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Abstract

Logistic regression is used thousands of times a day to fit data, predict future outcomes, and assess the
statistical significance of explanatory variables. When used for the purpose of statistical inference, logistic
models produce p-values for the regression coefficients by using an approximation to the distribution of
the likelihood-ratio test. Indeed, Wilks’ theorem asserts that whenever we have a fixed number p of
variables, twice the log-likelihood ratio (LLR) 2A is distributed as a X% variable in the limit of large
sample sizes n; here, x? is a chi-square with k degrees of freedom and k the number of variables being
tested. In this paper, we prove that when p is not negligible compared to n, Wilks’ theorem does not
hold and that the chi-square approximation is grossly incorrect; in fact, this approximation produces
p-values that are far too small (under the null hypothesis).

Assume that n and p grow large in such a way that p/n — & for some constant k < 1/2. We prove that
for a class of logistic models, the LLR converges to a rescaled chi-square, namely, 2A N a(k)x3, where
the scaling factor «(k) is greater than one as soon as the dimensionality ratio k is positive. Hence, the
LLR is larger than classically assumed. For instance, when x = 0.3, a(x) ~ 1.5. In general, we show how
to compute the scaling factor by solving a nonlinear system of two equations with two unknowns. Our
mathematical arguments are involved and use techniques from approximate message passing theory, from
non-asymptotic random matrix theory and from convex geometry. We also complement our mathematical
study by showing that the new limiting distribution is accurate for finite sample sizes.

Finally, all the results from this paper extend to some other regression models such as the probit
regression model.

Keywords. Logistic regression, likelihood-ratio tests, Wilks’ theorem, high-dimensionality, goodness of
fit, approximate message passing, concentration inequalities, convex geometry, leave-one-out analysis

1 Introduction

Logistic regression is by far the most widely used tool for relating a binary response to a family of explanatory
variables. This model is used to infer the importance of variables and nearly all standard statistical softwares
have inbuilt packages for obtaining p-values for assessing the significance of their coefficients. For instance,
one can use the snippet of R code below to fit a logistic regression model from a vector y of binary responses
and a matrix X of covariates:

fitted <- glm(y ~ X+0, family = ‘binomial’)
pvals <- summary(fitted)$coefficients[,4]
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The vector pvals stores p-values for testing whether a variable belongs to a model or not, and it is well known
that the underlying calculations used to produce these p-values can also be used to construct confidence
intervals for the regression coefficients. Since logistic models are used hundreds of times every day for
inference purposes, it is important to know whether these calculations—e.g. these p-values—are accurate
and can be trusted.

1.1 Binary regression

Imagine we have n samples of the form (y;, X;), where y; € {0,1} and X; € RP. In a generalized linear
model, one postulates the existence of a link function p(-) relating the conditional mean of the response
variable to the linear predictor X, 3,

Ely:| Xi] = n(X, B), (1)
where 3 = [B1,B2,.-.,8,]" € R? is an unknown vector of parameters. We focus here on the two most
commonly used binary regression models, namely, the logistic and the probit models for which

(t) = {et/(l +et) in the logistic model, @)
D(t) in the probit model;

here, ® is the cumulative distribution function (CDF) of a standard normal random variable. In both cases,
the Symmetry Condition

u(t) + p(—t) =1 3)
holds, which says that the two types y; = 0 and y; = 1 are treated in a symmetric fashion. Assuming that
the observations are independent, the negative log-likelihood function is given by [1, Section 4.1.2]

(@) == {utos (T2 ) rosi-m) b = xT0)

i=1 i

Invoking the symmetry condition, a little algebra reveals an equivalent expression

(B) =" o(-35X8). (4)

where
. 1 ify =1, log (1 +¢€?) in the logistic case,
=gt and  plt) i= | .
-1 ify, =0, —log® (—t) in the probit case.

Throughout we refer to this function p as the effective link.

1.2 The likelihood-ratio test and Wilks’ phenomenon

Researchers often wish to determine which covariates are of importance, or more precisely, to test whether
the jth variable belongs to the model or not: formally, we wish to test the hypothesis

H;: p;=0 versus 3; #0. (6)

Arguably, one of the most commonly deployed techniques for testing H; is the likelihood-ratio test (LRT),
which is based on the log-likelihood ratio (LLR) statistic

Aj = L(B-y) —4(B). (7)

Here, ﬁ and B(,j) denote respectively the maximum likelihood estimates (MLEs) under the full model and
the reduced model on dropping the jth predictor; that is,

B = arg min (B)  and By = argﬂeﬂg}gjzof(ﬂ)-



Inference based on such log-likelihood ratio statistics has been studied extensively in prior literature [12,37,
52]. Arguably, one of the most celebrated results in the large-sample regime is the Wilks’ theorem.

To describe the Wilk’s phenomenon, imagine we have a sequence of observations (y;, X;) where y; € {0,1},
X, € R? with p fixed. Since we are interested in the limit of large samples, we may want to assume that the
covariates are i.i.d. drawn from some population with non-degenerate covariance matrix so that the problem
is fully p-dimensional. As before, we assume a conditional logistic model for the response. In this setting,
Wilks’ theorem [52] calculates the asymptotic distribution of Aj(n) when n grows to infinity:

(Wilks’ phenomenon) Under suitable regularity conditions which, for instance, guarantee that the
MLE exists and is unique,' the LLR statistic for testing Hj: 3; =0 wvs. B; # 0 has asymptotic
distribution under the null given by

2A,(n) N X2, as n — oo. (8)

This fixed-p large-n asymptotic result, which is a consequence of asymptotic normality properties of the
MLE [50, Theorem 5.14|, applies to a much broader class of testing problems in parametric models; for
instance, it applies to the probit model as well. We refer the readers to [34, Chapter 12| and [50, Chapter
16] for a thorough exposition and details on the regularity conditions under which Wilks’ theorem holds.
Finally, there is a well-known extension which states that if we were to drop k variables from the model,
then the LLR would converge to a chi-square distribution with k degrees of freedom under the hypothesis
that the reduced model is correct.

1.3 Inadequacy of Wilks’ theorem in high dimensions

The chi-square approximation to the distribution of the LLR statistic is used in standard statistical softwares
to provide p-values for the single or multiple coefficient likelihood ratio tests. Here, we perform a simple
experiment on synthetic data to study the accuracy of the chi-square approximation when p and n are
both decently large. Specifically, we set 3 = 0 and test f; = 0 vs. 1 # 0 using the LRT in a setting

where p = 1200. In each trial, n = 4000 observations are produced with y; N Bernoulli(1/2), and X :=
[ X1, ,X,]" € R™P is obtained by generating a random matrix composed of i.i.d. N'(0,1) entries. We
fit a logistic regression of y on X using R, and extract the p-values for each coefficient. Figure 1 plots the
pooled histogram that aggregates 4.8 x 10° p-values in total (400 trials with 1200 p-values obtained in each
trial).

If the x? approximation were true, then we would expect to observe uniformly distributed p-values. The
histrogram from Fig. 1 is, however, far from uniform. This is an indication of the inadequacy of Wilks’
theorem when p and n are both large. The same issue was also reported in [11], where the authors observed
that this discrepancy is highly problematic since the distribution is skewed towards smaller values. Hence,
such p-values cannot be trusted to construct level-« tests and the problem is increasingly severe when we
turn attention to smaller p-values as in large-scale multiple testing applications.

1.4 The Bartlett correction?

A natural question that arises immediately is whether the observed discrepancy could be an outcome of
a finite-sample effect. It has been repeatedly observed that the chi-square approximation does not yield
accurate results with finite sample size. One correction to the LRT that is widely used in finite samples is
the Bartlett correction, which dates back to Bartlett [5] and has been extensively studied over the past few
decades (e.g. [8,10,13,15,33]). In the context of testing for a single coefficient in the logistic model, this
correction can be described as follows [38]: compute the expectation of the LLR statistic up to terms of
order 1/n?; that is, compute a parameter o such that

a 1

1Such conditions would also typically imply asymptotic normality of the MLE.
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Figure 1: Histogram of p-values for logistic regression under i.i.d. Gaussian design, when 3 = 0, n = 4000,
p = 1200, and x = 0.3: (a) classically computed p-values; (b) Bartlett-corrected p-values; (c) adjusted
p-values.

which suggests a corrected LLR statistic
20,

1+

with «,, being an estimator of a. With a proper choice of «,, one can ensure

20, 1 1
E[H%ﬂ]‘”o(ﬁ)

in the classical setting where p is fixed and n diverges. In expectation, this corrected statistic is closer to a
X7 distribution than the original LLR for finite samples. Notably, the correction factor may in general be a
function of the unknown 3 and, in that case, must be estimated from the null model via maximum likelihood
estimation.

In the context of GLMs, Cordeiro [13] derived a general formula for the Bartlett corrected LLR statistic,
see [14,17] for a detailed survey. In the case where there is no signal (3 = 0), one can compute v, for the
logistic regression model following [13]| and [38], which yields

n

=5 [Tr (D) — Tr (D;_,)] - (10)

Here, D, is the diagonal part of X(X'X) !XT and D,_; is that of X(_j)(X(T_].)X(_j))_lX(T_].) in

which X/_; is the design matrix X with the jth column removed. Comparing the adjusted LLRs to a X3

distribution yields adjusted p-values. In the setting of Fig. 1(a), the histogram of Bartlett corrected p-values
is shown in Fig. 1(b). As we see, these p-values are still far from uniform.

If the mismatch is not due to finite sample-size effects, what is the distribution of the LLR in high
dimensions? Our main contribution is to provide a very precise answer to this question; below, we derive the
high-dimensional asymptotic distribution of the log-likelihood ratios, i.e. in situations where the dimension
p is not necessarily negligible compared to the sample size n.



2 Main results

2.1 Modelling assumptions

In this paper, we focus on the high-dimensional regime where the sample size is not much larger than the
number of parameters to be estimated—a setting which has attracted a flurry of activity in recent years.
In particular, we assume that the number p(n) of covariates grows proportionally with the number n of
observations; that is,
n
lim p(n) =K, (11)

n—oo N

where k > 0 is a fixed constant independent of n and p(n). In fact, we shall also assume xk < 1/2 for both
the logistic and the probit models, as the MLE is otherwise at co; see Section 2.2.

To formalize the notion of high-dimensional asymptotics when both n and p(n) diverge, we consider a
sequence of instances {X (n), y(n)},>o such that for any n,

e X (n) € R"*?( has iid. rows X;(n) ~ N (0, %), where 3 € RP("*P(") ig positive definite;
e y;i(n)| X(n) ~yi(n)| Xi(n) 9" Bernoulli (1(Xi(n)"B(n))), where y satisfies the Symmetry Condition;

e we further assume B(n) = 0. From the Symmetry Condition it follows that p(0) = 1/2, which directly
implies that y(n) is a vector with i.i.d Bernoulli(1/2) entries.

The MLE is denoted by B(n) and there are p(n) LLR statistics Aj(n) (1 <5 < p(n)), one for each of the
p(n) regression coefficients. In the sequel, the dependency on n shall be suppressed whenever it is clear from
the context.

2.2 When does the MLE exist?

Even though we are operating in the regime where n > p, the existence of the MLE cannot be guaranteed
for all p and n. Interestingly, the norm of the MLE undergoes a sharp phase transition in the sense that

18] = 00 if k>1/2 and 18] < 0o if k< 1/2.

Here, we develop some understanding about this phenomenon. Given that p(t) > p(—oc0) = 0 for both
the logistic and probit models, each summand in (4) is minimized if g]iXiT B = oo, which occurs when
sign(X," B) = sign(7;) and ||B]| = co. As a result, if there exists a nontrivial ray 3 such that

X'B>0 if g=1 and X/'B<0 if g=-1 (12)

for any 1 <4 < n, then pushing ||3]| to infinity leads to an optimizer of (4). In other words, the solution to
(4) becomes unbounded (the MLE is at oo) whenever there is a hyperplane perfectly separating the two sets
of samples {i | §; = 1} and {3 | g; = —1}.

Under the assumptions from Section 2.1, ; is independent of X and the distribution of X is symmetric.
Hence, to calculate the chance that there exists a separating hyperplane, we can assume g; = 1 (1 <i < n)
without loss of generality. In this case, the event (12) becomes

{XB|BeR}INRY, #0, (13)

where R, is the positive orthant. Write X = ZX'/? 50 that Z is an n X p matrix with i.i.d. standard
Gaussian entries, and 8 = X'/23. Then the event (13) is equivalent to

{Z6 |6 e RP}NRY, #0. (14)



Now the probability that (14) occurs is the same as that
{Z6 |6 c RP} NRY # {0} (15)

occurs, where R’} denotes the non-negative orthant. From the approximate kinematic formula [3, Theorem
I] in the literature on convex geometry, the event (15) happens with high probability if and only if the total
statistical dimension of the two closed convex cones exceeds the ambient dimension, i.e.

6({Z6]6 cR"})+6(R}) >n+o(n). (16)
Here, the statistical dimension of a closed convex cone K is defined as
5(K) = Egno.n) [Tk (9) ||°] (17)
with I (g) := arg min,cx ||g — z|| the Euclidean projection. Recognizing that [3, Proposition 2.4]
d({Z6]10cR”})=p and O(R})=n/2,
we reduce the condition (16) to
p+n/2>n+o(n) or  p/n>1/2+0(1),

thus indicating that ||3| = co when & = limp/n > 1/2.
This argument only reveals that ||3]] = oo in the regime where k > 1/2. If K = p/n < 1/2, then
|=1/238| = O(1) with high probability, a fact we shall prove in Section 5. In light of these observations we

work with the additional condition
Kk <1/2. (18)

2.3 The high-dimensional limiting distribution of the LLR

In contrast to the classical Wilks’ result, our findings reveal that the LLR statistic follows a rescaled chi-
square distribution with a rescaling factor that can be explicitly pinned down through the solution to a
system of equations.

2.3.1 A system of equations

We start by setting up the crucial system of equations. Before proceeding, we first recall the proximal
operator

prox,(z) := arg I;C(IEII% {bp(x) + %(m - Z)z} (19)

defined for any b > 0 and convex function p(-). As in [18], we introduce the operator
U(z;b) := bp' (proxy,(2)), (20)

which is simply the proximal operator of the conjugate (bp)* of bp.? To see this, we note that W satisfies the
relation [18, Proposition 6.4]
W(2;0) + proxy,(2) = . (21)

The claim that W(-;b) = prox,,- () then follows from the Moreau decomposition

prox;(z) + prox.(z) = 2, vz, (22)

2The conjugate f* of a function f is defined as f*(x) = SUPy edom(f) L4, ) — f(u)}.
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Figure 2: Rescaling constant 72/b, as a function of x for the logistic model. Note the logarithmic scale in
the right panel. The curves for the probit model are nearly identical.

which holds for a closed convex function f [39, Section 2.5]. Interested readers are referred to [18, Appendix
1] for more properties of prox;, and W.

