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Detection of an Anomalous Cluster in a Network™

Ery Arias-Castrol Emmanuel J. Candest and Arnaud Durand?

Abstract. We consider the problem of detecting whether or not in a given sensor network, there
is a cluster of sensors which exhibit an “unusual behavior.” Formally, suppose we are given a set of
nodes and attach a random variable to each node. We observe a realization of this process and want
to decide between the following two hypotheses: under the null, the variables are i.i.d. standard
normal; under the alternative, there is a cluster of variables that are i.i.d. normal with positive
mean and unit variance, while the rest are i.i.d. standard normal. We also address surveillance
settings where each sensor in the network collects information over time. The resulting model is
similar, now with a time series attached to each node. We again observe the process over time
and want to decide between the null, where all the variables are i.i.d. standard normal; and the
alternative, where there is an emerging cluster of i.i.d. normal variables with positive mean and
unit variance. The growth models used to represent the emerging cluster are quite general, and
in particular include cellular automata used in modelling epidemics. In both settings, we consider
classes of clusters that are quite general, for which we obtain a lower bound on their respective
minimax detection rate, and show that some form of scan statistic, by far the most popular method
in practice, achieves that same rate within a logarithmic factor. Our results are not limited to the
normal location model, but generalize to any one-parameter exponential family when the anoma-
lous clusters are large enough.
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Keywords: Detecting a cluster of nodes in a network; minimax detection; Bayesian detection; scan
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1 Introduction

This paper discusses the problem of detecting whether or not in a given network, there is a cluster
of nodes which exhibit an “unusual behavior.” Suppose we are given a set of nodes with a random
variable attached to each node. We observe a realization of this process and would like to tell
whether all the variables at the nodes have the same behavior in the sense that they are all sampled
from a common distribution or whether there is a cluster of nodes at which the variables have a
different distribution.

1.1 A wide array of applications

The task of detection in networks is critical for an increasing number of applications, for example
in surveillance and environment monitoring. We describe a few of them below.
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Detection in sensor networks. The advent of sensor networks [3, 20, 77| has multiplied the
amount of data and the variety of applications where the task of detection is central. Surveil-
lance and environment monitoring are prime areas of application for sensor networks. Take
for example the transport of hazardous materials. Currently, some major traffic bottlenecks
(e.g. airports, subways and borders) use portal monitoring systems [29, 30]. Sensor networks
offer a more flexible, decentralized alternative, and are considered for the detection of ra-
dioactive, biological or chemical materials [15, 19, 38]. Sensor networks are also extensively
used in other target tracking settings [10, 53].

Detection in digital signals and images. A digital camera may be seen as a sensor network,
with CCD or CMOS pixel sensors. As imaging systems have been available for quite some
time, the literature on detection in images is quite extensive, spanning several decades, in
particular in satellite imagery [18, 31, 60, 67], computer vision [70, 78] and medical imag-
ing [14, 42, 54, 55].

Disease outbreak detection. The presence of a biological or chemical material in a given
geographical region may also be detected indirectly through its impact on human health.
In this context, early detection of the disease outbreak is crucial in order to minimize the
severity of the epidemic. For that purpose, some specific information networks are used,
with surveillance systems now incorporating data from hospital emergency visits, ambulance
dispatch calls and pharmacy sales of over-the-counter drugs [37, 62, 72].

Virus detection in a computer network. Diseases affect computers as well, in the form of
viruses and worms spreading from host to host in a computer network [68]. Affected machines
may exhibit slightly anomalous behavior (e.g. a loss of performance, violations of specific rules,
etc.) which may be hard to detect on an individual machine.

Detection from field measurements. In [56], the water quality in a network of streams in
Pennsylvania is assessed by field biologists performing a variety of analyses at various locations
along the streams; the objective is to determine whether there are regions of low biological
integrity based on the collected data, and to identify these regions. Other field measurements
include census data and surveys involving geographical location.

Detection is of course closely related to estimation, i.e. the localization or extraction of the
anomalous cluster of nodes, but different. This distinction is rarely made clear, however. Indeed,
reliable detection is possible at lower signal-to-noise ratios compared to reliable estimation, and it
may be important to detect the presence of signals from noisy data without being able to estimate
them. For example, one could imagine developing a surveillance system performing detection at
relatively low energy/bandwidth costs, yet efficient at low signal-to-noise ratios, and then switching
to estimation mode whenever the presence of a signal is detected. Another example would be a low
cost preliminary survey involving fewer field measurements, with findings subsequently confirmed
by a larger, more expensive survey.

1.2 Mathematical framework
1.2.1 Purely spatial model

We loosely model a network with a set of m nodes denoted V,,. In our examples, we will either
assume that V,, is embedded in a Euclidean space or we will equip V,, with a graph structure.
Our analysis is in the setting of large networks, i.e. m — oo. To each node v € V,,, we attach



a random variable X,. While the nodes represent the sources of information (e.g. sensors) and
the variables represent the data they collect. In some settings, the data collected by each unit is
multidimensional, in which case X, is a random vector. Our discussion generalizes readily to that
setting.

The random variables are assumed to be independent. For concreteness, we consider a normal
location model which is popular in signal and image processing to model the noise. Our analysis,
however, generalizes to any exponential family under some condition on the sizes of the anomalous
clusters, such as Bernoulli models which arise in sensor arrays where each sensor collects one bit
(i.e. makes a binary decision) or Poisson models which come up with count data, e.g. arising in
infectious disease surveillance systems [46]. The extension to exponential families is detailed in
Section 4.1.

The situation where no signal is present, i.e. ‘business-as-usual’, is modeled as:

HT : X, ~N(0,1), Yo € V.

Let K be a cluster, which we define for now as a subset of nodes, i.e. K C V,,. In fact, we will
be interested in classes of clusters that are either derived from a geometric shape, when V,, is
embedded in Euclidean space, or connected components, when V,, has a graph structure. Let |K|
denote the number of nodes in K and fix 8,, > 0. The situation where the nodes in K behave
anomalously is modeled as:

H' 2 Xy ~ N (O, 1), Y0 € K X, ~ N(0,1),Y0 ¢ K,

where 6, g = 05| K ]‘1/ 2. This specific normalization was chosen so that all the individual hy-
potheses testing problems H{* versus Hi"y are equally difficult. Indeed, with this normalization,
for any cluster K,

min P(T = 1Hf') + P(T = 0[H}') = 2P(N(0,1) > 01/2), (1.1)

where the minimum is over all tests for H{' versus H"x and the lower bound is achieved by
the likelihood ratio (Neyman-Pearson) test. Figures 1-4 illustrate the setting for various types of
clusters.

Let IC,,, be a class of clusters within V,, and define

m o m
H' = ) H'%.
Kekm

We are interested in testing H{j* versus H}". In other words, under the alternative, the cluster of
anomalous nodes is only known to belong to IC,,. We adopt a minimax point of view. For a test
T, we define its worst-case risk as

e (T) = B(T = 1HF") + max B(T = O[H}'s.).
Kelkm ’
The minimax risk for H{* versus H" is defined as
’chm = lg{f fY’Cm (T)
We say that H{j* and H{" are asymptotically inseparable (in the minimax sense) if

lim VEm =1,
m—00



which is equivalent to saying that, as m becomes large, no test can do substantially better than ran-
dom guessing, without even looking at the data. A sequence of tests (7)) is said to asymptotically
separate Hi' and HY" if

h_m VKo (Tm) = 07

m—0o0

and Hj" and HY" are said to be asymptotically separable if there is such a sequence of tests. For ex-
ample, in view of (1.1), for any sequence of clusters K,,, C V,,,, Hj* and Hy ,, x,, are asymptotically
inseparable if 0,, — 0, and they are asymptotically separable if 8,, — oco. In general, the question
is how fast 6, needs to tend to infinity in order for Hj* and H}" to be asymptotically separable.

