # }6* < (n+1) (26)%
Now n < 1+ length (v)/(20) which implies that
#{Q, QNT # 0} <2 length (7)/6~ + 8,

which is what we sought to establish. 1
There is a corollary to this lemma.

Corollary 4.2 For/ <n
#{Q € Qs, doo(Q,T) < 2°FH 3£ 0} < 2 Mength (T') 2° 4 2744,
The proof of this corollary is parallel to that of Lemma (4.1) and we omit it.

Lemma 4.3 Suppose that supp wg NT # 0. Then, one can find two polynomials my and
71, each at most of degree 1, and a circle of center xg and radius rg such that if g is set

to be g(x) = m0() L{ja-sqli<ro} + (&) Lja-aql>ro}
I(f = 9) wall3 < € max(2~>(+) 274)

for some constant C'.
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Proof of Lemma. Let to be such that v(t9) € supp wg. We first observe that

|t_t0|7

N =

[ (t) = (to) = 7' (to)(t — to)| < %Sgp V()] (t —t0)* <

provided that sup, [y"(s)| [t — to] < 1. Now, this means that |y(t) — v(to)| > 1/2|t — to] as
long as sup, |y”(s)| |t — to| < 1. This observation then implies that for |t — to| > 4y/2275,
we have |y(t) —v(to)| > 2v/227%, i.e. y(t) ¢ 2Q D supp wg. Our no-loop assumption (1.1)
then guarantees that {t, y(t) € supp wq} C [to — 4v/227%, o + 4/2277].

Now suppose that the absolute value of the angle between /(¢y) and the horizontal line
is less than 7/4, say. Then, the continuity of 4" implies that one can locally parameterize
the curve like (21,22 = h(z1)) and will let L be the subset of 2Q) which is above the curve,
ie. L =2QnN{(x1,z2), 2 > h(x1)}; similarly, R will denote the region of 2Q which is
below the curve. (If the absolute value of the angle is greater than 7/4, we simply rotate
the picture.) Now, going to back our model definition, the restriction of f to 2Q) may be
written as f = fo 1 + f1 1g.

We finish the proof with two elementary remarks. First, we clearly have two polynomials
i, 1 € {0,1}, each at most of degree one, such that

sup |fi(z) — mi(z)| < C27°7,
and we will write fr the function f, = mg 17 +m1 1. It follows from the previous inequality
that

I(f = fr) wol3 < C 2720+,

Now, put pg = 7" (to): that is, the curvature of v at the point y(tg) € Q. Further, let p(t)
be the equation of the tangent circle (so that p(tg) = v(to) and p'(t9) = 7'(to)). It is then
clear that

IN

C Il / 1t — tol* L s e supp wgy dt

Clivlles 27

/ 1p(t) — 7O 0e supp wgp dt

IN

In short, we have | fr — gll3 < C||If|% [7llgs27*. The corollary now follows from the
trivial inequality

1F=gl3 <2(If = f=ll3 + 1 f=—gl3) . ®

The lemma has a useful corollary:

Corollary 4.4 Suppose that Q € Q and let wq be a nice window supported in Q. Let ag
be the coefficient sequence defined by ag,o = (I — Ps)f,wQvQ,a). Then,

ST lagll, < 082 (2 q) (4.6)
n>(2"%pq) "

Proof of Corollary. Suppose, that supp wg NI # (), then Lemma 4.3 implies that for any
x € 2Q one may write f(z) = g(x) + (f — g)(z) where g is of the following form

9(x) = 70(%) Lja—zgl<1/pg} + T1(2) L{jjo—2q)>1/00}-
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We then use the above formula to extend g to the entire plane R? and we slightly abuse
notations in calling this extension g. We have (I — P,)f = (I — Ps)g+ (I — Ps)(f — g), and
it follows from our lemma that

I((T = P)(f = 9)) wells < C 2720+, (4.7)
We rewrite (I — Ps)g as
(I-P)g=g—h
and one easily verifies that the function h is twice differentiable and obey
[Pl <C and  [|h][ze < C2%.
Define now the rescaling operator Tyg by
Tog = 9(2°x1 — k1, 2%z — ko),
and rescale the function (g —h)wg to the unit square using the inverse operator Ty ! Then,
(Tél(g —h))wg = Télgw - Télhw,
where on one hand Tf, 'h is a C? function such that
175 e < €,
and on the other, away from an edge of constant curvature 2~°pg, we have
175" glle= < C.

Therefore, Ty L(g) w—T, L(h) w verifies the conditions of Theorem 2.1. With these notations
we have

bQ,oc = <<I - Ps)ngQwQ,Oé> = 2_S<(Tél(g - h))w,'lﬂa>,

and applying the conclusion of Theorem 2.1 gives that the coefficient sequence by (Q is
fixed) obeys the following property:

Z |bQ|fn) < C27%(27%))2
n>(27%p)~1

The previous inequality together with (4.7) prove the lemma. (The reasoning is simpler
in the case supp wg NI = (; in this situation, one may take g to be polynomial, without
having to split.) &
4.3 Piecing up

Finally, we collect the results obtained in the previous two sections to derive our main
result. One one hand, the estimate (4.4) obtained for the squares away from the edge gives

Z Z |aQ,a’2 < CQ_QSQ.