We are now in position to present the system of equations that plays a crucial role in determining the
distribution of the LLR statistic in high dimensions:

— %E (w(rz; v))*], (23)
k=E[V' (7Z; b)], (24)

where Z ~ N(0,1), and ¥ (-,-) denotes differentiation with respect to the first variable. The fact that this
system of equations would admit a unique solution in Ri is not obvious a priori. We shall establish this for
the logistic and the probit models later in Section 6.

2.3.2 Main result

Theorem 1. Consider a logistic or probit regression model under the assumptions from Section 2.1. If
k € (0,1/2), then for any 1 < j < p, the log-likelihood ratio statistic A; as defined in (7) obeys

*\‘N

2A; 4 22, as n — 0o, (25)

where (1.,b.) € R% is the unique solution to the system of equations (23) and (24). Furthermore, the LLR
statistic obtained by dropping k variables for any fixed k converges to (Tf/b*)xi. Finally, these results extend
to all binary regression models with links obeying the assumptions listed in Section 2.3.35.

Hence, the limiting distribution is a rescaled chi-square with a rescaling factor 72 /b, that only depends
on the aspect ratio k. Fig. 2 illustrates the dependence of the rescaling factor on the limiting aspect ratio s
for logistic regression. The figures for the probit model are similar as the rescaling constants actually differ
by very small values.

To study the quality of approximation for finite samples, we repeat the same numerical experiments as
before but now obtain the p-values by comparing the LLR statistic with the rescaled chi-square suggested by



Theorem 1. For a particular run of the experiment (n = 4000, p = 1200, x = 0.3), we compute the adjusted
LLR statistic (2b./72)A; for each coefficient and obtain the p-values based on the x? distribution. The
pooled histogram that aggregates 4.8 x 10° p-values in total is shown in Fig. 1(c).

As we clearly see, the p-values are much closer to a uniform distribution now. One can compute the
chi-square goodness of fit statistic to test the closeness of the above distribution to uniformity. To this end,
we divide the interval [0,1] into 20 equally spaced bins of width 0.05 each. For each bin we compute the
observed number of times a p-value falls in the bin out of the 4.8 x 105 values. Then a chi-square goodness of
fit statistic is computed, noting that the expected frequency is 24000 for each bin. The chi-square statistic
in this case is 16.049, which gives a p-value of 0.654 in comparison with a y3, variable. The same test when
performed with the Bartlett corrected p-values (Fig. 1(b)) yields a chi-square statistic 5599 with a p-value
of 0. 2 Thus, our correction gives the desired uniformity in the p-values when the true signal 3 = 0.

Practitioners would be concerned about the validity of p-values when they are small—again, think about
multiple testing applications. In order to study whether our correction yields valid results for small p-values,
we compute the proportion of times the p-values (in all the three cases) lie below 5%, 1%, 0.5%,0.1% out
of the 4.8 x 10° times. The results are summarized in Table 1. This further illustrates the deviation from
uniformity for the classical and Bartlett corrected p-values, whereas the “adjusted” p-values obtained invoking
Theorem 1 are still valid.

Classical

Bartlett-corrected

Adjusted

P{p-value < 5%}

11.1044%(0.0668%)

6.9592%(0.0534%)

5.0110%(0.0453%

P{p-value < 1%}

3.6383%(0.038%)

1.6975%(0.0261%

0.9944%(0.0186%

P{p-value < 0.5%}

2.2477%(0.0292%

0.4952%(0.0116%

P{p-value < 0.1%}

0.7519%(0.0155%

)
0.9242%(0.0178%)
0.2306%(0.0078%)

P{p-value < 0.05%}

0.124%(0.0056%)

0.0542%(0.0036%

0.1575%(0.0064%

0.0104%(0.0014%

)

( )

( )
0.1008%(0.0051%)
( )

( )

~— | — | ——

(
0.4669%(0.0112%
(

P{p-value < 0.01%} 0.0342%(0.0027%)

Table 1: Estimates of p-value probabilities with estimated Monte Carlo standard errors in parentheses under
i.i.d. Gaussian design.

2.3.3 Extensions

As noted in Section 1.1, the Symmetry Condition (3) allows to express the negative log-likelihood in the
form (4), which makes use of the effective link p(-). Theorem 1 applies to any p(-) obeying the following
properties:

1. p is non-negative, has up to three derivatives, and obeys p(t) > t.

2. p’ may be unbounded but it should grow sufficiently slowly, in particular, we assume |p'(¢)| = O(]¢|)
and p'(prox,,(Z)) is a sub-Gaussian random variable for any constant ¢ > 0 and any Z ~ N(0,0?) for
some finite o > 0.

3. p”(t) > 0 for any ¢ which implies that p is convex, and sup, p” (t) < co.
4. sup, |p" ()] < 0.
5. Given any 7 > 0 ,the equation (24) has a unique solution in b.

6. The map V(72) as defined in (57) has a fixed point.

3 Note that the p-values obtained at each trial are not exactly independent. However, they are exchangeable, and weakly
dependent (see the proof of Corollary 1 for a formal justification of this fact). Therefore, we expect the goodness of fit test to
be an approximately valid procedure in this setting.



It can be checked that the effective links for both the logistic and the probit models (5) obey all of the above.
The last two conditions are assumed to ensure existence of a unique solution to the system of equations (23)
and (24) as will be seen in Section 6; we shall justify these two conditions for the logistic and the probit
models in Section 6.1.

2.4 Reduction to independent covariates

In order to derive the asymptotic distribution of the LLR statistics, it in fact suffices to consider the special
case X = I,.

Lemma 1. Let Aj(X) be the LLR statistic based on the design matriz X, where the rows of X are
i.i.d. N(0,X) and A;j(Z) that where the rows are i.i.d. N'(0,1I,). Then
d
Aj(X) = A;(2).

Proof: Recall from (4) that the LLR statistic for testing the jth coefficient can be expressed as
Aj(X) =min}  p(~gie] XB) = xin > p(~jie] XB).
i=1 =1

Write Z’ = X371/2 so that the rows of Z’ are i.i.d. N(0,I,) and set 8 = $'/23. With this reparameter-
ization, we observe that the constraint 3; = 0 is equivalent to aje’ = 0 for some non-zero vector a; € RP.
This gives

A (X) —manp —jie; Z'8') — min Zp —jie; Z2'6").

T/
=1 0=

Now let @ be an orthogonal matrix mapping a; € RP into the vector ||a |le; € RP, i.e. Qa; = |aj|e;.
Additionally, set Z = Z’'Q (the rows of Z are still i.i.d. N'(0,I,)) and 6§ = Q6’. Since ajTO’ = 0 occurs if
and only if §; = 0, we obtain

A (X) —manp —7ie; ZO)— mln Zp —jie] Z0) = \j(Z),

i=1

which proves the lemma. n

In the remainder of the paper we, therefore, assume ¥ = I,,.

2.5 Proof architecture

This section presents the main steps for proving Theorem 1. We will only prove the theorem for {A;}, the
LLR statistic obtained by dropping a single variable. The analysis for the LLR statistic obtained on dropping
k variables (for some fixed k) follows very similar steps and is hence omitted for the sake of conciceness. As
discussed before, we are free to work with any configuration of the y;’s. For the two steps below, we will
adopt two different configurations for convenience of presentation.

2.5.1 Step 1: characterizing the asymptotic distributions of Bj

Without loss of generality, we assume here that y; = 1 (and hence g; = 1) for all 1 < i < n and, therefore,
the MLE problem reduces to

n
minimizegege Zi:l p(—XiTﬁ).

We would first like to characterize the marginal distribution of B, which is crucial in understanding the LLR
statistic. To this end, our analysis follows by a reduction to the setup of [18-21], with certain modifications



that are called for due to the specific choices of p(-) we deal with here. Specifically, consider the linear model

y=XB+w, (26)
and prior work [18-21] investigating the associated M-estimator
Ce . n T
minimizegegre Zi:l ply; — X, B). (27)
Our problem reduces to (27) on setting y = w = 0 in (27). When p(-) satisfies certain assumptions

(e.g. strong convexity), the asymptotic distribution of ||3| has been studied in a series of works [19-21] using
a leave-one-out analysis and independently in [18] using approximate message passing (AMP) machinery.
An outline of their main results is described in Section 2.7. However, the function p(-) in our cases has
vanishing curvature and, therefore, lacks the essential strong convexity assumption that was utilized in both
the aforementioned lines of work. To circumvent this issue, we propose to invoke the AMP machinery as
in [18], in conjunction with the following critical additional ingredients:

e (Norm Bound Condition) We utilize results from the conic geometry literature (e.g. [3]) to establish
that

18Il = 0(1)
with high probability as long as k < 1/2. This will be elaborated in Theorem 4.

o (Likelihood Curvature Condition) We establish some regularity conditions on the Hessian of the log-
likelihood function, generalizing the strong convexity condition, which will be detailed in Lemma 4.

o (Uniqueness of the Solution to (23) and (24)) We establish that for both the logistic and the probit
case, the system of equations (23) and (24) admits a unique solution.

We emphasize that these elements are not straightforward, require significant effort and a number of novel
ideas, which form our primary technical contributions for this step.

These ingredients enable the use of the AMP machinery even in the absence of strong convexity on p(-),
finally leading to the following theorem:

Theorem 2. Under the conditions of Theorem 1,
. 312 2
Jm 187 =as. 7 (28)

This theorem immediately implies that the marginal distribution of Bj is normal.

Corollary 1. Under the conditions of Theorem 1, for every 1 < j < p, it holds that
\/ﬁBj 4 N(0,72), as n — oo. (29)

Proof: From the rotational invariance of our i.i.d. Gaussian design, it can be casily verified that 3/||3||
is uniformly distributed on the unit sphere S?~! and is independent of ||3||. Therefore, 3; has the same
distribution as ||8|Z;/||Z|, where Z = (Z,...,Z,) ~ N(0,1,) independent of ||3|. Since /p|B|/||Z]||

converges in probability to 7y, we have, by Slutsky’s theorem, that \/5,5’] converges to N'(0,72) in distribution.
[ ]

2.5.2 Step 2: connecting A; with Bj

Now that we have derived the asymptotic distribution of Bj, the next step involves a reduction of the LLR
statistic to a function of the relevant coordinate of the MLE. Before continuing, we note that the distribution
of A; is the same for all 1 < j < p due to exchangeability. As a result, going forward we will only analyze
A1 without loss of generality. In addition, we introduce the following convenient notations and assumptions:

10



e the design matrix on dropping the first column is written as X and the MLE in the corresponding
reduced model as 3;

o write X = [X1,---, X,]T € R"*P and X = [Xy, -+, X,|" e R"x@-1),

e without loss of generality, assume that ¢; = —1 for all ¢ in this subsection, and hence the MLEs under
the full and the reduced models reduce to
B=argmingers  UB) = p(X]B), (30)
B =argmingep (8) =Y. p(X]B). (31)
With the above notations in place, the LLR statistic for testing 51 = 0 vs. 1 # 0 can be expressed as
M= 1B - @) = S {p(XTB) —p(X]B)} . (32)
i=1

To analyze A;, we invoke Taylor expansion to reach
M= 300 (XTB) (XTB-XT8) + 33 (X78) (X758 x74)
i=1 i=1

:=Qlin

200 (XA xTA) (33)

i=1
where ~; lies between XZT ,@ and X B A key observation is that the linear term Q);, in the above equation
vanishes. To see this, note that the first-order optimality conditions for the MLE 3 is given by

Z; p(XB)X; =o0. (34)

B

o - (S (xi8)x) ([4]8) - o

Consequently, A; simplifies to the following form

. o 0 1. . L " .
Replacing X" 3 with X" [ = } in @y and using the optimality condition, we obtain

M= LS (k8- x78) < LS (78 x78) )
i=1 =1

Thus, computing the asymptotic distribution of A; boils down to analyzing XZ—r B — X;'— B Our argument is
inspired by the leave-one-predictor-out approach developed in [19,20].

We re-emphasize that our setting is not covered by that of [19,20], due to the violation of strong convexity
and some other technical assumptions. We sidestep this issue by utilizing the Norm Bound Condition and
the Likelihood Curvature Condition. In the end, our analysis establishes the equivalence of A; and Bl up to
some explicit multiplicative factors modulo negligible error terms. This is summarized as follows.

Theorem 3. Under the assumptions of Theorem 1,

2A; — bgﬁf 5 0, as n — 0. (36)

Theorem 3 reveals a simple yet surprising connection between the LLR statistic A; and the MLE B As
we shall see in the proof of the theorem, the quadratic term in (35) is %ﬁﬂf + o(1), while the remaining
third-order term of (35) is vanishingly small. Finally, putting Corollary 1 and Theorem 3 together directly

establishes Theorem 1.
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2.6 Comparisons with the classical regime

We pause to shed some light on the interpretation of the correction factor 72 /b, in Theorem 1 and understand
the differences from classical results. Classical theory (e.g. [30,31]) asserts that when p is fixed and n diverges,
the MLE for a fixed design X is asymptotically normal, namely,

V(B —8) % N(0,Z5Y), (37)

where T
1 P’ (X1 /8)
Is=-X"DgX  with Dg:= (38)
n
p// (X;Fﬂ)
is the normalized Fisher information at the true value 3. In particular, under the global null and i.i.d. Gaus-
sian design, this converges to

LT, for the logistic model
Ex[Zs] = {3 B
=1, for the probit model
as n tends to infinity [50, Example 5.40].
The behavior in high dimensions is different. In particular, Corollary 1 states that under the global null,
we have

VDB — Bi) S N(0,72). (39)

Comparing the variances in the logistic model, we have that

lim Var ( Jp BJ) _ {4,:, in classical large-sample theory;
n— 00 T

~, in high dimensions.

Fig. 3 illustrates the behavior of the ratio 72/k as a function of k. Two observations are immediate:

e First, in Fig. 3(a) we have 72 > 4k for all k > 0. This indicates an inflation in variance or an “extra
Gaussian noise” component that appears in high dimensions, as discussed in [18]. The variance of the
“extra Gaussian noise” component increases as K grows.

e Second, as k — 0, we have 72/4x — 1 in the logistic model, which indicates that classical theory
becomes accurate in this case. In other words, our theory recovers the classical prediction in the
regime where p = o(n).

Further, for the testing problem considered here, the LLR statistic in the classical setup can be expressed,
through Taylor expansion, as

201 = n(B—B)"Zs(B - B) +op(1), (40)
where 3 is defined in (31). In the high-dimensional setting, we will also establish a quadratic approximation
of the form )

20 =n(B-B)"G(B-B)+op(1), G= EXTD,éX.
In Theorem 7, we shall see that b, is the limit of %Tr(G*I), the Stieltjes transform of the empirical spectral

distribution of G evaluated at 0. Thus, this quantity in some sense captures the spread in the eigenvalues
of G one would expect to happen in high dimensions.

12
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Figure 3: Ratio of asymptotic variance and dimensionality factor x as a function of .