The situation we just described is purely spatial and relevant in some applications not involving
time. Such situations are common in image processing. In other applications, especially in surveil-
lance, time is an intrinsic part of the setting. In the following section, we modify the model above
to incorporate time.

1.2.2 Spatio-temporal model

Building on the framework introduced in the previous section, we assume now that each X, is
now a (discrete) time series, (X,(t),t € T,,), where T,, C [0,00) is finite, with |T,,| — oo; let
tym, = max{t € T,,}. Let K,;, be a class of cluster sequences of the form (Ky,t € T,,) such that
K, ¢V, for all t € T,,. For example, assuming that V,, is embedded in a Euclidean space,
with norm denoted || - ||, a space-time cylinder, e.g. used in disease outbreak detection [47], is
a cluster sequence (Kt € Ty,) of the form K; = {v € V,, @ |[u — xo]| < 1o}, if ¢ > o, and
K; = () otherwise, so that ¢y is the origin of the cluster in time, and z( its center. Note that
the radius remains constant here. Another example is that of a space-time cone, of the form
Ki={v eV, |v—uzl <C@{t—ty)}, if t > tg, and K; = () otherwise, so that (xg,tp) is the
origin of the cluster in space-time. The random variables {X,(t) : v € V,,,, t € T,,,} are assumed
independent. This spatio-temporal setting is a special case of the purely spatial setting with the
set of nodes V,,, x T,,. Understood as such, we are interested in testing H{® versus Hy .

1.3 Structured multiple hypothesis testing

Although the detection problem formulated above seems of great practical relevance, the statistics
literature is almost silent on the subject, with the notable exception of the sibling topics of change-
point analysis [16] and sequential analysis [66]. Indeed, the former is a special case of the spatial
setting with the one-dimensional lattice, while the latter is a special case of the spatio-temporal
setting where V,, has only one node. In our context, these two settings are actually equivalent.

What is further puzzling is that a number of publications addressing the task of detection in
sensor networks all assume overly simplistic models. For example, in [4, 52, 57, 71, 76] the values at
the sensors are assumed to all have the same distribution under the null and under the alternative.
That is to say, either all the nodes are all right, or they are all anomalous; i.e. in our notation,
Km = {V,}. First, this is not a subtle statistical problem since in such circumstances it suffices
to apply the optimal likelihood ratio test. Second, this assumption does not make sense in all of
the applications described above, where the event to be detected is expected to only affect a small
fraction of locations in the network.

In stark contrast, in all the applications described earlier, the set of alternatives is composite.
Viewing each node as performing a test of hypotheses, which is common in the literature on sensor
networks, our problem falls in the framework of multiple comparisons. Multiple hypothesis testing
is a rich and active line of research which is receiving a considerable amount attention within the
statistical community at the moment; see [35] and references therein. The vast majority of the



papers assume that the tests are independent of each other, which is clearly not the case here
since, in general, the class contains clusters that intersect. This is particularly true in engineering
applications, though this assumption is often made [23, 64, 65].

1.4 The scan statistic

In the spatial setting with the normalization described in Section 1.2.1, the generalized likelihood-
ratio test rejects for large values of the following statistic:

1
max ——— Xy. (1.2)
o

Without the normalization, the test simply rejects for large values of maxgex,, Y ,cx Xv, the
so-called scan statistic, which was originally proposed in the context of cluster detection in point
clouds [32]. This is the method of matched filters ubiquitous in problems of detection in a wide
variety of fields, sometimes in the form of deformable templates in the engineering literature [41, 54]
or their nonparametric equivalent, active contours or snakes [75]. Note that the scan statistic is
the prevalent method in disease outbreak detection, with many variations [26, 48-50)].

As advocated in [5], we will not use the scan statistic directly, but rather restrict the scanning
to a subset of K,,. More precisely, we will introduce the following metric on subsets of nodes,

K,L CV,,
knr) )"
O(K,L) =2 (1 — u) , (1.3)

VIK]IL]

and will restrict the scanning to an e-net of ICp,, with respect to 0, i.e. a subset {K; :j € J} C Ky,
with the property that, for each K € KC,,, there is j € J such that §(K, K;) < e. We will elaborate
on this approach in Section 5. When J is minimal, we call the resulting statistic an e-scan statistic.
The approximation precision € will be chosen appropriately depending on the situation.

We focus on e-scan statistics for two reasons. First, their performance is easier to analyze
than that of the scan statistic itself; in fact the main approach to analyzing the scan statistic, the
chaining method of Dudley [27, 69], is via a properly chosen e-scan statistic. Second, some of the
classes we consider are rather large and we believe it would be computationally impractical to scan
through all the clusters in the class; and our results show that, from an asymptotic standpoint, no
substantial improvement would be gained by using the full scan statistic.

1.5 Existing theoretical results

The vast majority of the literature assumes that the set of nodes are embedded in some FKuclidean
space, i.e. V,,, C R% This is the case when the nodes represent spatial locations, such as in most
sensor networks. In this context, the cluster class C,, is often derived from a class of domains A
in R?, in the following way:

Kpm={K=ANV,,: Aec A} (1.4)

Most of the literature assumes that the class A is parametric, exemplified by deformable templates,
for which theoretical results are available, especially in the case of the square lattice [5, 13, 24, 43,
59, 73]. In particular, with a normal location model, the scan statistic performs well in the sense
that it is asymptotically minimax; this is shown in [5] in a slightly different context tailored to
image processing applications. We also mention the recent work [36], which considers the detection



Note that part of the

The clusters obtained in this way are ‘thick’, in the sense that they are not

paper [1] considers the same general testing problem with a focus on cluster classes
filamentary. See Figure 1. In particular, this class contains all the common parametric classes

defined within the complete graph, such as cliques and spanning trees.

material presented here appeared in [8].
In Section 2, we focus on situations where the vertex set V,, is embedded in a FKuclidean space

and well-spread out in a compact domain. Within this framework, we consider in Section 2.1 a
geometric class of clusters obtained as in (1.4) with A a class of blobs that are mild deformations

parametric classes of domains, [5] argues that the scan statistic is asymptotically minimax for the

When V,, is endowed with a graph structure, [7] considers paths of a certain length. In this
setting, the scan statistic is shown to be asymptotically minimax when the graph V,, is a complete,
regular tree, and near-minimax for many other types of graphs, such as the d-dimensional lattice

of multiple clusters (intervals) of various amplitudes in the one-dimensional lattice. As for non-
case of star-shaped clusters with smooth boundaries.

We describe here in an informal way the results we obtain.

1.6 New theoretical results

for d > 3. The
of the unit ball.