QeQ\Q, «
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On the other hand, the cardinality of Q is bounded by (Lemma 4.1)
#0Q. < 21 length (I') 2% 4 2+4

and, thus, summing the inequality (4.6) over the squares @ € Q. gives

> lalt,y <027

n>22s

Hence, the last two inequalities give

> lolf,) < € max(27%,27%),

n>22s

which is the desired conclusion.

5 Discussion

5.1 Orthonormal ridgelets

In [9], Donoho introduced a new orthonormal basis whose elements he called ‘orthonormal
ridgelets.” We will not detail why these elements relate to ridgelets. We quote from [4]: “
Such a system can be defined as follows: let (1 (t) : j € Z, k € Z) be an orthonormal basis
of Meyer wavelets for L?(R) (Lemarié¢ & Meyer, 1986), and let (w?me(e), £=0,...,20—
1; wl.lj(H), i > g, £=0,...,2'—1) be an orthonormal basis for L?[0,27) made of periodized
Lemarié scaling functions w?o’ ¢ at level ip and periodized Meyer wavelets wl{ ¢ at levels @ > 1.

(We suppose a particular normalization of these functions). Let zﬂjk(w) denote the Fourier
transform of ¢; (¢), and define ridgelets py(z), A = (j, k; 4, ¢, €) as functions of z € R? using
the frequency-domain definition

PA(E) = IE172 (P k(€W (6) + Dy (— [ ws (0 + 7)) /2 (5.1)

Here the indices run as follows: j,k € Z, £ = 0,...,2""1 —1; i > iy, i > j. Notice the
restrictions on the range of £ and on 7. Let A denote the set of all such indices A. It turns
out that (py)aea is a complete orthonormal system for L?(R?).”

Now, one could also localize the orthonormal ridgelets and — following our Definition 1
— could define a tight frame pg x. The same argument as the one developed in this paper
would prove that for any f taken from our image model F, the local orthonormal ridgelet
sequence o ) satisfies the same property as the standard local ridgelet sequence: namely,
from the series

F=Y Y {f.r02)Pqn

QEQs AeA

extract the m-term series f,, corresponding to the m largest coefficients ag x = (f, pg)-
Then,

If = fml3 < C max(m=,m™=3/2).

The proof is very similar to the one we have derived in this paper and is not included here.
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5.2 Refinements

The condition of our main approximation theorem says that the edge must be three times
differentiable with a bounded third derivative. However, this is not a necessary condition.
The author is confident that further detailed studies will allow proof of versions of Theorem
(1.11) with milder assumptions: it should be sufficient to require the edge to be continuous
and piecewise twice differentiable with a uniformly bounded second derivative.

In addition, further extensions of our analysis would include cases where one has X-
crossings and T-junctions (i.e. edges are allowed to cross). Preliminary work shows that
ridgelets adapt well to X-crossings; the ‘no-loop’ condition work is not needed. We hope to
report on these extensions in a later paper.

5.3 Computational issues

A fast algorithm has been developed to code up the ridgelet transform: the details of the
algorithm are not yet published. At the present stage, the algorithm works in the case of
the dimension n = 2. The algorithm takes data on a cartesian grid and computes “pseudo-
ridgelet” coefficients. Here, the discrete transform is not orthonormal but provides a frame
of redundancy factor 2 and is numerically tight. Finally this discrete transform has low
complexity since it runs in O(n?log(n)) flops for an n x n image. Of course, there is
an associated inverse transform that reconstructs an image from the data of its “pseudo-
ridgelet” coefficients; its order of complexity is of the same order as the one of the forward
transform. The major part of the work described in this paragraph has been done by David
Donoho.

It follows that the local ridgelet transform can obviously be computed in O(n?log(n))
flops and, hence, the method we have described in this paper appears to be very attractive
from a practical point of view.

5.4 Statistical estimation

Consider now the problem of removing noise from image data. Suppose we observe noisy
measurements

Yij = f(i,7) + 0z,
where z; ; N (0,1) is a Gaussian noise term. We wish to recover f with small per-pixel
mean-squared error MSE(f, f) = En~2 Z”(f(z,j) — f(i, )2
Classical methods such as wavelet and Fourier methods do not efficiently remove noise
from images with edges — and thus from our model. For example, for a nice wavelet
thresholding estimate f“"we, we have in the range oo > 1

sup MSE(fwa”e,f) >Cn™t, n— .
Fr(a,A)

The same speed limit applies to other methods. However, I suspect that there is a way to
invoke the fast algorithm so that when applied to noisy empirical data from our model it
would achieve near-minimax behavior for recovering the underlying noiseless object at least
in the range 1 < a < v < 3/2. The procedure I have in mind is adaptive (with respect
to the unknown smoothness parameters) and I expect to get estimates as if there were no
singularities: that is, estimates having — up to log-like factors — the following asymptotics:

sup MSE(fridge’ f) ~ n—2a/(2a+2)’ n — oo.
Fr(a,A)
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These rates are minimax.
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