2.7 Prior art

Wilks’ type of phenomenon in the presence of a diverging dimension p has received much attention in the past.
For instance, Portnoy [43] investigated simple hypotheses in regular exponential families, and established
the asymptotic chi-square approximation for the LLR test statistic as long as p®/2 /m — 0. This phenomenon
was later extended in [46] to accommodate the MLE with a quadratic penalization, and in [53] to account
for parametric models underlying several random graph models. Going beyond parametric inference, Fan
et al. [22,24] explored extensions to infinite-dimensional non-parametric inference problems, for which the
MLE might not even exist or might be difficult to derive. While the classical Wilks’ phenomenon fails to
hold in such settings, Fan et al. [22, 24] proposed a generalization of the likelihood ratio statistics based
on suitable non-parametric estimators and characterized the asymptotic distributions. Such results have
further motivated Boucheron and Massart [9] to investigate the non-asymptotic Wilks’ phenomenon or,
more precisely, the concentration behavior of the difference between the excess empirical risk and the true
risk, from a statistical learning theory perspective. The Wilks’ phenomenon for penalized empirical likelihood
has also been established [48]. However, the precise asymptotic behavior of the LLR statistic in the regime
that permits p to grow proportional to n is still beyond reach.

On the other hand, as demonstrated in Section 2.5.1, the MLE here under the global null can be viewed as
an M-estimator for a linear regression problem. Questions regarding the behavior of robust linear regression
estimators in high dimensions—where p is allowed to grow with n——were raised in Huber [30], and have
been extensively studied in subsequent works, e.g. [36,40-42]. When it comes to logistic regression, the
behavior of the MLE was studied for a diverging number of parameters by [28|, which characterized the
squared estimation error of the MLE if (plogp)/n — 0. In addition, the asymptotic normality properties of
the MLE and the penalized MLE for logistic regression have been established by [35] and [23], respectively.
A very recent paper by Fan et al. [25] studied the logistic model under the global null 8 = 0, and investigated
the classical asymptotic normality as given in (37). It was discovered in [25] that the convergence property
(37) breaks down even in terms of the marginal distribution, namely,

VB g N(©01), Ig= 1xmx
—1/2 An
(Zs)

iy
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Figure 4: Histogram of p-values for logistic regression under i.i.d. Bernoulli design, when 3 = 0, n = 4000,
p = 1200, and k£ = 0.3: (a) classically computed p-values; (b) Bartlett corrected p-values; (c) adjusted
p-values.

as soon as p grows at a rate exceeding n?/3. This result, however, does not imply the asymptotic distribution
of the likelihood-ratio statistic in this regime. In fact, our theorem implies that LLR statistic 2A; goes to
X7 (and hence Wilks phenomenon remains valid) when x = p/n — 0.

The line of work that is most relevant to the present paper was initially started by El Karoui et al. [21].
Focusing on the regime where p is comparable to n, the authors uncovered, via a non-rigorous argument,
that the asymptotic £ error of the MLE could be characterized by a system of nonlinear equations. This
seminal result was later made rigorous independently by Donoho et al. [18] under i.i.d. Gaussian design and
by El Karoui [19,20] under more general i.i.d. random design as well as certain assumptions on the error
distribution. Both approaches rely on strong convexity on the function p(-) that defines the M-estimator,
which does not hold in the models considered herein.

2.8 Notations

We adopt the standard notation f(n) = O (g(n)) or f(n) < g(n) which means that there exists a constant
¢ > 0 such that |f(n)] < c|g(n)|. Likewise, f(n) = Q(g(n)) or f(n) 2 g(n) means that there exists a
constant ¢ > 0 such that |f(n)| > ¢|g(n)|, f(n) < g(n) means that there exist constants ¢, c2 > 0 such that
clg(n)| < |f(n)| < ez2lg(n)|, and f(n) = o(g(n)) means that lim, % = 0. Any mention of C, Cj, ¢, ¢;
for i € N refers to some positive universal constants whose value may change from line to line. For a square
symmetric matrix M, the minimum eigenvalue is denoted by Apin(M). Logarithms are base e.

3 Numerics

3.1 Non-Gaussian covariates

In this section we first study the sensitivity of our result to the Gaussianity assumption on the design matrix.
To this end, we consider a high dimensional binary regression set up with a Bernoulli design matrix. We
simulate n = 4000 i.i.d. observations (y;, X;) with y; L Bernoulli(1/2), and X; generated independent of
yi, such that each entry takes on values in {1,—1} w.p. 1/2. At each trial, we fit a logistic regression model
to the data and obtain the classical, Bartlett corrected and adjusted p-values (using the rescaling factor
72 /b,). Figure 4 plots the histograms for the pooled p-values, obtained across 400 trials.

14



It is instructive to compare the histograms to that obtained in the Gaussian case (Figure 1). The classical
and Bartlett corrected p-values exhibit similar deviations from uniformity as in the Gaussian design case,
whereas our adjusted p-values continue to have an approximate uniform distribution. We test for deviations
from uniformity using a formal chi-squared goodness of fit test as in Section 2.3.2. For the Bartlett corrected
p-values, the chi-squared statistic turns out to be 5885, with a p-value 0. For the adjusted p-values,the
chi-squared statistic is 24.1024, with a p-value 0.1922.%

Once again, the Bartlett correction fails to provide valid p-values whereas the adjusted p-values are
consistent with a uniform distribution. These findings indicate that the distribution of the LLR statistic
under the i.i.d. Bernoulli design is in agreement to the rescaled x? derived under the Gaussian design in
Theorem 1, suggesting that the distribution is not too sensitive to the Gaussianity assumption. Estimates
of p-value probabilities for our method are provided in Table 2.

Adjusted
P{p-value < 5%} | 5.0222%(0.0412%)
P{pvalue < 1%) | 1.0048%(0.0174%)

P{p-value < 0.5%] | 0.5123%(0.0119%)

P{p-value < 0.1%} | 0.1108%(0.005%)

P{p-value < 0.05%} | 0.0521%(0.0033%)

P{p-value < 0.01%] | 0.0102%(0.0015%)

Table 2: Estimates of p-value probabilities with estimated Monte Carlo standard errors in parentheses under
i.i.d. Bernoulli design.

3.2 Quality of approximations for finite sample sizes

In the rest of this section, we report some numerical experiments which study the applicability of our theory
in finite sample setups.

Validity of tail approximation The first experiment explores the efficacy of our correction for ex-
tremely small p-values. This is particularly important in the context of multiple comparisons, where prac-
titioners care about the validity of exceedingly small p-values. To this end, the empirical cumulative distri-
bution of the adjusted p-values is estimated under a standard Gaussian design with n = 4000, p = 1200 and
4.8 x 10° p-values. The range [0.1/p,12/p] is divided into points which are equi-spaced with a distance of
1/p between any two consecutive points. The estimated empirical CDF at each of these points is represented
in blue in Figure 5. The estimated CDF is in near-perfect agreement with the diagonal, suggesting that the
adjusted p-values computed using the rescaled chi-square distribution are remarkably close to a uniform, even
when we zoom in at very small resolutions as would be the case when applying Bonferroni-style corrections.

Moderate sample sizes The final experiment studies the accuracy of our asymptotic result for moder-
ately large samples. This is especially relevant for applications where the sample sizes are not too large. We
repeat our numerical experiments with n = 200, p = 60 for i.i.d. Gaussian design, and 4.8 x 10° p-values.
The empirical CDF for these p-values are estimated and Figure 6 shows that the adjusted p-values are nearly
uniformly distributed even for moderate sample sizes such as n = 200.

4 Preliminaries

This section gathers a few preliminary results that will be useful throughout the paper. We start by collecting
some facts regarding i.i.d. Gaussian random matrices.

4Recall our earlier footnote about the use of a x? test.
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Lemma 2. Let X = [X, Xo, ... Xn]—r be an n X p matriz with i.i.d. standard Gaussian entries. Then

P(|X "X <9n) >1—2exp(—n/2); (41)
P (supi<icn [ Xill €2¢p) 21— 2nexp(—(vp — 1)*/2). (42)
Proof: This is a straighforward application of [51, Corollary 5.35] and the union bound. |

Lemma 3. Suppose X is an n X p matriz with entries i.i.d N'(0,1), then there exists a constant €y such
that whenever 0 < e < ey and 0 <t <+/1—¢e—+/p/n,

2

Amin (;2X1XZT> > (\/1 —€— \/§t> , VS Cin] with |S|=(1—¢en (43)

i€S
with probability exceeding 1 — 2 exp (— (% - H (e)) n) Here, H(e) = —cloge — (1 —€)log(1 —¢).
Proof: See Appendix A.1. ]

The above facts are useful in establishing an eigenvalue lower bound on the Hessian of the log-likelihood
function. Specifically, recall that

e =Y"

=1

o (X 8) XX, (44)
and the result is this:

Lemma 4 (Likelihood Curvature Condition). Suppose that p/n < 1 and that p"”(-) > 0. Then there exists a
constant €y such that whenever 0 < e < ey, with probability at least 1 — 2exp (—nH (€)) — 2exp (—n/2), the

matriz inequality
2
1 . 1 p H(e)
EV%([}) = <2:|z|12£”5” p (z)) (\/1 —€— \/; - 2\/16> I (45)

holds simultaneously for all B € RP.

Proof: See Appendix A.2. |
The message of Lemma 4 is this: take ¢ > 0 to be a sufficiently small constant. Then
1
—V(B) = w8 I

for some non-increasing and positive function w(-) independent of n. This is a generalization of the strong
convexity condition.

5 When is the MLE bounded?

5.1 Phase transition

In Section 2.2, we argued that the MLE is at infinity if we have less than two observations per dimension or
k > 1/2. In fact, a stronger version of the phase transition phenemonon occurs in the sense that

18l = 0(1)

as soon as £ < 1/2. This is formalized in the following theorem.
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Theorem 4 (Norm Bound Condition). Fiz any small constant ¢ > 0, and let B be the MLE for a model
with effective link satisfying the conditions from Section 2.3.3.

(i) If p/n > 1/2 +¢€, then R
18] = oo

with probability exceeding 1 — 4 exp (—eQn/8).
(ii) There exist universal constants cy,ca,Ca > 0 such that if p/n < 1/2 — c1€/*, then®

- 4log?2
181 < =5

with probability at least 1 — Cy exp(—ca€2n).

These conclusions clearly continue to hold zf,é’ is replaced by B (the MLE under the restricted model obtained
on dropping the first predictor).

The rest of this section is devoted to proving this theorem. As we will see later, the fact that ||3]| = O(1)
is crucial for utilizing the AMP machinery in the absence of strong convexity.

5.2 Proof of Theorem 4

As in Section 2.5.1, we assume ¢; = 1 throughout this section, and hence the MLE reduces to
minimizegerr  £o (B) = Z; p(-X]B). (46)
5.2.1 Proof of Part (i)
Invoking [3, Theorem I] yields that if
S({XB[BERY) +3(RY) = (1+6)n,
or equivalently, if p/n > 1/2 + €, then
P{{XB|BeR}NRY #{0}} > 1—4dexp(—€e’n/8).
As is seen in Section 2.2, ||B]| = oo when {X3 | B € R?} NR” # {0}, establishing Part (i) of Theorem 4.

5.2.2 Proof of Part (ii)

We now turn to the regime in which p/n < 1/2 — O(e/4), where 0 < € < 1 is any fixed constant. Begin by
observing that the least singular value of X obeys

Omin (X) 2 \/5/4 (47)

with probability at least 1 — 2exp ( -1 (% — %)Qn) (this follows from Lemma 3 using € = 0). Then for any
B € R? obeying

W)=Y p(-X]B) <nlog2=((0) (48)
1
and 8] > T2, (49)

5When X; ~ N(0,) for a general > 0, one has ||S1/28|| < 1/€2 with high probability.
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we must have

" (a) (b)
E max{—X]Tﬁ7 O}: E (—XJT,B) < E p(—XjTﬂ) < nlog?2;
i=1

j: X B<0 j: X' B<0

a) follows since t < p(t) and (b) is a consequence of (48). Continuing, (47) and (49) give
p

2<4¢”W5Mgzgawmxmy

This implies the following proposition: if the solution B—which necessarily satisfies £o(8) < £o(0)—has
norm exceeding ||3|| > 41:2“527 then X 3 must fall within the cone

> max{—u;,0} < Vnllul }. (50)

A::{UGR”

Therefore, if one wishes to rule out the possibility of having || 3 I > 41?52, it suffices to show that with high

probability,
{XB|BeR}NA={0}. (51)

This is the content of the remaining proof.

We would like to utilize tools from conic geometry [3] to analyze the probability of the event (51). Note,
however, that 4 is not convex, while the theory developed in [3] applies only to convex cones. To bypass the
non-convexity issue, we proceed in the following three steps:

1. Generate a set of N = exp (2¢?p) closed convex cones {B; | 1 <i < N} such that it forms a cover of
A with probability exceeding 1 — exp (—Q(e?p)).

2. Show that if p < (% —2V/2€i — 2H(2\ﬁ)) n and if n is sufficiently large, then

PHXB[BeRINB; #{0}} < 4exp{—; <; — 225 — 10H (2V/€) — Z) n}

for each 1 <7< N.
3. Invoke the union bound to reach

PH{XB|BeR}INA#{0}} < P{{B;|1<i< N} doesnot form a cover of A}
N
+Y P{XB|BER}NB; #{0}}
i=1

exp (—Q(GQP)) ,

IN

where we have used the fact that
N 1/1 . 2
Y P{H{XB|BER}INB; #{0}} < 4Nexp {_8 (2 — 221 — 10H(2V/€) — Z) n}
i=1
1/1 5 2
< dexp { ( < —2v2e1 — 10H (2V/¢) — p) - 2e2> n}
8\ 2 n
< 4dexp {—ezn} .

. 2
Here, the last inequality holds if (% —2/2¢1 — 10H (21/¢€) — %) > 24€2, or equivalently, B < % —
2v/2e1 — 10H (2,/€) — v/24e.
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Taken collectively, these steps establish the following claim: if 2 < 1 —2v/2¢1 — 10H (2v/€) — v/24¢, then

P{161> 2221 < o (-ac@n}.

thus establishing Part (ii) of Theorem 4. We defer the complete details of the preceding steps to Appendix
D.

6 Asymptotic /; error of the MLE

This section aims to establish Theorem 2, which characterizes precisely the asymptotic squared error of the
MLE ﬁ under the global null 3 = 0. As described in Section 2.5.1, it suffices to assume that ,8 is the solution
to the following problem

n
e . T
minimizegerr ZZ_ZI p(—=X, B). (52)
In what follows, we derive the asymptotic convergence of || ,é'|| under the assumptions from our main theorem.

Theorem 5. Under the assumptions of Theorem 1, the solution B to (52) obeys
Jim 1B]% =as. 72 (53)

Theorem 5 is derived by invoking the AMP machinery [6,7,32]. The high-level idea is the following:

in order to study 3, one introduces an iterative algorithm (called AMP) where a sequence of iterates Bt is
formed at each time ¢. The algorithm is constructed so that the iterates asymptotically converge to the MLE

in the sense that R .
lim lim [|3" — B|* =as. 0. (54)
t—00 n—o0

On the other hand, the asymptotic behavior (asymptotic in n) of f}t for each t can be described accurately
by a scalar sequence {1 }—called state evolution (SE)—following certain update equations [6]. This, in turn,
provides a characterization of the £y loss of [;

Further, in order to prove Theorem 2, one still needs to justify

(a) the existence of a solution to the system of equations (23) and (24),
(b) and the existence of a fixed point for the iterative map governing the SE sequence updates.