000000000000000000000000000000O000
0000000000000 00OO0OOOO00OO0O0000000000
0000000000000 00@0O0000O0O0O000O0O00000
000000000000000000000000000000000
0000000000000 0000000000000OG0O0O0O0O0O
000@00000000000@0000000GO0O0O0O0O0O0@Oe
©0000000000000000
©0000000000000000
@000000000000000
0000000000000 000
0000000000000
00000000000

@000@00000000000
0000000000000000000
00000000000000000000
000000000000 00000000

00000000000000
©0000000000000
00000@®@0000000@00000GOO0O0O000000G00
0000000000000 0G0GOO0O0E000000000000
9000090000000 0000OGO0OO00O00000E00000
000@00000000000000000000000000000
0000000000000 00000GOGO0000000000000
000000©000000000000 0000000000000
000@0@®@0000000000000O00000000000000
00000000000000000OOGO000000000000O
@00000000000000000000000000000000
0000000000000000000000000000000Q00
0000000000000000C00O0000000000000
0000000000000 O00O0O0O00O000000O0O0G0O0

0000000000000 000000O00O000000000000
0000000000000 000000O0000O000000000
0000000000000 000000O00O000000000000
000000000000000000000000000000000
0000000000000 000000O0000000000000
0000000000066 Q000000000000000000

0000000ee®9»VO00000000000000000000
00000000TVOO0O000000000000000000000
0000000000000V 00000O00000000000000
0000000000000 000000O00000000O0000
0000000000000 000000O0O000000000000
000000000000000000000000000000000
0000000000000 000000O00000000000000
0000000000000V 00000O00O000000000000
0000000000000 000000O00000000O0000
0000000000000 000000O0O000000000000
000000000000000000000000000000000
0000000000000 000000O0000O000000000
0000000000000V 00000O00000000000000
0000000000000 00O0O0O00OO000O0OOOOO0000

m(logm)™Y2 < /2,
lim 6,,(logm)~2 > /2.

lim 6
m—00
m—r00

Left: A thick cluster is defined as the nodes within a closed curve, which is a mild deformation

of a circle. Right: Corresponding noisy data.

.
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too narrow. Note that the size, the (exact) shape and the spatial location of the anomalous cluster
under the alternative is unknown. In Corollary 1, we show that (under specific conditions) Hf* and

H" are asymptotically inseparable if
other words, perhaps surprisingly, scanning for the location is what drives the minimax detection

Note that the former is the detection rate for the class of singletons, i.e. K,, = {{v}:v € V,,,}. In
risk.

obtained from parametric shapes such as hyperrectangles and ellipsoids, as long as the shape is not

conversely, some ¢,,-scan statistic asymptotically separates Hg' and H" if

Figure 1



In Section 2.2, we consider ‘thin’ clusters, obtained as in (1.4) with A a class of ‘bands’ around

smooth curves, surfaces or higher-dimensional submanifolds.

In particular, this class contains

hyperrectangles and ellipsoids that are sufficiently thin. See Figure 2. It turns out that, contrary to
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sponding noisy data.
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Figure 2

what happens for thick clusters, scanning for the actual shape impacts the minimax detection risk,

and in fact is the main contributor for some nonparametric classes. The situation is mathematically
more challenging, yet we are able to prove the following in Proposition 3. Consider the class of
bands of thickness r,, around C? curves of bounded curvature. Then (under specific conditions)

HF' and HY" are asymptotically inseparable if

0.

(logm)®/? =

lim 0,7/

m—o0

In Theorem 2, we show that in the same setting some ¢,,-scan statistic asymptotically separates

Hi* and H" if

= Q.

lim O,,rl/4

m—o0

Hence, some form of scan statistics achieves a detection rate within a factor of (logm)3/? from the

minimax rate.

-temporal setting. We first consider cluster sequences that

we consider the spatio

9

In Section 2.3
admit a ‘thick’ limit. Cellular automata, which have been used to model epidemics [2], satisfying

this condition in some cases. In Proposition 5 we show that scanning over space-time cylinders, as

done in disease outbreak detection

achieves the asymptotic minimax risk. We then consider cluster

)

sequences with controlled space-time variations, which may be a relevant model for applications

such as target tracking [53]. We consider a fairly general model in Proposition 7.

.,ml/d — 1}d, with m/4 an integer, seen as a

We first consider, in Section 3.1, bands around nearest-

In Section 3, we assume that V,, = {0,1,..

subgraph of the d-dimensional lattice.

For example,

See Figure 3. We extend the results obtained in [7] for paths.
consider bands of thickness h,, around a path of length ¢,,, both powers of m. The bounds in

Theorem 3 imply that Hj' and HY" are asymptotically inseparable if

neighbor paths.

0.

lim 6

m—o0

(b /o) ™12 (log m)) /2
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Figure 3: Left: A band defined around a path. Right: Corresponding noisy data.

Conversely, Proposition 8 states that an e-scan statistic asymptotically separates Hi* and H" if

m Oy, (b /han) ™2 = o0.
m—roo
Therefore, some form of scan statistic is again within a factor of (logm)3/? from optimal.
In Section 3.2, we consider arbitrary connected components, constraining only the size. See
Figure 4. In Proposition 9, we obtain a sharp detection rate for clusters of very small size, in fact

Figure 4: Left: An arbitrary connected component. Right: Corresponding noisy data.

the same as for thick clusters described above.

1.7 Structure of the paper

We just described the contents of Sections 2 and 3. Section 4 is our discussion section. We extend
the results obtained for the normal location model to any exponential family in Section 4.1. We
mention other extensions in Section 4.2. We state some open problems in Section 4.3. And we
briefly discuss the challenge of computing the scan statistic in Section 4.4. In Section 5, we describe
several mainstream approaches to establishing lower bounds on the detection threshold and upper



bounds on the detection rate achieved by the scan statistic. In Section 6, we state and prove some
results regarding volumes and node counts for certain types of sets of relevance here. The proofs
of the main results are gathered in Section 7.

1.8 Notation

For two sequences of real numbers (a,,) and (by,), a, < b, means that a,, = O(b,,) and b, =
O(ap); am < by, means that a,, < (1 4 o(1))by,. For a,b € R, we use a Vb (resp. a Ab) to
denote max(a,b) (resp. min(a,b)). For a € R, let [a] be the integer part of a; |a] = [a] if a is
not an integer and [a] — 1 otherwise; and [a] = [a] + 1. For a set A, |A| denotes its cardinality.
Define log;(r) = logz, if ¥ > e, and = 1 otherwise. Throughout the paper, we use C' to denote a
generic constant independent of m, whose particular value may change with each appearance. We

introduce additional notation in the text.

2 Clusters as geometric shapes in Euclidean space

We focus in this section on geometrically-motivated examples. We assume that the nodes are
embedded in 2y C R, a compact set with non-empty interior. Let || - || denote the corresponding
Euclidean norm. For A C Qg and = € Qg, let dist(x, A) = infyc4 ||z — y||, and for » > 0, define

B(A,r) = {z € R : dist(z, A) < r}.

In particular, B(z,r) denotes the (open) Euclidean ball with center x and radius r. On occasion,
we will add a subscript d to emphasize that this is a d-dimensional ball.

We consider a sequence (V,;,) of finite subsets of 4, of size |V,,,| = m, that are evenly spread-out
in the following sense: there is a constant C' > 1 independent of m and a sequence r}, — 0, such
that,

C7 'mr? < |B(z,r) N V| < Cmrd, Vre[ri, 1], Yz € Q. (2.1)

In words, the number of nodes in any ball that is not too small is roughly proportional to its
volume. For the regular lattice,

V= {0,m~ Y4 . 1—m~ VN Q4= 10,1)¢,

(assuming m'/¢ is an integer) condition (2.1) is satisfied for 7% > v/dm~'/?. This is the smallest
possible order of magnitude; indeed, for some constant C' > 0 and r small enough, there is a set
with more than Cr~? disjoint balls with centers in €4, and by (2.1), they are all non-empty if
r > ¥, which forces %, > Cm~"% Another example of interest is that of V,, obtained from
sampling m points from the uniform distribution, or any other distribution with a density with
respect to the Lebesgue measure on 4, bounded away from zero and infinity; in that case, (2.1) is
satisfied with high probability for 7, > C'(log(m)/m)*/?, when C is large enough; for an extensive

treatment of this situation, see [58, Chap. 4].

2.1 Thick clusters

In this section, we consider clusters as in (1.4) where A is a class of bi-Lipschitz deformations of the
unit d-dimensional ball. This includes the vast majority of all the parametric clusters considered in
the literature, such as hyperrectangles and ellipsoids, as long as the shape is not too narrow. Note
that a slightly less general situation is briefly mentioned in [5].

We start with a lower bound on the minimax detection rate for discrete balls of given radius.



Proposition 1 Consider \,, — 0, with A\, > 1., and let IC,, be the class of all discrete balls of
radius A, i.e.

Km ={K = B(x,\,) NV, s 2 € Q).

Then Hi* and H" are asymptotically inseparable if
Tin_6,, 0g(1/X%) /2 < V2.

We now consider a much larger class of clusters and show that, nevertheless, a form of scan
statistic achieves that same detection rate. For a function f : A C R? — R?, its Lipschitz constant

is defined as
s — sup @) = 1

ary =yl
For > 1, let Fy4(k) be the subclass of bi-Lipschitz functions f : B(0,1) € R? — Qg4 such that
AfAp-1 < K, or equivalently
1@~ f _ . 5@~ F)

sup <

(2.2)
w2y T =yl vty |z =y

For a function f : A — R?, define
Ky =im(f) NV, im(f):={f(z):2z e A}

Note that Ay is intimately related to the size of im(f) and therefore of Ky. Indeed, a simple
application of (2.2) implies that, for any f € Fy4(x),

B(f(0),Ar/k) Cim(f) € B(f(0),Ay)- (2.3)
This implies that sets of the form im(f), with f € Fy4(x), are ‘thick,” in the sense that the smallest
ball(s) containing im(f) and the largest ball(s) included in im(f) are of comparable sizes.

Theorem 1 Consider \,, — 0 such that \,, > 7}, and define

’Cm = {Kf : f € ]:d,d(’{)’)\f > /\m}

Then an e, -scan statistic, with €,, — 0 such that ;,} = o(log(1/Am ) ®D | asymptotically separates
HF' and HY* if

lim 6, (log(1/X4)) /% > V3.

m—r00
Therefore, on a larger class of mild deformations of the balls that are not too small, some form of
scan statistic achieves the minimax detection rate.

In the case of the lattice, or more generally when 7, < m , we may remove the constraint on

the size of the clusters (i.e. A¢) and combine Proposition 1 and Theorem 1 to obtain the following
result.

~1/d

Corollary 1 Define
K ={Ky: f € Faa(r)}.

Then H{* and H" are asymptotically inseparable if

Tim 6, (logm) ™2 < V2.
m—0oQ

10



Now, assume that r}, < m~Ye Then an en-scan statistic, with e, — 0 such that el =
o(logm)'/ 4 asymptotically separates HY" and HY if

lim 6,,(logm)~"? > V2.
m—r0o0
When V,, is random, say the result of sampling the nodes uniformly in €4, so that we may
take 7% = (log(m)/m)'/?, the same arguments only show that an e,,-scan statistic asymptotically
separates Hy' and HY" if

lim 6,,(logm)~/? = cc.
m—0o0

Union of thick clusters. In a number of situations, the signal to be detected may be composed
of several clusters. Our results extend readily to this case. Let j,, be a positive integer and consider
sets of the form ;'21 Ky, where the union is over some f; € Fy4(x) such that, for j, 7', Af; < C)\fj,
and

15(0) = fO) < C(Ag; V Ay, ),

so that the sets im(f;) and im(f;/) are of comparable sizes and not too far from each other. In that
case, Theorem 1 applies unchanged as long as the number of clusters is not too large, specifically if
Gm = 0(log(1/Ap))"/®. (This can be improved if the K #;’s domnot overlap too much.) If the proximity
constraint is dropped, then the term log(1/A%,) in Theorem 1 is replaced by 7j,, log(1/)%,).

2.2 Thin clusters

In this section, we consider clusters that are built from smooth embeddings in 24 of the unit p-
dimensional ball, where p < d. The special case of curves (p = 1) is for example relevant in road
tracking [31] and in modeling blood vessels in medical imaging [39]. As in the previous section,
the results we obtain below are valid for (some) unions of such subsets, and in particular for
submanifolds with a wide array of topologies.

For a differentiable function f between two Euclidean spaces, let D f denote its Jacobian matrix.
For k > 1, let F, 4(k) be the class of twice differentiable, one-to-one functions f : B(0,1) C R —
im(f) C Qq satisfying AyA;—1 < x and Apy < kAy. We consider clusters that are tubular regions
around the range of functions in F, 4(x). For a function f with values in R? and r > 0, define

K¢, = B(m(f),r) NV,,.

Again, Ay is intimately related to the size of B(im(f),r) and Ky,; see Lemma 9. We consider
classes of clusters of the form {K, : f € F} where F is a subclass of F, 4(x).

We start with a result on the performance of the scan statistic. For a class F of functions with
values in R? and for € > 0, let N.(F) denote its e-covering number for the supnorm, i.e.

N (F) =min{n: 3f1,..., fn € F, s.t. 1}1a}<m_ian — filloo < €}
EF j
Theorem 2 Let C be the constant that appears in Lemma 9. Consider Ay, vy — 0 such that
C™N\y > 1 > 1k, and let F be a subclass of Fpa(k). Define
Ko ={Ksr: f€F, N> A, C Ay > 17> 1}
1/2

Then an ep,-scan statistic, with €y, = o(ry,”), asymptotically separates Hi* and HY* if

lim Oy, (log Nz (F) +log(1/A7,)) "% > V2.

m—0o0
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For a typical parametric class F, log N.(F) ~ a(F)log(1/e), so that the scan statistic (over an
appropriate net) is accurate if

lim 6, (a(F)log(1/rm) + dlog(1/Am)) "% > V2. (2.4)

m—ro0

On the other hand, for a typical nonparametric class F, log N.(F) =< (1/e)*7) [45], so that the
scan statistic (over an appropriate net) is accurate if

lin O 2F)/2 = o0, (2.5)
1/d

Just as in Corollary 1, if r};, < m™"/¢, we can dispense with the restriction r,, > r;, and replace
the factor log(1/A%) by logm in the bound.

Finding a sharp lower bound for the minimax detection rate seems more challenging for thin
than for thick clusters. By considering disjoint tubes around p-dimensional hyperrectangles, we
obtain a lower bound that matches in order of magnitude the rate achieved by the scan statistic
when the class F is parametric, displayed in (2.4).

Proposition 2 Consider Ay, Ty, with Ay, > 1, > 7). Let U : RP — R% be the canonical embedding
so that Ux = (x,0), and let

F={f:B(0,1) CR” = Qq, f(z) = AUz +b, where b e R}.

Define
K = {Kf,rm : f S f}

Then H{* and H" are asymptotically inseparable if
@ Om ((d — p)log(1/rm) + plog(l/)\m))_l/2 <V2.

The proof is parallel to that of Proposition 1 and is not provided.

For at least one family of nonparametric curves (p = 1), we show that the rate displayed (2.5)
matches the minimax rate, except for a logarithmic factor. For concreteness, we assume that
Q4 = [0,1]%. Let H(a, x) be the Holder class of functions g : [0,1] — [0, 1] satisfying

1) (@)| < K, Yo €[0,1], Vs < o
19D (z) — gleD ()] < K|z — y|o~ L, va,y € [0,1].

Proposition 3 Let r,,, — 0 with r, > r),. Let F be the class of functions of the form f(z) =
(x,g1(2),...,94-1(x)), where g; € H(a, k), with o > 2. Define

ICm = {Kf,rm : f S f}
Then H{* and H" are asymptotically inseparable if

lim 6,7 %% (logm)3/? = 0.
m—0o0
Thus, for the detection of curves with Holder regularity, a scan statistic achieves the minimax
rate within a poly-logarithmic factor. We prove Proposition 3 by reducing the problem of detecting
a band in a graph, so that we can use results from Section 3.1. We do not know how to generalize
this approach to higher-dimensional surfaces (i.e. p > 2).
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2.3 The spatio-temporal setting

In this section we consider the spatio-temporal setting described in Section 1.2.2. This is a special
case of the spatial setting we considered so far, with time playing the role of an additional dimension.
For their relevance in applications and concreteness of exposition, we focus on two specific models.
In Section 2.3.1, we consider cluster sequences with a limit; as we shall see, this assumption is
implicit in some popular models for epidemics. In Section 2.3.2, we consider cluster sequences of
bounded variations.