We will elaborate on these steps in the rest of this section.

6.1 State evolution

We begin with the SE sequence {7} introduced in [18]. Starting from some initial point 79, we produce two
sequences {b;} and {r;} following a two-step procedure.

e Fort=0,1,...:
— Set b; to be the solution in b to
k=E [V (nZ;b)]; (55)

— Set 1441 to be

P = B[P (nZ:h). (56)
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Figure 7: The variance map for both the logistic and the probit models when x = 0.3: (blue line) variance
map V(72) as a function of 72; (red line) diagonal.

Suppose that for given any 7 > 0, the solution in b to (55) with 7, = 7 exists and is unique, then one can
denote the solution as b(7), which in turn allows one to write the sequence {1} as

Tt2+1 =V(7})
with the variance map
V(r?) = %E [W2(1Z;b(7))] - (57)
As aresult, if there exists a fixed point 7, obeying V(72) = 72 and if we start with 79 = 7., then by induction,
Tt =7« and by = b, = b(7y), t=0,1,...

Notably, (7,bs) solves the system of equations (23) and (24). We shall work with this choice of initial
condition throughout our proof.

The preceding arguments hold under two conditions: (i) the solution to (24) exists and is unique for
any 7 > 0; (ii) the variance map (57) admits a fixed point. To verify these two conditions, we make two
observations.

e Condition (i) holds if one can show that the function
G():=E[¥'(rZ;b)], b>0 (58)
is strictly monotone for any given 7 > 0, and that lim,_,o G(b) < k < limp_, oo G(b).

e Since V(+) is a continuous function, Condition (ii) becomes self-evident once we show that V(0) > 0
and that there exists 7 > 0 obeying V(72) < 72. The behavior of the variance map is illustrated in
Figure 7 for the logistic and probit regression when x = 0.3. One can in fact observe that the fixed

point is unique. For other values of k, the variance map shows the same behavior.

In fact, the aforementioned properties can be proved for a certain class of effective links, as summarized
in the following lemmas. In particular, they can be shown for the logistic and the probit models.
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Lemma 5. Suppose the effective link p satisfies the following two properties:
(a) p' is log-concave.
(b) For any fized T > 0 and any fized z, bp" (prox,,(72)) — oo when b — oc.
Then for any T > 0, the function G(b) defined in (58) is an increasing function in b (b > 0), and the equation
Gb) =k
has a unique positive solution.
Proof: See Appendix B. |
Lemma 6. Suppose that 0 < k < 1/2 and that p =log(1 + ¢') or p = —log ®(—t). Then
(i) V(0) > 0;
(ii) V(12) < 72 for some sufficiently large T2.
Proof: See Appendix C and the supplemental material [47]. [ |
Remark 1. A byproduct of the proof is that the following relations hold for any constant 0 < k < 1/2:

e In the logistic case,

. V(2 22PIZ>2) 4 RB[Z221 .
limr o0 (72 ) = { >P}J’£:)r<[z<$§0<2< ] ;
2=®—1(k+0.5)
lim oo 7 = @7 (k4 0.5).
e In the probit case,
2 2
A b(m) =1 _HQ,.; and  lim V(TTQ ) — o (59)

Remark 2. Lemma 6 is proved for the two special effective link functions, the logistic and the probit cases.
However, the proof sheds light on general conditions on the effective link that suffice for the lemma to hold.
Such general sufficient conditions are also discussed in the supplemental material [47].

6.2 AMP recursion

In this section, we construct the AMP trajectory tracked by two sequences {B'(n) € R?} and {n’(n) € R"}
for ¢t > 0. Going forward we suppress the dependence on n to simplify presentation. Picking 3° such that

: 012 _ .2 _ 2
Jim [|B7)7 =15 =7

and taking n~' = 0 and b_; = 0, the AMP path is obtained via Algorithm 1, which is adapted from the
algorithm in [18, Section 2.2].

22



Algorithm 1 Approximate message passing.

Fort=0,1,---:
1. Set .
n'=XB"+ ¥ (0" bi-1); (60)
2. Let b; be the solution to
k=E[V'(1Z;b)], (61)

where 7; is the SE sequence value at that time.

3. Set |
B =Bt — 5XTxIJ (n';b) . (62)

Here, ¥(-) is applied in an entrywise manner, and ¥’(.,.) denotes derivative w.r.t the first variable.

As asserted by [18], the SE sequence {7y} introduced in Section 6.1 proves useful as it offers a formal
procedure for predicting operating characteristics of the AMP iterates at any fixed iteration. In particular
it assigns predictions to two types of observables: observables which are functions of the ﬁt sequence and
those which are functions of n'. Repeating identical argument as in [18, Theorem 3.4], we obtain

lim ||/8At||2 =a.s. 7—152 57'*2, t:(),l,.... (63)
n— 00

6.3 AMP converges to the MLE

We are now in position to show that the AMP iterates {,ét} converge to the MLE in the large n and ¢ limit.
Before continuing, we state below two properties that are satisfied under our assumptions.

e The MLE B obeys A
lim [|8]| < oo (64)
n—roo

almost surely.

e And there exists some non-increasing continuous function 0 < w (-) < 1 independent of n such that
1
P{Iv2e(B) = IBl) 1, B} 21— aeo (65)

In fact, the norm bound (64) follows from Theorem 4 together with Borel-Cantelli, while the likelihood
curvature condition (65) is an immediate consequence of Lemma 4. With this in place, we have:

Theorem 6. Suppose (64) and (65) hold. Let (7«,bs) be a solution to the system (23) and (24), and assume
that lim,, o ||3°(|?> = 72. Then the AMP trajectory as defined in Algorithm 1 obeys
lim lim ||8 - B =as. 0.

t—o00 n—o0

Taken collectively, Theorem 6 and Eqn. (63) imply that
. a1 . . At
T (| =as Jim Tim 8] =0 7, (66)
thus establishing Theorem 5. In addition, an upshot of these theorems is a uniqueness result:

Corollary 2. The solution to the system of equations (23) and (24) is unique.
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Proof: When the AMP trajectory Bt is started with the initial condition from Theorem 6, lim,, ||,5’H2 =as
72. This holds for any 7. such that (7, b,) is a solution to (23) and (24). However, since the MLE problem
is strongly convex and hence admits a unique solution ,é , this implies that 7, must be unique, which together
with the monotonicity of G(-) (cf. (58)) implies that b, is unique as well. |

Proof of Theorem 6: To begin with, repeating the arguments in [18, Lemma 6.9] we reach

lim hm 18 — B =... 0; (67)
t—o0
lim lim —||77tJrl —n']* =as. 0. (68)

t—00 n—o0

To show that the AMP iterates converge to the MLE, we shall analyze the log-likelihood function. Recall
from Taylor’s theorem that

(B) =18 + (Vid).B-8) + 5 (B-8) v (8 +apB-)) (5-5)

holds for some 0 < A < 1. To deal with the quadratic term, we would like to control the Hessian of the
likelihood at a point between 3 and B!. Invoking the likelihood curvature condition (65), one has

(B > UB) > (8" + (VUBY), B~ B) + oo (max {181 181} )18 — 817 (69)
with high probability. Apply Cauchy-Schwarz to yield that with exponentially high probability,
SO 2 1 .
18 -8 < —VUBY| € || =V
H W(Ilﬂll)w(lﬂtl)H”

w(max {1811, 16°1})

where the last inequality follows since 0 < w(-) <1 and w(: ) is non-decreasing.
It remains to control |V£(3!)||. The identity W(z;b,) = z — prox,_,(z) and (60) give

prox,_, (') = XB' + 7' —n'. (70)
In addition, substituting W (2;b) = bp’(prox,(z)) into (62) yields
Ii(ﬁ =B = =XTp (proxy, ,(n' ™)) = =X T/ (XBt +0' 7 - nt) :
We are now ready to bound || V¢(3")||. Recalling that
vg(Bt) _ XTp/(XTBt) — X7, (XBt . ,’,’t) +xT (p/<XTBt) S (X/ét Fpitl - ,r,t))
and that sup, p”(z) < oo, we have

[ve(8")| ‘—XTp/ (X,E}M-nt—l —nt)’

P A4 At— _
L= B+ 1XT (s ) ) I =,

IN

o (XBt +n' - nt) — p’(X,é't)‘

This establishes that with probability at least 1 — c;e™“2",

18- < - (mn)i (m){ 16~ 41+ (swp ) 1X 0 = 'l (1)

Using (42) together with Borel-Cantelli yields lim,,—, || X||/v/n < oo almost surely. Further, it follows
from (63) that lim,,_, ||3"] is finite almost surely as 7. < oo. These taken together with (64), (67) and (68)
yield

Jim lim (|3~ )| = (72)

t—00 n—o00

as claimed. [ |
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7 Likelihood ratio analysis

This section presents the analytical details for Section 2.5.2, which relates the log-likelihood ratio statistic
A; with 5;. Recall from (35) that the LLR statistic for testing 8, = 0 vs. 81 # 0 is given by
3

Ay = (73)

L (x5~ x5) Dy (X8 XB)+ 1Y) (X716 X7 5)
i=1

where
p// (Xil' ﬂ)
D = (74)
p// (XTB>
and +; lies between X, B and X A 3. The asymptotic distribution of A; claimed in Theorem 3 immediately
follows from the result below, whose proof is the subject of the rest of this section.

Theorem 7. Let (7., bs) be the unique solution to the system of equations (23) and (24), and define

-1 - . 1 -
G=-X"DzX and a=-Tr(G™). (75)
n n
Suppose p/n — k € (0,1/2) . Then
(a) the log-likelihood ratio statistic obeys
201 — pBi/a 5 0; (76)
(b) and the scalar & converges,
a > b, (77)

7.1 More notations and preliminaries

Before proceeding, we introduce some notations that will be used throughout. For any matrix X, denote
by X;; and X.; its (4,j)-th entry and jth column, respectively. We denote an analogue r = {r;}1<i<n
(resp. 7 = {Fi}1<i<n) of residuals in the full (resp. reduced) model by

ri = —p' (X B) and 7= —p (X B). (78)
As in (74), set

o (X[ B) o’ (37)
Dg = o and Dg;:= , (79)
P (XTB) P (1)

where 7" is between XZT,C:] and X;" b, and b is to be defined later in Section 7.2. Further, as in (75), introduce
the Gram matrices

1 ot 1 7
G = EX DBX and G&E = EX D&EX. (80)
Let é(i) denote the version of G without the term corresponding to the ¢th observation, that is,

Gu = — Zj:j# p(X]B)X,;X]. (81)
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Additionally, let ﬁ[,i] be the MLE when the ith observation is dropped and let G|_; be the corresponding
Gram matrix,

1 .
G _ =~ "(XTe_ X x. 2
= 2 (X B X X, (82)

Further, let B[,ﬂ be the MLE when the first predictor and ith observation are removed, i.e.

,é[_i] ‘= arg min Zj:#ip(f(;ﬁ).

BeRp—1

Below é[_i] is the corresponding version of G,

~ _ 1 "y T A3 .Y |
Gl == (X B X, X[ (83)
For these different versions of G, their least eigenvalues are all bounded away from 0, as asserted by the

following lemma.

Lemma 7. There exist some absolute constants Ay, C,c > 0 such that
]P)()\min(G) > )\lb) 2 1—Ce “".

Moreover, the same result holds for é, G G'(i), G| and G'[_,»] for alli € [n].

B,b’
Proof: This result follows directly from Lemma 2, Lemma 4, and Theorem 4. ]

Throughout the rest of this section, we restrict ourselves (for any given n) to the following event:

An = Panin(@) > A} N Dain(G) > A} 0 anin(Gap) > M)
N AN Amin (Giy) > A} 0 AN Amin(Gei) > A} N {07 Ain (Goip) > A} (84)
By Lemma 7, A, arises with exponentially high probability, i.e.
P(A,) > 1— exp(~Q(n)). (85)

7.2 A surrogate for the MLE

In view of (73), the main step in controlling A; consists of characterizing the differences X ﬁ — X or
N 0 . s A . . . 5
8- [ /é } Since the definition of 3 is implicit and not amenable to direct analysis, we approximate 3 by

a more amenable surrogate b, an idea introduced in [19-21]. We collect some properties of the surrogate
which will prove valuable in the subsequent analysis.

To begin with, our surrogate is
- 0 ~ 1
o= [3] 5 [ahal): (56)

where G is defined in (80),

. 1 n 1"y T 23 % 1 v |
w = fzizlp (X B) XX = ~X DX, (87)

n K3
and b is a scalar to be specified later. This vector is constructed in the hope that

. Bl ~ 817
B ~ b, or equivalently, A - . (88)
ﬂQ:p - ﬂ ~ _blG 1’LU,
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where EAQ:,, contains the 2nd through pth components of ﬁ
Before specifying by, we shall first shed some insights into the remaining terms in b. By definition,

TP. TP. W . T
v2€ q _ XTD~X _ X%Dﬂxl )g_er:B)g _ X<1D,6X'1 77/(1)~ )
B B X DéX.l X D[;X nw nG

Employing the first-order approximation of V/(-) gives

o [§) o 3) =13

Suppose Bg:p is well approximated by B Then all but the first coordinates of VZ(B) and V/ (Lg]) are

also very close to each other. Therefore, taking the 2nd through pth components of (89) and approximating

them by zero give
~ - 0
|w,G] (B— [ﬂ]) ~ 0.

BZ:p_/é ~ _Bléilw ~ _Bléilwa

This together with a little algebra yields

which coincides with (88). In fact, for all but the 1st entries, b is constructed by moving ,é one-step in the
direction which takes it closest to 3. R
Next, we come to discussing the scalar b;. Introduce the projection matrix

. I 12 gAa1%T /2
H'_I_nD,é XG™'X DG , (90)
and define b, as
5 X7

L= , (91)
XID;/ QHD;/ 2x

where 7 comes from (78). In fact, the expression by is obtained through similar (but slightly more compli-
cated) first-order approximation as for l~)2:p, in order to make sure that b, =~ 31; see [21, Pages 14560-14561]
for a detailed description.

We now formally justify that the surrogate b and the MLE 3 are close to each other.

Theorem 8. The MLE 3 and the surrote b (86) obey

188 < n~ttoW, (92)
[ba] < RO, (93)
and o
sup |X,[b— X8| < nt/2r0 (94)
1<i<n
with probability tending to one as n — oo.
Proof: See Section 7.4. |

_ The global accuracy (92) immediately leads to a coordinate-wise approximation result between 61 and
b1.
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Corollary 3. With probability tending to one as n — oo,
Valby = Bi| < n7t/ET) (95)
Another consequence from Theorem 8 is that the value X, B in the full model and its counterpart X T B
in the reduced model are uniformly close.

Corollary 4. The values XZTB and XZTB are uniformly close in the sense that
sup | X8 - X6 < n7 /W (96)
1<i<n

holds with probability approaching one as n — oo.

Proof: Note that

sup [X7B-XTB| < suwp | X/ (B—b)|+ sup [Xb—X] B,
1<i<n 1<i<n 1<i<n
The second term in the right-hans side is upper bounded by n~1/2t°(1) with probability 1 — o(1) according

to Theorem 8. Invoking Lemma 2 and Theorem 8 and applying Cauchy-Schwarz inequality yield that the
first term is O(n~/2+°() with probability 1 — o(1). This establishes the claim. [ |

7.3 Analysis of the likelihood-ratio statistic

We are now positioned to use our surrogate b to analyze the likelihood-ratio statistic. In this subsection we
establish Theorem 7(a). The proof for Theorem 7(b) is deferred to Appendix I.
Recall from (35) that

2, = (X3~ XB) Da(XB— XB) + 1 30" ()(X] B~ X[ B)"

i=1

=13
To begin with, Corollary 4 together with the assumption sup, p”’(z) < oo implies that

13 < n—1/2+o(1)

with probability 1 — o(1). Hence, I3 converges to zero in probability.
Reorganize the quadratic term as follows:

(X~ XB) Dy(XB-XB) = 30" (X B) (X 8- X[ B)
= XTI B) [XT (3-8 + (X~ X7 6)]
= /XX (B-0) +2) 0 (X)X (B b)(X[b - X B)

+ 30X B (Xb - X[ B)”. (97)

We control each of the three terms in the right-hand side of (97).

e Since sup, p”(z) < oo, the first term in (97) is bounded by
S XA (B-b) s 18-b2 > X X[

with probability 1 — o(1), by an application of Theorem 8 and Lemma 2.

’ S n71+o(1)
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e From the definition of b, the second term can be upper bounded by

V14w G 2w

A - 1 - ..
T T T T
250 (XTGBT XX || <l 18 -1 |3, X,
< pate®)

with probability 1 — o(1), where the last line follows from a combination of Theorem 8, Lemma 2 and
the following lemma.

Lemma 8. Let G and w be as defined in (80) and (87), respectively. Then

P (wTé_Qw < 1) > 1—exp(—Q(n)). (98)
Proof: See Appendix E. [ ]

e The third term in (97) can be decomposed as
> (X B)(XTb - X))
=3 (P"(XTB) - (KT B)) (X[b - XT3+ > (X B)X[ b~ X B)?
U N2 . N2
=S 0 ENXT B XTB) (X6 - XTB) + 3 (X B) (XTb-XTB) (99)

for some 7; between X, B and XZT B. From Theorem 8 and Corollary 4, the first term in (99) is
O(n~=1/2+°(1)) with probability 1 — o(1). Hence, the only remaining term is the second.

In summary, we have

20— 3 "X ) (XTh-XTB) 5o, (100)

:vTXTDBXv

~ 1
where v := by {_ G"lw} according to (86). On simplification, the quadratic form reduces to

v X DsXv =02 (X.1 - Xé—lw)T D, (X.1 - Xé-lw)

B2 (X]Déx.1 —2X[D;XG 'w+ wTG’lXTDéXC;"lw)

b? <XIDB~X.1 - ané_lw)

(1 1/2 1/2
:nbf<nXIDé/ HDé/ X.1>,

=€
recalling the definitions (80), (87), and (90). Hence, the log-likelihood ratio 2A; simplifies to nb3¢ 4 op(1)

on A,,.
Finally, rewrite ’UTXTDL;X’U as n(b? — B?)€ + nB2€. To analyze the first term, note that

”\B? - 312\ = n|51 — B1| : \51 + 5’1| < n|51 — ﬁA1|2 + 2”\51\ ‘ |l~71 - 51| s n=3+oll) (101)
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with probability 1 —o(1) in view of Theorem 8 and Corollary 3. It remains to analyze . Recognize that X q
is independent of D;/ H D;/ 2, Applying the Hanson-Wright inequality [27,44] and the Sherman-Morrison-
Woodbury formula (e.g. [26]) leads to the following lemma:

Lemma 9. Let a = 1T‘r(é_1), where G = %XTD/;X. Then one has

n

p—1
n

1
- deID;/zHD;/QX.l < pm/2to) (102)
n

with probability approaching one as n — oo.
Proof: See Appendix F. |

In addition, if one can show that & is bounded away from zero with probability 1 — o(1), then it is seen from
Lemma 9 that

-2 By (103)
no

To justify the above claim, we observe that since p” is bounded, )\max(é) < /\maX(XTX)/n < 1 with
exponentially high probability (Lemma 2). This yields

a = Te(G)/n 2 p/n

with probability 1 — o(1). On the other hand, on A,, one has

@ < p/(nMnin(G)) < p/n.

Hence, it follows that & = Q(1) with probability 1 — o(1). Putting this together with (101) gives the
approximation .
v' X DsXv=npi+o(1). (104)

Taken collectively (100), (103) and (104) yields the desired result
2A; —pB2/a 5 0.

7.4 Proof of Theorem 8

This subsection outlines the main steps for the proof of Theorem 8. To begin with, we shall express the
difference B — b in terms of the gradient of the negative log-likelihood function. Note that V¢(3) = 0, and
hence

Veb) = VIb) - VIB) =) X0 (X[Tb) — p'(X]B)]
=3 SN XXT (6 B).
where « is between XZT ,é and XZT b. Recalling the notation introduced in (80), this can be rearranged as
-1 -
b-—p3= g%,gw(b)

Hence, on A, this yields }
s s V(b
16 -5 < S22, (105)

- L
The next step involves expressing V/(b) in terms of the difference b — [ B} .
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Lemma 10. On the event A, (84), the negative log-likelihood evaluated at the surrogate b obeys

) — o (KT B) X X (b [g])

n
i=1

where v} is some quantity between XZTi) and XIB

Proof: The proof follows exactly the same argument as in the proof of [20, Proposition 3.11], and is thus
omitted. m

The point of expressing V/(b) in this way is that the difference b — [ g ] is known explicitly from the

definition of b. Invoking Lemma 10 and the definition (86) allows one to further upper bound (105) as

st =[5
< sup ‘XZTB - XZTB‘ 10" |oo anz—l XX 01V wT G2w

|51|sup\sz;_ X;a) (106)

188l 5 % |[ve®)| 5 suplorn) -

A

with probability at least 1 — exp(—(n)). The last inequality here comes from our assumption that
sup, |p"' ()] < oo together with Lemmas 2 and 8. )
In order to bound (106), we first make use of the definition of b to reach

Sl}p‘XiTB— X:B = |51|SI}P|X1‘1 —X;é_luﬂ- (107)

The following lemma provides an upper bound on sup; |X;1 — X" G~ w|.
Lemma 11. With G and w as defined in (80) and (87),
P ( sup | Xi1 — X;'—C;‘*Iw| < n°(1)> >1—o(1). (108)
1<i<n

Proof: See Appendix G. u

In view of Lemma 11, the second term in the right-hand side of (107) is bounded above by ~n"(l) with
high probability. Thus, in both the bounds (106) and (107), it only remains to analyze the term b;. To this
end, we control the numerator and the denominator of b, separately.

e Recall from the definition (91) that the numerator of by is given by X [# and that 7 is independent
of X 1. Thus, conditional on X, the quantity X |7 is distributed as a Gaussian with mean zero and

variance " )
2 _ 1w 12
o = Zi:l (P (X 5)) :

Since |p/(z)| = O(]z|), the variance is bounded by

o? SBT (Y XXT)B S nlBI* s n (109)
with probability at least 1 — exp(—Q(n))), a consequence from Theorem 4 and Lemma 2. Therefore,
with probability 1 — o(1), we have

1

— X7 < po, (110)
\/ﬁ -1 ~
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e We now move on to the denominator of b; in (91). In the discussion following Lemma 9 we showed
%XID;/ QHD;/ ?X 1 = Q(1) with probability 1 — o(1).

Putting the above bounds together, we conclude
P (|131| < n—%+0<1>) =1-0(1). (111)
Substitution into (106) and (107) yields

1B S n oM and  sup|X[b— X8| S n Y/l

with probability 1 — o(1) as claimed.

8 Discussion

In this paper, we derived the high-dimensional asymptotic distribution of the LLR under our modelling
assumptions. In particular, we showed that the LLR is inflated vis a vis the classical Wilks’ approximation
and that this inflation grows as the dimensionality x increases. This inflation is typical of high-dimensional
problems, and one immediate practical consequence is that it explains why classically computed p-values are
completely off since they tend to be far too small under the null hypothesis. In contrast, we have shown
in our simulations that our new limiting distribution yields reasonably accurate p-values in finite samples.
Having said this, our work raises a few important questions that we have not answered and we conclude this
paper with a couple of them.

e We expect that our results continue to hold when the covariates are not normally distributed, see
Section 3 for some numerical evidence in this direction. To be more precise, we expect the same
limiting distribution to hold when the variables are simply sub-Gaussian. If this were true, then this
would imply that our rescaled chi-square has a form of universal validity.

e The major limitation of our work is arguably the fact that our limiting distribution holds under the
global null; that is, under the assumption that all the regression coefficients vanish. It is unclear to
us how the distribution would change in the case where the coefficients are not all zero. In particular,
would the limiting distribution depend upon the unknown values of these coefficients? Are there
assumptions under which it would not? Suppose for instance that we model the regression coefficients
as 1.1.d. samples from the mixture model

(1 —€)dp + €ll*,

where 0 < ¢ < 1 is a mixture parameter, Jy is a point mass at zero and IT* is a distribution with
vanishing mass at zero. Then what would we need to know about € and IT* to compute the asymptotic
distribution of the LLR under the null?
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A Proofs for Eigenvalue Bounds

A.1 Proof of Lemma 3

Fix € > 0 sufficiently small. For any given S C [n] obeying |S| = (1 —€)n and 0 <t < /1 —€— /p/n it
follows from [51, Corollary 5.35] that

Auin (iZXiXiT> < % (\/@—\/ﬁ—t\/ﬁ)2= (m_\/g_tf

€S

holds with probability at most 2 exp (— t2|28 ) = 2exp (—%) Taking the union bound over all possible

subsets S of size (1 — €)n gives

n»{as C o] with S| = (1 - ) st Auy (ZXiXiT ) < (F ﬂ t)}

i€S
< ((1 ne)n)QeXp (_ (1 —;) t2n>
1

where the last line is a consequence of the inequality ((1—716)n) < e™H(9) [16, Example 11.1.3].

A.2 Proof of Lemma 4

Define
Sp(B):={i: |X;'B| < BIIB|}
for any B > 0 and any 3. Then

n

Y XXX = Y )(XIB) XX =l 7)Y XX

i=1 i€Sp(B) =Bl i€Sp(8)
If one also has |Sp (8)| > (1 — €)n (for e > 0 sufficiently small), then this together with Lemma 3 implies
that

n

2
1 1" T T : 1 ( \/E >
— X, B) X;X, - inf 2)([VI—e—y/=—t) I
an ( ﬁ) z:\ZISBHﬁHp (2) n

i=1
with probability at least 1 — 2 exp (— (% - H (e)) n)
Thus if we can ensure that with high probability, |Sg (8)| > (1 — €)n holds simultaneously for all 3, then

we are done. From Lemma 2 we see that % HXTXH < 9 with probability exceeding 1 — 2exp (—n/2). On
this event,

IX8|* <omlBl?, V8. (112)
On the other hand, the definition of Sg(3) gives
S
X617 > Y (X78f = (n-Isw(@)) 1) =n (1- ) ppe. iy

i¢Sp(B)
Taken together, (112) and (113) yield

5008 > (1 g5 ) v W8
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with probability at least 1 —2exp(—n/2). Therefore, with probability 1—2 exp(—n/2),

Sy e(B)] > (1—e)n
holds simultaneously for all 8. Putting the above results together and setting ¢ = 24/ % give

2
= 1 . ” H
o) XX it ) (m _\/g _2m> I

1=1 ="/

simultaneously for all 8 with probability at least 1 — 2exp (—nH (€)) — 2exp (—n/2).

B Proof of Lemma 5

Applying an integration by parts leads to

ez = [ " Wbz = e - / T Wb (2)ds

—0 —o0 T —co
— —l/ U(rz;b)¢ (2)dz
TJ) -
with ¢(z) = \/% exp(—22/2). This reveals that
, 1/°° oV(rz;b) , 1/°° o (proxy,(12))
= _— _— = — — d
¢'(0) T) o  Ob ¢'(z)dz 7J —ac 14 bp" (prox,,(r2)) ¢'(=)dz

L p(proxy,(=72))  p (proxy,(r2)) /
L ( ))>¢<z>dz7 (114)

T 1+ xp” (proxbp(—Tz)) 1+ xp” (prox,,(rz

where the second identity comes from [18, Proposition 6.4], and the last identity holds since ¢'(z) = —¢'(—z).
Next, we claim that

(a) The function h(z) := % is increasing in z;
(b) prox,,(z) is increasing in z.
These two claims imply that
o (proxbp(—rz)) B o (proxbp(Tz))
1+ bp" (proxy,(—72)) 1+ bp” (prox,,(rz))

<0, Vz>0,

which combined with the fact ¢'(z) < 0 for z > 0 reveals

sion s (pTOXbp(_TZ)) B 0 (proxbp(TZ)) ) = i
: ((1 + bp" (prox,,(—7z)) 1+ bp" (pI"OXbp(Tz))> ¢ ( )> =1, Vz>0.

In other words, the integrand in (114) is positive, which allows one to conclude that G’(b) > 0.
We then move on to justify (a) and (b). For the first, the derivative of h is given by

P'(2) +b(p"(2))* = bp'(2)p"'(2)
(1+ by (2))°

B (z) =

Since p’ is log concave, this directly yields (p”)%2 —p'p" > 0. As p” > 0 and b > 0, the above implies h/(z) > 0

Boroxs,(z) > 0 (cf. [18, Equation (56)]).

. 1
for all z. The second claim follows from 5 2 T
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It remains to analyze the behavior of G in the limits when b — 0 and b — oco. From [18, Proposition 6.4],
G(b) can also be expressed as
1

G(b) =1- 14+ bp”(prOXbp(TZ)) .

Since p” is bounded and the integrand is at most 1, the dominated convergence theorem gives

lim G/(b) = 0.

When b — oo, bp” (prox,,(7z)) — oo for a fixed z. Again by applying the dominated convergence theorem,

lim G(b) = 1.

b—oo
It follows that lim,_,o G(b) < k < limy_,oc G(b) and, therefore, G(b) = x has a unique positive solution.