In the remainder of this section, we assume for concreteness that T,, = {0,1,...,¢,}, with
ty — 0o. Our results apply without change if the set of nodes varies with time, i.e. with index set
of the form [,cp 'V}, in the case where each V!, satisfies (2.1) with C' and 7, independent of ¢.

2.3.1 Cluster sequences with a limit

We focus here on cluster sequences obeying Ky, # (), i.e. the anomalous cluster is present at the
last time point. This is a standing assumption in syndromic surveillance systems [47]. To illustrate
the difference, consider a typical change-point problem setting, where V,,, contains only one node.
First, let the cluster be any discrete interval (in time), so that the signal may not be present at
time t = t,,. This is a special case of Section 2.1, with time playing the role of a spatial dimension
(d = 1), and we saw in Corollary 1 that the detection threshold is 6, ~ \/2log|T,,|. Now, let
the emerging cluster be any discrete interval that includes ¢t = ¢,,. Detecting such an interval is
actually much easier, as we do not need to search where the interval is located, which is what
drives the detection threshold for the thick clusters in Section 2.1; we need only determine its
length. Specifically, the scan statistic over the dyadic intervals containing ¢ = ¢,, asymptotically
separates the hypotheses if 6,, < \/loglog|T,,|.

Regarding the actual evolution of the cluster in time, a number of growth models have been
suggested, for example cellular automata [40, 63] and their random equivalent, threshold growth
automata [12, 33], which have been used to model epidemics [2]. The latter includes the well-known
Richardson’s model [61]. Under some conditions, these models develop an asymptotic shape (with
probability one), a convex polygon in the case of threshold growth automata. Less relevant for
modeling epidemics, internal diffusion limited aggregation is another growth model with a limiting
shape [51].

The simplest cluster sequences with limiting shape are space-time cylinders, for which we have
the equivalent of Proposition 1. (The proof is completely parallel and we omit details.)

Proposition 4 Consider A\, = 0, with A\, > r7,, and let ICy, be the class of all space-time cylinders
of the form K; = B(x, A\, )NV, YVt =0,...,t,, where x € Qq. Then H' and HY* are asymptotically
inseparable if

lim 6, (log(1/X7,)) /% < V2.

With only one possible shape and known starting point, such a model is rather uninteresting.
We now consider a much larger class of cluster sequences with some sort of limit (in the sense of
(2.6)), and show that, nevertheless, a form of scan statistic achieves that same detection rate. For a
cluster sequence K = (Ky,t € Ty,), let tx = min{t : K; # (0}, which is the time when K originates.
The following is the equivalent of Theorem 1. The metric § appearing below is defined in (1.3).

Proposition 5 Consider sequences Ay, — 0 with A\, > 7, and loglogt,, = o(log(1/\y,)), and a
function v(t) with limy_,o v(t) =0 and v(t) < 1 for allt > 0. Let K., be a class of cluster sequences
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such that t,, —max{tg : K € K} — oo, and for each K = (Ky,t € Ty,) € Ky, there is f € Fqa(k)
with Xy > Ay, such that

(K, im(f) N Vi) < vt — tg), Vte Ty (2.6)

Then there is a scan statistic over a family of space-time cylinders that asymptotically separates
or and HT" if

lim 6,,(log(1/X4,))""/% > V2.

m—0o0
If the starting time is uniformly bounded away from t,, and the convergence to the thick spatial
cluster (in the sense of (2.6)) occurs at a uniform speed, all the cluster sequences in the class have
sufficient time to develop into their ‘limiting’ shapes. The space-time cylinders over which we scan
are based on an e-net for the possible limiting shapes, i.e. the class of thick clusters.

Scanning over space-time cylinders (with balls as bases) is advocated in the disease outbreak
detection literature [47]. Though seemingly naive, this approach achieves, in our asymptotic setting,
the minimax detection rate if the cluster sequences develop into balls, and in general falls short by
a constant factor.

We mention that the equivalent of Corollary 1 holds here as well.

2.3.2 Cluster sequences of bounded variation

In target tracking [10, 53], the target is usually assumed to be limited in its movements due to
maximum speed and maneuverability. With this example in mind, we consider classes of cluster
sequences of bounded variation, meaning that the cluster is limited in the amount it can change in
a given period of time. As the rates we obtain in this subsection are the same with or without the
condition Ky, # ), we do not make that assumption. Let ¢t} = max{t : K; # 0}.

We consider space-time tubes around Hélder space-time curves. For a € (0,1] and x > 0, let
Moo, k) be the Holder class of functions g : [0,00) — [0, 1] satisfying

l9(z) — g(y)| < &l —y|*, Va,y € [0,00). (2.7)
The following is the equivalent of Proposition 3.

Proposition 6 Assume that Qg = [0,1]%. Consider sequences ry, — 0 with 7, > 2r*,, and &y,

m’

such that 1 < &, < t,. Let K, be the class of all cluster sequences K, of the form Kg,; =
B(g(t/&m),m) NV, VE = tg, ... ,t}, for some g = (g1,...,94) with gj € Hoo(r, k). Then Hy* and
T are asymptotically inseparable if

im0y (b / [&mrad 1)~/ Log b/ [mrsl 1) (log(ém) + log log (t))'/* = 0.
Conwversely, an e-scan statistic with € < /2, asymptotically separates HF' and HY* if
lim O ((tm/ [Emr 1) Jog: (€, @) + log m) ™% = oo

1/a

For simplicity, assume that t,, is a power of m. If {;,, " = O(1), the detection threshold is roughly
of order t,lf; while if gmr},{a is large, yet small enough that tm/(ﬁmr}n/a) is still a power of m, the

detection threshold is roughly of order (¢,,/ (fmr}r{ W2,

A form of scan statistic is actually able to attain the same detection rate when the radius is
unknown but restricted to r > r,,. In fact, another form of scan statistic achieves a slightly different
rate over a much larger class of cluster sequences with bounded variations. Let S(r, ) be the set
of subsets S C 4 such that B(z,r) C S C B(z, kr) for some = € Q.

14



Proposition 7 Consider a sequence &, such that 1 < &, < t,,, and a constant n > 0. Define

K. as the class of cluster sequences K such that, for each t = tg, ... ,t}, K, = 5NV, where
Sy € S(ry, k) for some ry > 1, and for any s,t = tk, ... ,t}r{,
6(KtaKs) < 7, Z'f ‘t - 3’ < gm (28)

Then for n small enough, an e-scan statistic with € < \/2, asymptotically separates HF' and HY* if
Tr%i_%noo O ((tm/Em) (log m) 4 log t,,) ™2 = oc.
Consider the condition
§(Ky, Ks) <v(|t—s|/&m), Vs, t € {ti,...,th}, (2.9)

for a function v : [0,00) — [0,v/2]. Then (2.8) is satisfied with n = v(1) and the same &,,. The
requirement in Proposition 7 is that v(1) be small enough. In particular, the cluster sequences
considered in Proposition 6 satisfy, for some constant C' > 0,

S(Ky, Ko) < Crip 2 (e v ([t — sl /em)™) 2, Vs t € {tre, ..., th}.

This comes from Lemma 11 and (2.7). Therefore, assuming &,, < (r5,)~Y®, (2.9) is satisfied with

v(u) = u®/? and &, replaced by £mr,17{a. In that case, the detection rates obtained by the scan
statistics of Propositions 6 and 7 are of comparable order of magnitude.