Remark 3. Finally, we show that the logistic and the probit effective links obey the assumptions of Lemma
5. We work with a fixed 7 > 0.

e A direct computation shows that p’ is log-concave for the logistic model. For the probit, it is well-known
that the reciprocal of the hazard function (also known as Mills’ ratio) is strictly log-convex [4].

e To check the other condition, recall that the proximal mapping operator satisfies
bp' (proxy,,(72)) 4 prox,,(7z) = 7z. (115)

For a fixed z, we claim that if b — oo, proxbp(Tz) — —oo. To prove this claim, we start by assuming
that this is not true. Then either prox,,(72) is bounded or diverges to co. If it is bounded, the LHS
above diverges to oo while the RHS is fixed, which is a contradiction. Similarly if proxbp(Tz) diverges
to oo, the left-hand side of (115) diverges to oo while the right-hand side is fixed, which cannot be
true as well. Further, when b — oo, we must have prox,,(72) — —o0, bp'(prox,,(72)) — oo, such that
the difference of these two is 7z. Observe that for the logistic, p”(x) = p'(x)(1 — p’(x)) and for the
probit, p”(z) = p'(x)(p'(x) — x) [45]. Hence, combining the asymptotic behavior of prox,,(7z) and
bp' (prox,,(12)), we obtain that bp” (prox,,(72)) diverges to oo in both models when b — oco.

C Proof of Lemma 6

C.1 Proof of Part (i)
Recall from [18, Proposition 6.4] that

1
1+ b(T)p”(proxb(T)p (2) ) '

k = E[V(rZ; b(r))]=1-E (116)

If we denote ¢ := prox,(0), then b(0) is given by the following relation:

1 K

= 110070 0= Zoa—m > °

as p”(c) > 0 for any given ¢ > 0. In addition, since p’(c) > 0, we have

1—«x

o = YOHOP @ HORAER

where (a) comes from (20).
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C.2 Proof of Part (ii)
We defer the proof of this part to the supplemental materials [47].

D Proof of Part (ii) of Theorem 4

As discussed in Section 5.2.2, it suffices to (1) construct a set {B; | 1 <i < N} that forms a cover of the
cone A defined in (50), and (2) upper bound P{{X8 | 8 € R} N B; # {0}}. In what follows, we elaborate
on these two steps.

e Step 1. Generate N = exp (262p) i.i.d. points z(¥ ~ N(0, %Ip)7 1 <4 < N, and construct a collection

of convex cones
(1)
(wzoy) 2} 1sisw

In words, C; consists of all directions that have nontrivial positive correlation with z(*. With high prob-
ability, this collection {C; | 1 <14 < N} forms a cover of R?, a fact which is an immediate consequence
of the following lemma.

C; = {uERP

Lemma 12. Consider any given constant 0 < € < 1, and let N = exp (262p). Then there exist some
positive universal constants cs,Cs > 0 such that with probability exceeding 1 — Cy exp (—cser),

N

> 1wy selelz0 )} 2 L

i=1

holds simultaneously for all x € RP.

With our family {C; | 1 <i < N} we can introduce

20
B;:=C; N uER"|ZmaX{ u],0}<ef< Tz (Z)”> , 1<i<N, (117)

which in turn forms a cover of the nonconvex cone A defined in (50). To Justlfy this, note that for
any u € A, one can find i € {1,--- , N} obeying u € C;, or equivalently, < u, ”z( )H> > e||u||, with high
probability. Combined with the membership to A4 this gives

2(1)
ZmaX{ uj, 0} < v/nllul| < €f< 26 )||>
Jj=1
indicating that w is contained within some B;.

e Step 2. We now move on to control P{{X3 |8 € RP} N B; # {0}}. If the statistical dimensions of
the two cones obey § (B;) <n—3J ({X3| B € RP}) = n—p, then an application of [3, Theorem I| gives

4exp{ EUECIEEIE <>)2}

4exp{—(n_pgn§(8i)>2}. (118)

P{{XB|B R’} NB; #{0}}

IN

IN

It then comes down to upper bounding §(B;), which is the content of the following lemma.

36



Lemma 13. Fiz e > 0. When n is sufficiently large, the statistical dimension of the convexr cone B;
defined in (117) obeys

§(B;) < (; +2V2€T + 10H(2ﬁ)> n, (119)

where H(z) := —zlogz — (1 — z)log(1l — z).

Substitution into (118) gives

((% —2V/2ed — 10H(2\/E)) n— p)2
8&n

P{{XB|BER}NB £{0}} < dexp{-—

= dexp {; (; — 2v2ed — 10H(2v/€) — z>2n} . (120)

Finally, we prove Lemmas 12-13 in the next subsections. These are the only remaining parts for the proof
of Theorem 4.

D.1 Proof of Lemma 12

To begin with, it is seen that all ||z(*)|| concentrates around 1. Specifically, apply [29, Proposition 1] to get

. t 2t
]P’{|z(”||2 >1 +2\[+ } <e
p p

P{||z<i>||2>1+1oe} < P{||z(i)\|2>1+2\/§e—|—662} < e3¢,

and set t = 3¢2p to reach

Taking the union bound we obtain
IP’{EIl <i<Nst [|z2@2>1+ 106} < Ne 3P = =P, (121)

Next, we note that it suffices to prove Lemma 12 for all unit vectors . The following lemma provides a
bound on <z(1), :c> for any fixed unit vector € RP.

Lemma 14. Consider any fized unit vector * € RP and any given constant 0 < ¢ < 1, and set N =
exp (262p), There exist positive universal constants cs,cg, Cg > 0 such that

P {i 1120 0)z e} < P ((1 —o0(1)) 162p> } < exp {2 exp <(1 —o0(1)) 162])) } . (122)

Recognizing that Lemma 12 is a uniform result, we need to extend Lemma 14 to all & simultaneously,
which we achieve via the standard covering argument. Specifically, one can find a set C := {:B(j JeRP|1<j< K }

of unit vectors with cardinality K = (1 + 2p2)p to form a cover of the unit ball of resolution p~2 [51, Lemma
5.2|; that is, for any unit vector & € R?, there exists a ) € C such that

Iz — x| < p~.
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Apply Lemma 14 and take the union bound to arrive at

Zl{ sy = o (1= o) Zp) Sl 1=j<K (123)

with probability exceeding 1—K exp {—2exp ((1 — o(1)) )} > 1—exp {—2(1 —o(1))exp ((1 — o(1)) Ze%p) }.
This guarantees that for each (), one can find at least one z() obeying

. . 1
<z<z>7w(y)> > Ze.

This result together with (121) yields that with probability exceeding 1 — C exp (—cegp), for some universal
constants C', ¢ > 0.

<z(i>,m> > <z<i>’w(j)> _ <z<i),x<j> _ $> > <z<z')7x<j>> — 29 - 2D — |
1 @ 2 (@) (i)
> - _ s K3 _ z 2
z € || I = 1“0 1221l 2‘|| I
1 .
> %eHz(l)”

holds simultaneously for all unit vectors € RP. Since € > 0 can be an arbitrary constant, this concludes
the proof.

Proof of Lemma 14: Without loss of generality, it suffices to consider x = e; = [1,0,--- ,O]T. For any
t > 0 and any constant ¢ > 0, it comes from [2, Theorem A.1.4] that

N
F {]1v S 1(sregec > 1 +D® (C\/ﬁ)} < exp (2% (CVB) N).
i=1
Setting t =1 — ® (¢\/p) gives
N
P {}V S 1wy > 2 VD) (gvﬁ)} <oxp(~2(1- @ (CVB)* 2 (VAN
Recall that for any ¢ > 1, one has (t71 —¢=3)¢(¢) < 1 (t) < t‘lqb( ) which implies that

Cfexp(_ 1+o p>.

Taking ( = e we arrive at
2=V CYD) = 1—exp(—(1+0(1))¢2p) =1—exp (—(1 +o(1)) flp) ,
(1= (VR (VA = e (= (1+0()¢) =exp (= (1 +o(1) ) >

This justifies that

N
P {Z Li(z,e0)> 1) S Nexp (— (I+o0(1)) jﬁp) }

P {;;Z; Lifziey<c) > 2= 2(CVP) @ (Cx/ﬁ)}
exp {—2 exp (— (1+0(1)) i€2p> N}

= exp {—2 exp <(1 —o(1) Z€2p> }

as claimed. [ |

IN
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D.2 Proof of Lemma 13
First of all, recall from the definition (17) that

(8) = E[Its, (0)1°] = |lgl” - mip Iy~ wl?| =0~ % |mig g~ ul?]

IN

. 2
nE | mip lg - ul’].
where g ~ N (0, I,,), and D; is a superset of B; defined by
D, = {u eR| Y] max{-u;,0} < e\/ﬁ||u||} . (124)
Recall from the triangle inequality that

lg—ull = Jull =gl >lgll=llg -0l  Vu: [lul|>2]g].

Since 0 € D;, this implies that
mi — <2
H arguelll)li ”g UHH - Hg”’

revealing that

E | min u E min — ul?
[ue lg =l ] [ueDi,IuIIQIQI lg |

In what follows, it suffices to look at the set of w’s within D; obeying ||u|| < 2||g||, which verify

> max {0} < ev/nlul < 2¢v/nllg]| (125)

It is seen that

2 2
lg—ull> > Y (g:—w)= >+ > + > (9i — uq)
4:9:<0 49i<0ui20  i:g;<0, —/Ellgll<ui<0  i:9i<0, ui<—/£ gl
2
> Z 9 + Z (9i — uq)
1:9;<0,u; 20 i:9:<0, —/ = lgll<ui<0
2 Z g + Z (97 — 2uigi)
1:9i<0,u; 20 i19: <0, =/ lgll<ui<0
> Z 9 — Z 2u;g;. (126)
1:9; <0, ui>—\/§”9” 1:9; <0, —\/g|\g|\<ui<0

1. Regarding the first term of (126), we first recognize that

{z|u [II II} L ucoltil _ Figmax{—un 0},
- Vil Vgl N

where the last inequality follows from the constraint (125). As a consequence,

2 2 2
E g9 = § 9i — § 9;
i:9: <0, u;>—/<|lgll #:9:<0 iu<—y/£ gl

2 D B T e 2O

i:9; <0
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2. Next, we turn to the second term of (126), which can be bounded by

Z Ui g Z ug Z g

i19: <0, —\/Fllgll<ui<0 i29i <0, =/ llgll<ui<0 i9i <0, =/ |lgll<ui<0

max Juil | (Y Juil | - gl
ii—y/ = llgll<us <0 i 20

\f Il ( > |) lgll? < vae gl

where the last inequality follows from the constraint (125).

IN

IN

<

_—

Putting the above results together, we have

lg—ul>> > g7 - e Zgz —2v2¢4 ||g|?

4:9; <0 I 151= an

for any u € D; obeying ||u|| < 2|/g||, whence

E 2 _ —2 1 2
> g o /e Zgz Vet |||

1:9; <0
- — 2\[62> n— max g2l . 127
( SC[n]: \S\=2\/En§9 (127)

Finally, it follows from [29, Proposition 1] that for any ¢t > 2+/en,

P{ng > 5t} < P{Zg? > |5 +2JSTt+2t} <et

€S €S

Y

E . _ 2
{geugi lg —ul }

which together with the union bound gives

JP{ max ZZ>5t} 3 P{Zg?Z&}gexp{H(z\/E)n—t}.

SC[n]: |S|=2v/en SCn): |8|=2en ics

This gives

[P, =
5H(2ﬁ)n+/oo { (2f)n—t} dat
< 10H (2V/e)n

for any given € > 0 with the proviso that n is sufficiently large. This combined with (127) yields

E max gi2

Cln]: |S|=2en ies

IN

5H(2f)

1
E [min lg — u||2} > ( — 2V/26% — 10H(2ﬁ)) n (128)
u€D; 2
as claimed.
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E Proof of Lemma 8

Throughout, we shall restrict ourselves on the event A,, as defined in (84), on which G = \pl. Recalling
the definitions of G and w from (80) and (87), we see that

1 _ (1 - N\ 77
T -2 T T T
w'Gw= X DX <nX DﬁX) X'D;X,

|1

n

-2
1 (1ot o T
DéX (nX DE,X) X D@

- . (129)

If we let the singular value decomposition of %D;/ ’X be UXV'T, then a little algebra gives ¥ = /AT

and

2
Loz (g % T l/2 —277T -1
— ! — ~ ., = < .
anG X (nX DﬂX) X Dg UXx—“U =< M\ T
Substituting this into (129) and using the fact || X.1||?> < n with high probability (by Lemma 2), we obtain

~

~ 1
w G lw < — || X412 <1
nAb

with probability at least 1 — exp(—Q(n)).

F Proof of Lemma 9

Throughout this and the subsequent sections, we consider H, and K, to be two diverging sequences with
the following properties:

H,=o0(n%), K,=o0(n), n*exp(—ciH}) =o(1), nexp(—c2K;) = o(1), (130)

for any constants ¢; > 0, ¢ = 1,2 and any € > 0. This lemma is an analogue of [20, Proposition 3.18]. We
modify and adapt the proof ideas to establish the result in our setup. Throughout we shall restrict ourselves
to the event A,,, on which G = A\pI.

Due to independence between X.; and {DB’H }, one can invoke the Hanson-Wright inequality [44,
Theorem 1.1] to yield

114172 1/2 1 1/2 1/2 i
P(’nX,lDB HD), X‘l—ﬁTr<DB HD} ) >t | H,Dg
<2 i £ ¢
< 2exp [ —c¢min ,
KL\ al/2 122 K2 || 1/2 1/2
DS HDS| S| DS THD S

2 t

< 2exp | —cmin e 72 752 5 72 72
g "HDZE||" L= D HD |

where ||.||r denotes the Frobenius norm. Choose t = CQHD%NHD;/?HH?I/\/E with C' > 0 a sufficiently

large constant, and take H,, to be as in (130). Substitution into the above inequality and unconditioning
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give
1 o1 172 1/2 1 1/2 1/2 1 1/2 1/2
P(‘nX,lDﬁ HD; X.l—ﬁTr(Dﬁ HDj ) > —=C*H,|DJ/*HD/’|

f
472 2
< 2exp (cmin { CKI;I", ¢ \I/;ZHn }) = Cexp (—cH}) = o(1), (131)

for some universal constants C, ¢ > 0.
We are left to analyzing Tr(Dg/ *H D;/ 2). Recall from the definition (90) of H that

1/2 2 . Lo oA 1T
Dé HDﬁ =Dy nDﬁXG X Dy,
and, hence,
n . 7 X_T~ 2 _
Tr (D;/QHD;/Q) =3 (p”(XiT ) — MXJG*)Q) . (132)
n
i=1

This requires us to analyze G! carefully. To this end, recall that the matrix é(i) defined in (81) obeys

| S
Gy =G - (X' XX, .
Invoking Sherman-Morrison-Woodbury formula (e.g. [26]), we have
IEB G XX G

Gl=G - SO ik B U (133)
D XA XTE IR,

It follows that

XTGX = X G X, 0T
which implies that L
I X G X,
X' Xi=— 0 (134)
14+ ZEORTGX,
The relations (132) and (134) taken collectively reveal that
1 1/2 12y 1 ¢ p"(XiB)
~Tr (Dé HD; ) =3 (135)

=11+ MXITG(;)IXZ

n

We shall show that the trace above is close to Tr(I — H) up to some factors. For this purpose we analyze
the latter quantity in two different ways. To begin with, observe that

DY’XG'XTDY?
s s ) =Tr(GG N =p—1. (136)

Tr(I—H):Tr( -

On the other hand, it directly follows from the definition of H and (134) that the ith diagonal entry of H
is given by

Hii: =T A
) 1 + P”(Xri Q)XTé,




Applying this relation, we can compute Tr(I — H) analytically as follows:

"X g TE-1%
CXPXTE X,

Te(I — H) = U — (137)
21-: 14+ 2D XTGEX,
XTI@)O[+P (X B) XTG 1X /(X;FB)&
_Z 1+p(X15)XTG.1XZ-
p"( X B) (X G X —a
= Zp” (X, B)aH,,; + Z ( © ) (138)

”(X?B)X_Té()ljci
where & = %Tr <é_1).