3 Clusters as connected components in a graph

In this section, we model the network with the d-dimensional square lattice; specifically we assume
that m!/? is an integer (for convenience) and consider V,, = {0,1,...,mY% — 1}% seen as a
subgraph of the usual d-dimensional lattice. We assume that d > 2 as the case where d = 1 is
treated in Section 2.1. We work with the ¢'-norm, which corresponds to the shortest-path distance
in the graph; let B(v,h) denote the corresponding open ball with center v and radius h, so that
B(v,h) = {v} for h € (0,1], and for a subset of nodes V, let B(V,h) = oy B(v,h).

3.1 Paths and bands

A nearest-neighbor band of length ¢ and width A is of the form B(V,h) where V = (vp,...,vp)
forms a path in Z?. A band with unit width (h = 1) is an actual path.

We say that a path (vg,...,vs) in Z¢ is non-decreasing if, for all ¢ = 1,...,¢, vy — v;_; has
exactly one coordinate equal to one and all other coordinates equal to zero. The case of paths was
treated in detail in [7]; it corresponds to taking h,, = 1 below.

Theorem 3 Suppose d > 2, and let K, be the class of bands of width h,, generated by non-
decreasing paths in V,, of length £, starting at the origin, with m*® > ¢,, > h,,. Then HF' and
HT" are asymptotically inseparable if

LG (b [him) 7 og; (6,) (log huy + log log 6,)/2 =0, for d = 2;
Lt G (€ /hm) V2 (log; by ) (logi log h) =0, for d > 3.

Conversely, an e-scan statistic with € < /2 fized, asymptotically separates HF' and HT if

lim Hm(fm/hm)_l/2 1s large enough.

m—0o0
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For the case of non-decreasing paths, a form of the scan statistic achieves the minimax rate
in dimension d > 3, while it falls short by a logarithmic factor in dimension d = 2. In the latter
setting, [7] introduces a test that asymptotically separates H* and H}" if

i O, (€ /hom) ™ log; (6)/? = o0, (3.1)
m—0o0
coming a little closer to the minimax rate.
In fact, even when the band has unknown length, width and starting location, and when the
path is not restricted to be non-decreasing, a form of scan statistic achieves the same rate, except
for a logarithmic factor.

Proposition 8 Suppose d > 2, and let I,y be the class of all bands of width h and length £, with
by > £ > h > hy,, that are within V,, and generated by paths that do not self-intersect. Then an
e-scan statistic, with € < \/2, asymptotically separates HF' and H" of

lim Oy, (b /P 4 log(m/hE) + log; log ()% is large enough.

m—o0

3.2 Arbitrary connected components

We consider here classes of connected components with a constraint on their sizes. Arbitrary
connected components in the square lattice are sometimes called animals or polyominoes (polycubes
in dimension d > 3), which are well-studied objects in combinatorics, where the goal is to count the
number of polyominoes [44]. We mention in passing the results in [22] which provide a law of large
numbers for the scan statistic under the null. Otherwise, such objects are fairly new to statistics.
Detecting animals is of course harder than detecting paths, since paths are themselves animals.
The result below offers a sharp detection threshold for connected components of sufficiently small
size.

Proposition 9 Let K, be the class of animals of size k,, = o(m) within V,,. Then H{" and H"
are asymptotically inseparable if

lim 6,,(logm)~ 2 < V2.

m—0o0

Conversely, let K., be the class of animals of size not exceeding k;\, = o(logm) within V,,. Then
the actual scan statistic asymptotically separates Hi' and HY" if

lim 6,,(logm)™ Y2 > V2.

m—0o0

Note that, in general, we can obtain a quick (naive) upper bound on the detection rate for
large clusters by considering the simple test that rejects for large values of > X, (this is the
—-1/2

vEV
‘average test’ in [1]). This test asymptotically separates H{j' and HY* if lim,,, o0 Hmkyln/ ’m
assuming the clusters in I, are of size bounded below by k,,. An open question of theoretical
interest is whether, for the class of animals of size k,, = v/m in the two-dimensional lattice, there is

= 00,

a test that asymptotically separates H' and HT* when Hmk;bl/ 250 slowly enough. In dimension
three or higher, Theorem 3 implies that this is not possible even for paths.
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4 Discussion

4.1 Extension to exponential families

Though the previous results were stated for the normal location model, they extend to any one-
parameter exponential model if the anomalous clusters are large enough. For example, consider
a Bernoulli model where the variables are Bernoulli with parameter 1/2 under the null and with
parameter p,, g > 1/2 when they belong to the anomalous cluster K; or a Poisson model where the
variables are Poisson with mean 1 under the null and p,, xk > 1 when they belong to the anomalous
cluster K. In general, transforming the variables and/or the parameter if necessary, we may assume
that the model is of the form Fy, with density fp(z) = exp(fx —log ¢(0)) with respect to Fy, where
by definition p(0) = Eglexp(0X)], where Eq denotes the expectation under Fy. We always assume
that () < oo for 6 in a neighborhood of 0. Let 02 = Varg(X), the variance of X ~ Fy. In the
Bernoulli model, the correspondence is 6§ = log(p/(1 — p)) and o2 = 1/4; in the Poisson model,
0 = log i and 02 = 1. Under the null hypothesis, all the variables at the nodes have distribution
FQ, i.e.
HY' : X, ~ Fy, Yo € Vp,.

Under the alternative, the variables at the nodes belonging to the anomalous cluster K € ), have
distribution Fp with 6,, k := 09m|K|_1/2, ie.

HY'y = Xy~ Fy, Yo € K; X, ~ Fy, Vo ¢ K.

m, K
As before, the variables are assumed to be independent.

Let ky, :== min{|K| : K € K,,,}, the size of the smallest cluster in the class. In this setting, the
lower bounds on the minimax detection threshold obtained for the normal location model hold if
k‘% ? dominates the corresponding upper bound on 6,,,. Similarly, the results on the performances of
e-scan statistics hold if k:},{ ? dominates the corresponding lower bound on 6,,. These requirements
allow for the sum over any cluster in the class to be sufficiently close (in distribution) to a normal
distribution; see Section 5.4. In particular, Proposition 1 and Theorem 1 hold if A%, > log(m)/m;

Theorem 2 holds if rﬁj“(f) > 1/m (see (2.5)) and Proposition 3 holds if rgjl/ “ > 1/m; Proposi-

tions 4 and 5 hold if #,,\%, > log(m)/m; Proposition 6 holds if [Smﬁ,{a} rd > 1/m; the first (resp.
second) part of Theorem 3 holds if 4, — oo (resp. h,, — o0); the first part of Proposition 9 holds
if k,, > logm. (In fact, the first part of Theorem 3 holds as is, with no condition on ¢,,.)

For example, consider the case of thick clusters as in Section 2.1. Consider a sequence \,, — 0

such that \,, > 7%, and A, > (log(m)/m)'/?¢, and define the class
Kn = {Kf 1 f € ]:d,d(’{)7>\f > /\m}

(The second condition on A, ensures that k,, > logm, which is enough to extend Proposition 1
and Theorem 1 to the case of an exponential model.) In this setting, under the Bernoulli model
the detection threshold is at

1 1
i = = + ————(2log(1/A% ))1/2;
Pm,K 9 + 8|K|1/2( Og( / m)) )

under the Poisson model the detection threshold is at

1
P, =1+ W@log(l/)\%))lﬂ-

17



Remark. Without a lower bound on the minimum size of the anomalous clusters (k,, ), the general
analysis breaks down and the results depend on the specific exponential model. For example, unless
k., — 00, detection is impossible in the Bernoulli model, even if the anomalous nodes have value 1
under the alternative.