Observe that the first quantity in the right-hand side above is simply dTr(D;/ H D;/ 2). For simplicity,
denote

1 ~— -~ N
n=-X'G X, —a. (139)
n (i)

Note that G(i) >~ 0 on A, and that p” > 0. Hence the denominator in the second term in (138) is greater
than 1 for all 4. Comparing (136) and (138), we deduce that

‘p -1 1y (DI/QHDV2> a
n n B B

< suplni| - le” (X B) < sup || (140)

on A,. It thus suffices to control sup, |n;|. The above bounds together with Lemma (85) and the proposition
below complete the proof.

Proposition 1. Let 1; be as defined in (139). Then there exist universal constants C,Ca,C3 > 0 such that

C1K2H,
n

P (sup Ini| < >1—Con’exp (_CQH,Z) — Csnexp (—c;;K?L)

—exp(—Cyn (14 0(1))) =1-0(1),
where K,,, H, are diverging sequences as specified in (130)

Proof of Proposition 1: Fix any index 7. Recall that B[,i] is the MLE when the 1st predictor and ith
observation are removed. Also recall the definition of G [—q in (83). The proof essentially follows three steps.

First, note that X, and é[_i] are independent. Hence, an application of the Hanson-Wright inequality [44]
yields that

P ( l G’ X, — lTr (C;’[li])’ >t CNJ[_i]> < 2exp | —cmin r el t~71
" " 712 HG[ | || HG[fl]H
< 2exp cmin 2 t
= - —_ ) T2
eyl el

We choose t = C’QHCT‘[__lﬂ ||Hn /v/n, where C' > 0 is a sufficiently large constant. Now marginalizing gives

lor~q o 1 - 1 1 Hn . [C*'H? C?\/nH,
inTG[_li]Xi — ﬁTr (G[—li])‘ > C2HG[—11‘]||\/E) < 2exp <—cm1n{ KT K2 })

<2exp (-C'H}),
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where C’ > 0 is a sufficiently large constant. On A,,, the spectral norm Héa)l H is bounded above by Ay, for
all 4. Invoking (85) we obtain that there exist universal constants Cy,Cs,C3 > 0 such that

1o o 1 - H,
X'GrL X - fTr (G[ 4)‘ > C1ﬁ) < Conexp (—C3H}) . (141)

The next step consists of showing that Tr(é[fﬂ) (resp. X G[ P X;) and Tr(é(;)l) (resp. Xfé(;)lfg) are
uniformly close across all 4. This is established in the following lemma.

Lemma 15. Let G (iy and G | be defined as in (81) and (83), respectively. Then there erist universal
constants C1,Cy,Cs, Cy, ca, 3 > 0 such that

11] X,| < Cy

lotaire loTa
P(sup|-X,,G X, — — X G
il P O n i

K,%Hn)
Vvn
=1—Con’exp (—coH?2) — Csnexp (—c3K2) —exp (—Can (1 +0(1))) =1 —o(1), (142)

K,%Hn>
vn
=1—Cyn’exp (—coH?) — Csnexp (—c3K2) —exp (—Can (1 +0(1))) =1 —o(1), (143)

1
P (sup —
i n

where K,,, H, are diverging sequences as defined in (130).

~ 1 1
(G - @ )‘ <

This together with (141) yields that

1
n

“T(G))

2
>C1KH>

Vn
< ConPexp (—coHZ) + Csnexp (—c3K2) +exp (—Can (1 +0(1))). (144)

The final ingredient is to establish that 1 Tr(G( )) and Tr(G_ ) are uniformly close across .

Lemma 16. Let G and G(i) be as defined in (80) and (81), respectively. Then one has

7

This completes the proof. |

Tr(é(:)l) - Tl"(é_l) < >\11b) >1—exp(—Q(n)). (145)

Proof of Lemma 15: For two invertible matrices A and B of the same dimensions, the difference of their

inverses can be written as
A'-B'=A"B-AB™".

Applying this identity, we have
Gl-Gg!

=Gl (Gl - Go) G

(@)

From the definition of these matrices, it follows directly that

_ _ 1 o N
Gryg—Gao=—> (0(X]Bg)—r"(X/B8)) X, X] . (146)
" i

As p" is bounded, by the mean-value theorem, it suffices to control the differences X ]T B[,i] - X JT B
uniformly across all j. This is established in the following lemma, the proof of which is deferred to Appendix
H.

44



Lemma 17. Let ,@ be the full model MLE and B[,i] be the MLE when the ith observation s dropped.
Let q; be as described in Lemma 18 and K., H, be as in (130). Then there exist universal constants
C1,C5,C3,C4, co,c3 > 0 such that

P | sup
J#i

X/ B, XT5‘<C Ko Hn
Y

>1—Conexp (—caH) — Csexp (—c3K7) —exp (—Can (1 +0(1))) =1 —o(1), (147)

P (SngJﬁ— prox,, (X, B_ip)| < Ci \2/%{ )
>1—Conexp (—caH?) — Csexp (—c3K2) —exp (—Can (1 +0(1))) =1 —o(1). (148)
Invoking this lemma, we see that the spectral norm of (146) is bounded above by some constant times
K2H,
vn
with high probability as specified in (147). From Lemma 2, the spectral norm here is bounded by some

constant with probability at least 1 —c; exp(—con). These observations together with (85) and the fact that
on A, the minimum eigenvalues of G ;) and G|_;; are bounded by Ay, yield that

~ ~ ls 2
—1 -1 n

P (HG(Z.) -Gyl =G
This is true for any . Hence, taking the union bound we obtain

~ ~ K2H,
P (w6} - Gl < et )

>1—Con®exp (—coHY) — Canexp (—e3K2) — exp (—Can (1 +0(1))).  (149)
In order to establish the first result, note that

x|

H,
n) >1— Cynexp (—QHZ) — C3exp (—03K,2L) —exp (—Cyn (14 0(1))).
n

1 X2
n

1w =
supf‘XiTG&)
;s N

sup ||é é[*_ll]H

To obtain the second result, note that

1 1 A
— fTr(G[ 1]) sup ||G’(Z.)1 — G[fll.]H.

1 -
sup ‘nTr(GG)l)

Therefore, combining (149) and Lemma 2 gives the desired result. [ ]
Proof of Lemma 16: We restrict ourselves to the event 4,, throughout. Recalling (133), one has
ST T A2 %
) (X[ B) X/ Gy X
(@) -

In addition, on A,, we have

| oo ormae 1 . -
X GUX - X[ GEX = X G (G - M) Gl X >0,

Ap, b @ v b i
Combining these results and recognizing that p” > 0, we get
. . XT3 +X'G X, 1
TG, - (G| < p"(X; B) AT w2 o1 (150)
n 142 (ni B)X;G;;Xi Alb
as claimed. |
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G Proof of Lemma 11

Again, we restrict ourselves to the event A,, on which G = \pI. Note that

X'G lw=

K2

X/G'X"DsX .

S|

Note that {G, X} and X are independent. Conditional on X, the left-hand side is Gaussian with mean
zero and variance H—BX;G_lXTD%XG_lXi. The variance is bounded above by

1

1 ~—+ ~ N o~ - U S - o~ N
0% = EX,L-TG”XTD%XG’lXi < sup|p”(xm)|.EijAXTDéXG*XZ«
K3

1 =T = S e 1, =~
= ESI}P |P//(X7:Tﬂ)} 'XiTG le‘ < EHX’LHQ (151)

In turn, Lemma 2 asserts that n~'||X;||? is bounded by a constant with high probability. As a result,
applying Gaussian concentration results [49, Theorem 2.1.12] gives

(X G w| < Hy

with probability exceeding 1 — C exp (—cHﬁ), where C, ¢ > 0 are universal constants.

In addition, sup; |X;1| < H, holds with probability exceeding 1 — C'exp (—CHE). Putting the above
results together, applying the triangle inequality |X;; — X;é’1w| < |Xal+ |X;C~T”1w|, and taking the
union bound, we obtain

P( sup |X; — X, G 'w| < H,) >1—Cnexp (—cH?) =1—o(1).

1<i<n

H Proof of Lemma 17

The goal of this section is to prove Lemma 17, which relates the full-model MLE B and the MLE B[_i]. To
this end, we establish the key lemma below.

Lemma 18. Suppose B[_i] denote the MLE when the ith observation is dropped. Further let G|_; be as in
(82), and define ¢; and b as follows:

G = X G X
n ;
~ ~ 1 A~
b= /6[—1'] — EG[—lz]Xz (pl (proqup(XzTﬁ[_l]))> . (152)

Suppose K, H, are diverging sequences as in (130). Then there exist universal constants C1,Co,C5 > 0
such that

K2H,
n

P (HB - BH <y ) >1- anexp(—CQHZ) —C3 exp(—Cg,KZ) —exp(—Cyn(1 4+ o(1))); (153)

. . K,H
P|sup|X. B ;s — X bl <Ci—2=2
(.#i| j Pl=il J ‘ NG

>1—Conexp (—caH?2) — Csexp (—c3K2) — exp (—Can (1 +0(1))).  (154)
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The proof ideas are inspired by the leave-one-observation-out approach of [20]. We however emphasize
once more that the adaptation of these ideas to our setup is not straightforward and crucially hinges on
Theorem 4, Lemma 7 and properties of the effective link function.

Proof of Lemma 18: Invoking techniques similar to that for establishing Lemma 7, it can be shown that

n

1
- Z P ()X X, = A (155)

=1

with probability at least 1 — exp(€2(n)), where ~; is between X" b and X, B. Denote by B, the event
where (155) holds. Throughout this proof, we work on the event C,, := A,, N B, which has probability
1 —exp(—Q(n)). Asin (105) then,

I 1 .
18-l < || V). (156)
Next, we simplify (156). To this end, recall the defining relation of the proximal operator
b/ (prox,, () + proxy, (2) = 2,
which together with the definitions of b and ¢; gives
X b = prox,,, (XiT B[_i]) . (157)

Now, let ¢|_; denote the negative log-likelihood function when the ith observation is dropped, and hence
Vii_j (ﬁ[,i]) = 0. Expressing Vﬁ(i)) as VE(I;) — Vi (B[,i]), applying the mean value theorem, and using
the analysis similar to that in [20, Proposition 3.4], we obtain

vib) = 3 [0~ X B X xT (b ). (158)
jigAi

where 77 is between XJ—'—I; and X]—-rﬁ[_i]. Combining (156) and (158) leads to the upper bound

PO 1
Hﬁ_bHSATb ZXXT bl;p
JJ#Z

| (prox,, (X7 B1-)) |- (159)

* 2 1
”(%’) 9" (X]T’B[_i])‘ ’ HnG[—li]Xi

We need to control each term in the right-hand side. To start with, the first term is bounded by a
universal constant with probability 1 — exp(—£(n)) (Lemma 2). For the second term, since 7} is between

XJTI; and X]-T,é[_i] and ||p"'[|sc < 00, we get

sup o (v;) = (X Bi=ip)| < 110" o1 X, b — X By (160)

J#i

1 R
< 116" loe ‘XI G Xip! (proxg,, (X B ) ) ‘ (161)

<Hp"'uoofsup\xT 2| o (prox (X7 B) |- (162)

Given that {X;, G|_;} and X; are independent for all j # 4, conditional on { X, G|_;} one has
T -1 T
X] G X~ N (0,X] G2 X;).

In addition, the variance satisfies
IIX [

X/ G X < < (163)

lb
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with probability at least 1 — exp(—(n)). Applying standard Gaussian concentration results [49, Theorem
2.1.12], we obtain

P (\1[ i > C’lHn> < Coexp (—c2HZ) + exp (—Csn (1 + 0(1))). (164)
By the union bound
(\[ Sl;ép |XTG[ l]X | <C1H. ) >1—nCyexp (—caH?) —exp (—Csn (1 + o(1))). (165)
Consequently,
sup " (77) - (X By S sup I1X 8- X Byl < f o (prox,, (X Bi-)) | (166)

In addition, the third term in the right-hand side of (159) can be upper bounded as well since

fHG’ X||ff |XTG X (167)

157
with high probability.

It remains to bound ‘p’ (proxqip(XiTB[_i])) ’ To do this, we begin by considering p'(prox,,(Z)) for any
constant ¢ > 0 (rather than a random variable ¢;). Recall that for any constant ¢ > 0 and any AZ ~ N(0,0?%)
with finite variance, the random variable p'(prox.,(Z)) is sub-Gaussian. Conditional on B|_;, one has

exp

< Cyexp (—CgKn> + C4 exp (—C5n) (168)

P (p’ (proxcp(X;B[,i])> > C’lKn) < CyE

for some constants C1,Cy,C5,Cy,C5 > 0 sinceHB[,i] || is bounded with high probability (see Theorem 4).

Note that apmgizp(z) < 0 by [18, Proposition 6.3]. Hence, in order to move over from the above concen-
tration result established for a fixed constant ¢ to the random variables ¢;, it suffices to establish a uniform
lower bound for g; with high probability. Observe that for each i,

X 1

> C*
no |Gl

with probability 1 — exp(—(n)), where C* is some universal constant. On this event, one has
I's (proxqip (XZ-TB[,Z-])) <y (proxc*p (X;rf}[,i])> )
This taken collectively with (168) yields

P (PI(PFOXqip(XZ-TB[—i])) < ClKn)

Y

P (' (proxc- (X[ B ) < 1K) (169)
1—Coexp (—C3K.) — Cyexp (—Csn) . (170)

\%

This controls the last term.

To summarize, if { K, } and {H,} are diverging sequences satisfying the assumptions in (130), combining
(159) and the bounds for each term in the right-hand side finally gives (153). On the other hand, combining
(165) and (170) yields (154). n
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With the help of Lemma 18 we are ready to prove Lemma 17. Indeed, observe that
X (B - B)| < | X[ (b-B)| +|X] (B_y —b)|,

and hence by combining Lemma 2 and Lemma 18, we establish the first claim (147). The second claim (148)
follows directly from Lemmas 2, 18 and (157).

I Proof of Theorem 7(b)

This section proves that the random sequence & = Tr (é_l) /n converges in probability to the constant b,
defined by the system of equations (23) and (24). To begin with, we claim that & is close to a set of auxiliary
random variables {g;} defined below.
Lemma 19. Define ¢; to be
N R
G =X G X,
n

where G'[_,'] is defined in (83). Then there exist universal constants Cy,Cs,Cs,Cy, ca,c3 > 0 such that

K*H,
P(sqpcji—d|<01 v )

Vn
>1— Cyn®exp (c2Hy) — Csnexp (—c3K7) —exp (—Can (1 +0(1))) = 1 — o(1),

where K, Hy, are as in (130).