4.2 Other extensions

We could consider a situation where the mean varies over the nodes of the anomalous cluster. This
situation is considered in [36] for the case of intervals and the constant in detection rate is indeed
different. We implicitly considered a worst case scenario where that mean is bounded below over
the anomalous cluster, and subsequently assumed it was equal to that lower bound everywhere over
the anomalous cluster.

Also of interest is the case where the variables are dependent. The same paper [36] solves
this problem for the case of the one-dimensional lattice, with the correlation between X, and X,
decaying as a function of distance between v and w. Partial results suggest that our results remain
unchanged under finite range dependency.

4.3 Open problems

The paper leaves two main problems unresolved.

Obtain sharper bounds for the detection of thin clusters. This is in the context of Section 2.2.
For parametric classes, the challenge is to match constants in the rate, while for nonparametric
classes, the challenge is to obtain sharper lower bounds, perhaps closer to what a scan statistic is
shown to achieved in Theorem 1. We were only able to do the latter for curves; see Proposition 3.

Specify the difference between detecting arbitrary connected components versus paths. At a given
size, the thicker the band (relative to its length), the easier it is to detect it; see Theorems 3. It
seems, therefore, that the most difficult connected components to detect are paths, or unions of
paths. But is this true? In other words, are the minimax detection rates for arbitrary connected
components and paths of a similar order of magnitude?

4.4 A word on computing the scan statistic

In all the settings we consider in this paper, the scan statistic comes close to achieving the minimax
detection rate. Turning to computational issues, however, it is very demanding, even when scanning
for simple parametric clusters such as rectangles. For general shapes, the paper [26] suggests a
simulated annealing algorithm, which from a theoretical point of view is extremely difficult to
analyze. For parametric shapes and blobs, the paper [5] advocates the use of ,,-scan statistics
based on multiscale nets built out of unions of dyadic hypercubes; similar ideas appear in [73].
Partial results suggest that this approach yields, in theory, a near-optimal algorithm for detecting
the more general thick clusters considered in Section 2.1.

For the thin clusters of Section 2.2 or for the bands of Section 3.1, the situation is quite
different. Take the latter. After pre-processing the data by performing a moving average with an
appropriate radius, it remains to find the maximum over a restricted, yet exponentially large set of
paths. Without further restriction, this problem, known as the ‘Bank Robber Problem’ or ‘Reward
Budget Problem’ [21], is NP-hard. Note that [21] suggests a polynomial time approximation that
deserves further investigation. The case of thin clusters is even harder. In the context of point
clouds, the paper [9] introduces multiscale nets that could be adapted to the setting of a network.
It remains to compute the scan statistic over this net, which seems particularly challenging for
surfaces of dimension p > 2, which do not correspond to paths any longer. In the spatio-temporal

18



setting of Section 2.3 dynamic programming ideas could be used as done in [6] in the context of
point clouds and in [17] in the context of an harmonic analysis decomposition of chirps.

5 General tools

For K C V,,, define Xi = 7 X, and Y = XK/\/W. Under the normal location model, Yy
is standard normal for any cluster K under the null, while under the alternative with anomalous
cluster K, Y is normal with mean 6,, and variance 1. The first three subsections exploit that to
obtain general lower bounds on the minimax rate and upper bounds on the detection rate achieved
by an e-scan statistic. In the last subsection, we extend these results to any exponential model
under in a situation where the clusters are not too small.

5.1 A lower bound on the minimax risk

When the clusters in the class K, are disjoint, the statistics Yx, K € K,,, which are jointly
sufficient, are i.i.d. standard normal under the null, while under an alternative one of them has
mean 6,,. This problem is sometimes referred to as the ‘Needle in a Haystack Problem’ and it is
known [25] that the two hypotheses are asymptotically inseparable if Timy, o0 O (log |[Kn|) =12 <
V2. Therefore, we have the following.

Lemma 1 Let N(lCm) denote the size of the largest subclass of IKC,, made of disjoint clusters. Then

ot and HY* are asymptotically inseparable if

lim 6, (log N(Kn) ™% < V2.

The more general approach to bounding the minimax risk from below, of which this result is
a special case, is to consider a prior on the set of alternatives that makes the resulting Bayesian
problem as hard as possible. For a prior m,, on IC,,, define the corresponding Bayesian risk as

i = inf T T7
Y = 10 Y, (T)
where
Y (1) = P(T' = 1{HF") + Excor,,, P(T = O[HY g ).

Note that the latter is achieved by the corresponding likelihood ratio. The minimax risk represents
the most pessimistic point of view and any Bayesian risk is consequently smaller than the minimax
risk. In our setting, priors for which the intersection between two randomly selected clusters tends
to be small make the problem difficult. Define the following affinity between two subsets of nodes:

B |K N L
VIK||L]

The following underlies the proof of the lower bound in [7, Th. 1.1].

p(K,L) (5.1)

Lemma 2 Suppose there is a prior m, on K,, such that, for K, K’ id T,
Eexp(p(K,K")6%) =1, asm — cc.

Then Hi' and HY" are asymptotically inseparable. For example, suppose that there is a constant
C > 1 such that, for all K € supp(my,), km < |K| < Cky,, and that, for K, K’ lrlgﬂm,

P{|KNK'| >} < (B V1)e /P vi>o0.
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Then Hy' and HY" are asymptotically inseparable if

lim 0,k (B, logs By)'/? = 0.
m—0o0

5.2 On the performance of the scan statistic

Let |, | denote the number of clusters in /Cy,,, which we assume increases with m so that |IC,,, | — 0.
A simple application of Boole’s inequality and standard bounds on the tail of the normal distribution
implies the following simple bound.

Lemma 3 The scan statistic asymptotically separates Hi' and HY" if

lim 6, (log [Knm|) ™% > V2.
m—roo
This bound is of the right order of magnitude for parametric classes of clusters; however, except
when the clusters in the class are almost disjoint, the constant is typically not sharp. For nonpara-
metric classes, the bound is typically not of the right order of magnitude.
The standard approach to refining this bound is to see Yx as a process defined on KC,,,, bound
the process on an appropriate e-net for the metric ¢, defined in (1.3) and satisfying

S(K,L) = /E(Yx — Y1)2 = /2 — 2p(K, L),

and control the difference between the maximum over this net and the overall maximum. This is the
chaining technique of Dudley for bounding Gaussian processes [27] and we refer the reader to the
extensive treatment in [69]. The same approach is used in [1]. In [8], the following pseudo-metric

is used
|KAL|
D(K,L) = | =
\ [K[A[L]

where A denotes the symmetric difference for sets. Note that § and D are essentially equivalent.
They actually coincide on subsets of equal size and, in general,

S(K,L) < D(K, L). (5.2)

In fact, 0(K,L) = D(K,L) +o(D(K, L)), D(K,L) — 0.

An e-net for ), with respect to 0 is a subset {K; : j € J} C Ky, such that, for each K € Ky,
there is j € J such that §(K, K;) < e. The corresponding e-covering number, denoted N (K, ), is
the size of the smallest e-covering for C,,, again with respect to d; that is,

N:(K;,) = min {N :dKq,..., Ky C VY, s.t. 1?12115( min 6(K, K;) < E} .
eKm  j

log No(K,y,) is sometimes referred to as the e-entropy for the class K, (with respect to 4). The
following result is similar to [5, Theorem 4.1]. In effect, we only use the second part in this paper.