Proof: This result follows directly from Proposition 1 and equation (142).

A consequence is that prox;, , (X;,é[_i]) becomes close to prox, (Xi—r,é[_i]).

Lemma 20. Let ¢; and & be as defined earlier. Then one has

P (sll}p ’Proxqm (XiTB[—i]) — proxs,, (X;—B[—i])‘ <C K\f;/];l[n>

>1—Cyn®exp (—coH?) — Canexp (—esK2) —exp (—Can (1 +0(1))) =1 —o(1), (171)
where K, Hy, are as in (130).

The key idea behind studying prox, (X A B[,i]) is that it is connected to a random function d,,(-) defined
below, which happens to be closely related to the equation (24). In fact, we will show that J,,(&) converges

in probability to 0; the proof relies on the connection between prox;, X, B[_i] and the auxiliary quantity

proxg, , (X;'—B[_i]) The formal results is this:

Proposition 2. For any index i, let 3[_i] be the MLE obtained on dropping the ith observation. Define
On(x) to be the random function

1

(172)

Then one has 6, (&) 5.
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Furthermore, the random function 4, (x) converges to a deterministic function A(x) defined by

1

Alx)=rk—1+Ey [T 2p (prox, (. 2) ) (173)
where Z ~ N(0,1), and 7, is such that (7., b.) is the unique solution to (23) and (24).
Proposition 3. With A(z) as in (173), A(&) 5.
In fact, one can easily verify that
Az) =k —E[V (1.Z; 2) ], (174)

and hence by Lemma 5, the solution to A(z) = 0 is exactly b,. As a result, putting the above claims together,
we show that & converges in probability to b,.

It remains to formally prove the preceding lemmas and propositions, which is the goal of the rest of this
section.

Proof of Lemma 20: By [18, Proposition 6.3], one has

dprox,(2) ()

b 1+ bp(2)

)
T=prox,,(z)

which yields

sup ’prox[jip (XZ-T,C:][_Z-]) — Proxg,, (X;r,é[_i])‘

—sup || 2@ i — d)

- (3
7 1+ Qd,ip”('r) T=prox, . ., (X;B[,i])

< sup ‘ o (proqu(XiT ﬁ[,i]))‘ -sup | — al, (175)
3 1

where g5 ; is between §; and &. Here, the last inequality holds since g4, p” > 0.

In addition, just as in the proof of Lemma 18, one can show that ¢; is bounded below by some constant
C* > 0 with probability 1 —exp(—(n)). Since gs,; > min{g;, @}, on the event sup, |G — &| < C1K2H,,/\/n,
which happens with high probability (Lemma 19), gs,; > C, for some universal constant C, > 0. Hence, by
an argument similar to that establishing (170), we have

P (sup ‘p/ (proxq&,i (XZTB[,Z]))‘ > ClKn)
< Con®exp (—caH?) + Csnexp (—c3K7) + exp (—Can (1 + 0(1))) .
This together with (175) and Lemma 19 concludes the proof. ]

Proof of Proposition 2: To begin with, recall from (136) and (137) that on A4,

n TR T .
—1 %XZ G X, 1 1

p—- = SN (3) — =1--Y T AT (176)
n i—1 1+ pTleTG(;) X; nio1+ pTIXzTG(;) X;
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Using the fact that ’— — —| < |z — y| for z,y > 0, we obtain

14+x 14y
n 14+ @X;éa; v 71 = 1 —l—p// XTIB)

1 — R I R
<= "X B)|-X,G X —a
= n Zp ( 7 /6) ‘n ) (1) «

1 o o
< |p//||oosup’nXiTG(_i)1Xid

K2H
Hp”lloosgp\m\ <G \"/T—l"

with high probability (Proposition 1). This combined with (176) yields
1 1< 1 K2H,
P -1 e
n n = //(XTﬂ)

a Vn
< Con®exp (—caH?2) + Csnexp (—c3K72) + exp (—Can (1 + o(1))) .
The above bound concerns % Z?:l m,

To this end, we first get from the uniform boundedness of p”” and Lemma 17 that

P (s

Note that

1 — 1 - 1
E; 1+ p"(X] B)a ;1—1—;)” proxap(X ,6[_11))
o(X] )~ o (proxs, (X B))|

7 (X7.8) 7 (o (T B)

. . . 1 n 1
and it remains to relate it to - Zi:l T (proa (X7 A))5

K2H, >

p"( X, B) - p" (proxc;,;p(Xz—T,@[_i]))‘ >0

< Conexp(—caH?) + Cyexp(—c3K?2) + exp(—Cyn(1 +o(1))).  (177)

< la

< |@| sup {
i

o' (Proxa (X Bi-)) = " (proxa, (X Bi-) ) |}
By the bound (177), an application of Lemma 20, and the fact that & < p/(nAp) (on A,), we obtain

P K3H,
P > n

1 1
= =14+ -
n n Z 1+ p”(prox&p(X;rﬁ[,i]))d
< Con*exp (— coHY2) + Csnexp (— c3K2) + exp (— Can(1 + o(1))).

n

i=1

This establishes that d, (&) 5o. u

Proof of Proposition 3: Note that since 0 < « < p/(n)\) := B on A, it suffices to show that
sup |6n(z) — A(z)| = 0.
z€[0,B]
We do this by following three steps. Below, M > 0 is some sufficiently large constant.

1. First we truncate the random function §,(z) and define

Sn(x):ﬁ—uf: =

n = 1+ (proxzp (XJB[—ill{HBH] IISM})> |

o1



The first step is to show that sup,¢(o g ’cgn(x) - 5n(:c)‘ 2 0. We stress that this truncation does not
arise in [20], and we keep track of the truncation throughout the rest of the proof.

2. Show that sup ¢y gy |on(2) — E [Sn(x)]‘ 5o.

3. Show that sup,¢o, s ‘IE [0n(2)] — A(x)’ — 0.

Sprox z)‘ <1 [18

To argue about the first step, observe that |3 v | < |y—z|for any y, z > 0 and that ’

Proposition 6.3]. Then

1+z

50(2) = 50 < bl 1" 500 | XT B — XT By |-

For a sufficiently large constant M > 0, P(||B[,i] || > M) < exp(—Q(n)) by Theorem 4. Hence, for any € > 0,

€
]P’( sup |6, () — n(2)] >€> <P<bUP‘X B 1116, l]\|>M}‘ = Bl = )

z€][0,B]
<SP(IBall = M) = of1), (178)
i=1
establishing Step 1.
To argue about Step 2, note that for any x and z,

Gu(@) — 5a(2)| < 1 1 L

T |1+ ap” (pmxwp (X;B[*i]l{l\é[fi]HSM})) e (pmxzp (X;B[fill{uﬁ“[mgM}))

IR TA TA
= 2" (proxs, (XTBi-ns_i<an)) = 20" (o, (XTBrilysjeany) )|

IN

i=1
1 n
=3 {10 loolz = 21+ 11 16" o | £

/
< @) & — 2|
n i1 + k1% (IE) T=proxz, (Xi-r/é[*7]1{HB qll<y
1 ;
11 " / T
<z —2| (np oo + 121+ 0" oo D~ | (proxe, (X: ﬁ[_ﬂl{lMSM}))D ,
i=1
where Z € (x, z). Setting
1 n
o 17 ’
= 1" lloe + Blio" o 3= | (prox, (X7 Bratyaj<an) )|
then for any €, > 0 we have
P s fR@-heize) < P(vnzS) < TEN] < a0, (1)
z,2€(0,B],|lz—z|<n n €

where C(e€) is some function independent of n. The inequality (179) is an analogue of [20, Lemma 3.24].
We remark that the truncation is particularly important here in guaranteeing that E[Y},] < oo.

Set }
Gn(z) =E [én(x)L
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and observe that

(Gnl@) = Ga(2)] < 2= 2| (16" loo + |21l o E |

¢ (proxey (X Bt ya_yien))|])

A similarly inequality applies to A(z) in which Xi—rﬁ[fi]l{||;§[,-]\|<M} is replaced by 7. Z. In either case,

sup |Gn(z) — Gn(2)| < Can and sup |A(z) — A(2)| < Csn (180)
2,5€(0,B],Jv—2|<n 2,2€(0, B, |Jz—2<n
for any n > 0.

For any ¢ > 0, set K = max{C;(¢'),Cy}. Next, divide [0, B] into finitely many segments
[Oaxl)a [xlva)v ey [fola TR = B]

such that the length of each segment is /K for any n > 0. Then for every z € [0, B], there exists [ such
that |z — z;| <n/K. As a result, for any = € [0, B],

sup gn(x) - Gn(x)‘ < n+ sup 5n(x) — Sn(xl)‘ + sup Sn(xl) — Gn(:rl)‘ .
z€(0,B] z,21€(0,B],|z—z;|<n/K 1<i<k
Now fix § > 0,e¢ > 0. Applying the above inequality gives
. . . §—1n
P( sup [0n(z)—Gp(z)|>0| <P sup |0n (2) — 0 ()| > ——
I @.@1€(0,B], |0~ |<n/K 2

. 5—
—l—]P’( sup |0n(21) — Gn(x)| > 77)
1<I<k 2

>

< ey (577) +IP’( sup [0, (21) — G()]

5 ) . (181)

1<i<k 2
Choose n < min{¢/2,d}, K = max{Cl(‘s_?")7 Cs}. Then the first term in the right-hand side is at most /2.
Furthermore, suppose one can establish that for any fixed =z,

160 (z) — Gp(z)| = 0. (182)

Since the second term in the right-hand side is a supremum over finitely many points, there exists an integer
N such that for all n > N, the second term is less than or equal to ¢/2. Hence, for all n > N, right-hand
side is at most €, which proves Step 2. Thus, it remains to prove (182) for any fixed > 0. We do this after
the analysis of Step 3.

We argue about Step 3 in a similar fashion and letting K = max{C5, C5}, divide (0, B] into segments of
length /K. For every z € (0, B] there exists x; such that |z — ;| < n/K. Then

Gn(2) = A(@)| < [Gn(2) = Gn(z)| + |Gulz1) — Alzi)| + [A(z) — Az)|
< 20+ [Gulw) — Az),

= sup |Gp(z) — A(z)| < 2n+ sup |Gn(z) — A(zy)].
[0,B] 1<I<k

Hence, it suffices to show that for any fixed z, |G, (x) — A(x)| — 0. To this end, observe that for any fixed z,
|G () — Az)]

1
1+ xp” (proxmp(T*Z))

1
S’B*Ii‘Jr Ex —Ez
n

L ap (proxy, (X7 Bralys,i<an))
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Additionally,

X1 Butys o = WBenllge_yi<an?
where Z ~ N(0,1). Since H,é[,l]||1{“ﬁ[71]“§M} 5 7., by Slutsky’s theorem, X;—B[*lll{l\é[,l]l\SM} converges
weakly to 7.Z. Since ¢ — 1/(1 4 zp” (prox,,(t))) is bounded, one directly gets

Gu(z) — Alz) 5 0

for every .
Finally, we establish (182). To this end, we will prove instead that for any given z,

Sn(z) — Gn(z) 3 0.
Define

1 1
—-E
1+ xp” (proxmp(Mi)) 1+ zp” (proxxp(Mi))

M= X[ B Lyggi<ny — and  f(My) =
Then 6,(z) — Gn(z) = g EZ 1 f(M;). Hence, for any x € [0, B],

Var[é n2ZE +—22E )]

i#£]
9 _
_ELPQ) =) g o) pam)].

n n

The first term in the right-hand side is at most 1/n. Hence, it suffices to show that E [f(M;)f(M2)] — 0.
Let B[,lg] be the MLE when the 1st and 2nd observations are dropped. Define

1 . )
Giazi=— > (Xfﬁ[—m]) XX, = *X;G g X,

b1 == B19) + 1G[ 12]X2( (Proxqap (XJB[M])))-

By an application of Lemma 18,

. . K2H,
P <H5[_1] — by > 12 ) < Conexp (—coH) — Cyexp (—c3K7) —exp (—Can(1+0(1))). (183)

Also, by the triangle inequality,
’XI(B[—U - B[_m ‘ ’Xl ﬂ[ 1] — b[ 1) ’ ‘XTG[_ 191X (—Pl (PFOXqu (XQTB[—H}))) ’
Invoking Lemma 2, (183), and an argument similar to that leading to (170) and (164), we obtain

. . K2H,
P (‘Xir (ﬁ[—l] *ﬁ[—u])’ >0 —="
vn
< Conexp (—coH?) — Cyexp (—es K2) —exp (—Can (1 + o(1))) .

The event {HB[—l] I<M}n {||,f3'[_12] || < M} occurs with probability at least 1 — C exp(—cn). Hence, one
obtains

P(|X] (B_i1 3_1o71 <C Kot
‘ 1 (6[71] HB[_l]HSM_ﬁ[*H] |\ﬁ[_12]|\SM)‘ =1 \/ﬁ

> Conexp (—c2H;) — Cyexp (—c3K) —exp (—Cyn (1 +0(1))). (184)
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A similar statement continues to hold with X replaced by X5 and B[,l] replaced by B[,Q]. Some simple
computation yields that || f/||o is bounded by some constant times |z|. By the mean value theorem and the
fact that || f]le < 1,

TA TA
‘f<M1)f(M2) -f (Xl 5[71211{%[712]”31\4}) f (Xz ﬁ[full{nﬁ[flz]nsm)‘
<l {700 = 7 (XL Broro <)
-
| £m) — £ (X Bty iean) |}
T A TA
< Clal- | XT Bty yiean — X1 Bramlys, <]
TA TA
+ ] ’X2 Bi-alya_yi<any — X2 5[—1211{HB[712]H§M}' :
Consequently,
TA TA P
f(My) f(Mz) — f (X1 ﬁ[flﬂl{uéuzmsm) f (X2 5[71211{%[712]”31\4}) = 0.
As || flleo < 1, this implies convergence in L;. Thus, it simply suffices to show that
TA T A
E f(Xl ﬁ[—lﬂl{né[_m]nw}) f <X2 5[—1211{|\/§[_12]|\SM})] — 0.
[

Denote the design matrix on dropping the first and second row as X|_;5. Note that conditional on X|_1,
XIFB[*12]1{HL§[,12]H<M} and X;—B[,u]l{nﬁ[,u]” < M} are independent and have distribution

N (0’ ||ﬁ[—12] ”21{HB[712]HSM}) '

Using this and by arguments similar to [20, Lemma 3.23|, one can show that

; T4 ) T3 )
E lel(txl Bi-12lgp_yi<ay T0X2 Blrzlyp SNI})]

itX . B 12114 iwX, Br_1011, 5

On repeated application of the multivariate inversion theorem for obtaining densities from characteristic
functions, we get that

E (7 (X7 Bontys izin) £ (X3 Bonilys iz
-k {f (XlTB[—”]1{Hé[flz]u§M})}E[f (X;B[_w]l{ﬂé[—lz]|\§JVI}>:| — 0.

Since f is centered, this completes the proof. |
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