Lemma 4 The scan statistic asymptotically separates Hi' and HY" if there is a sequence (en,), such
that N, (Kp,) — 00 and

lim 6,,((log Nem(lcm))l/2 + em(log |Km|)1/2)_1 > V2.

m—ro0

Comparatively, an £,,-scan statistic only requires

lim 0,,(1 - €2,/2)(log Nz, (Km)) ™'/ > V2.

m—o0
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Proof. Given a real ¢, > 0, let N, = N, (K,,) and consider an e,,-net, Ki,..., Ky,,, for ICp,, so

that for each K € IC;,, there is a jg such that 0(K, Kj,. ) < &,,. We have

max Yx < max Yk + max (Y] Y,
Kekm K 1<j<Npm K; Kek (K KJK)

The following result is standard.

Lemma 5 For any sequence of standard normal random variables, (Z; : j =1,2,...),

IP’{ max Z; <\/2logn}—>1, n — 0.

7=1,..

First, consider the null hypothesis. Lemma 5 immediately applies to give

P{maxYKj < \/210gNm} —1, m — oo.
J

For the difference term, we use the fact that, by definition of §, for any K,L C V,,, we have
Y — Y ~ N(0,6(K, L)?). Together with Lemma 5, we thus obtain

P{maXYK Yk, <€m\/210g|lCm|}—>1, m — 00.

Kekm
Hence, with a,, = v/21log N,,, + e/ 210g | Ky,

P< max Y <a — 1, m — oo.
{KE’Cm K= m} '

Under the alternative, let K be the anomalous cluster. Then Yx has mean 6,, and variance 1, so
that,

]P’{Lm%x YL>am}EIP’{YK>am}:]P’{N(O,1)>am—9m}—>1, m — 00,
€Lm

since a,, — 6,, — —o0.
Now, let us suppose that we use the statistic maxi<j<n,, Yi;. What precedes ensures that,

under the null,
P{maXYKj < \/2logNm} — 1, m — oo.
J

Under the alternative, let K be the anomalous cluster. We have

E(YKjK) = p(K, KjK )E(YK) (1 - 6m/2)

Hence,
IP’{Kn]agxm Yi, < \/M} < ]P’{YKjK < \/M}
< IP{ < \/2log N, — (1 — €2,/2)6 }
which tends to zero when (1 — £2,/2)0,, — v/2log N,,, as m goes to infinity. O

Remark. In [1, Th. 15], a general lower is established in terms of packings with respect to 4. In
all our examples, this lower bound does not improve on the simple Lemma 1.
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5.3 Problem comparison

Typically, we have some information about a class K, in terms of detection rates and we want to
use that information to derive bounds for a related class IC,;,. The following simple fact is useful
for comparing the difficulty of detecting clusters from two different classes.

Lemma 6 If we have two classes of clusters KC,,, D K, and Hf' and HTIC*,L are asymptotically

inseparable, then so are Hy' and Hi%.,. -

Proof. By definition, for any test T, v, (T") > vk, (T'). 0
For two classes of clusters, KCp,, and K7, define

p(Km; K5,) = Knél}éam Krpea’%(% p(K,K*).

Note that, in general, p(K,,; K%,) # p(KCr,; Ki). For example, take the class K, of clusters of the
form K = SNV,,, where S € S(r, k), with r > r | defined in Section 2.3.2. The obvious choice
for K%, is the class of all discrete balls of radius r > ¥ and we find that p(KC,,; KCF,) > C, where
C > 0 is independent of m.

Lemma 7 Consider two classes of clusters, Ky, and K. Then a scan statistic over an €}, -net for
K. of size Ny, asymptotically separates Hg' and H" —if

i Gp (Ko K (1 — (5,)%/2)(log Njy) ™2 > V2.

m—o0

The proof is a straightforward adaptation of the arguments leading to Lemma 4 and is omitted.

5.4 General tools for exponential families

The results stated in Sections 5.1-5.3 assume a normal location model. They extend to any expo-
nential model, as long as the size of the smallest cluster in the class of interest, k,, = min{|K| :
K € K.}, is large enough.

Proposition 10 In the context of an exponential model as described in Section 4.1: Lemmas 1, 3,

4 and 7 hold if k:},{2 dominates the corresponding bound on 0,,; the second part of Lemma 2 holds
if By, — 00 (for the first part, see the proof); and Lemma 6 holds unchanged.

Proof. Lemma 6 holds under any distributional model. Without loss of generality, we assume that
Eo(X) = 0 and Varg(X) = 1. Unless specified otherwise E denotes the expectation under the null,
i.e. when X, ~ Fjy for all v € V,,,. For Lemma 2, let L,, denote the likelihood ratio under the prior
T, 1.€.

Lm = EK eXP(9m7KXK - ’K‘ IOg (:D(Hm,K))7 (53)

where Ex denotes the expectation under K ~ m,, and 0, g = 0| K |_1/ 2. After some calculations,
we have

EL? = Eg g (90(9m,1< + O cr) > [KNK/|
m ’ @(Gm,K)go(Hm,K,) >

where Ex g denotes the expectation under K, K  iid Tm. Noting that 0,, x < Hmk:;bl/ 2 o(1) and
using the fact that p(0) = 1+ 6%/2 + O(03), we get

KK’
EL? — EK’K,(1+9m7K9m,K,+O(0§%K+0§mK,))\ nK|

< Bierorexp (02,006 K')(1+0(0nk,1%))
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where in the last inequality we used the fact that k,, < |K| < Cky, for all K € K,,,. With the fact

that Gmk‘ﬁbl/ 2 = o(1), the proof of the second part of Lemma 2 proceeds as before; see [7, Sec. 4].
Let ¢(6) = log ¢(0) and ¥*(z) := sup{fxz — ¢ (0) : 6 > 0}. For Lemmas 3, 4 and 7, under the
null we use Chernoff’s bound

P{Yk >y} < exp(—0"(y|K|~'/?)|K)).

Note that ¢*(z) = 22/2 + O(2?) when z is small, and this is the regime that we find ourselves
in by the condition on k,,. We detail the proof of Lemma 3 to illustrate this point. Let n =
lim 6,,(21og |Kpn|) =12, so that n > 1; let y,, = %1(2 log |KC,n)'/2. Under the null, using Boole’s
inequality,

P{max{Yx : K € Kp,} > ym} < |Knl max P{Yxk > ym}

2
< Knlow (<24 00RKYY ) S0, (5a)
where we used the fact that ymk;ll/ 2 = o(1). Under the alternative, and with K denoting the
anomalous cluster, we have EYx = #,,, and VarYyx = 1, so by Chebyshev’s inequality
P{Yx < ym} ! — 0
K>Ynmg = 775 2 .
" (Ym — em)2

It remains to prove the extension of Lemma 1, and the difficulty resides in getting to the
exact constant. Without loss of generality, assume that the clusters in IC,, are disjoint. Let
n = 1Iim 0,,(2log | K,n|) /2, so that i < 1; since the exponential model has monotone likelihood
ratio, the power is non-decreasing in 7 and we may assume that 7 > 1/v/2. We use the standard
approach of choosing the uniform prior on K,,. Then it is sufficient to prove that E(L,,1p¢ ) = o(1)
and E(L2,1p, ) < 1+ o(1), where L,, is the corresponding likelihood ratio (see (5.3)) and D,, is
an event with probability tending to 1; see [36, Sec. 11.5]. Let ym, = v(2log |Kn|)Y/2, where
1 < <2n—+/2n2 —1 (the term in 7 exceeds 1 for any n > 1/v/2) and choose

Dy = {Yic < ym, VK € Kpn).

We obtain P{D,,} — 1 as in (5.4). We start with bounding E(L,,1pe ). Note that () = 6%/2 +
0(6?) for small 0, so that | K [t)(6,, k) = 62,/2+40(62,) uniformly in K, since 0,,, x < Ok = o(1).
Together with the bound 1pe < > ok 1{Yk > yp,} and the independence of Yy and Yy for
K # K’ (since they are disjoint), we then get

E(Lnlpe) < [Kpl ax P{Yxk > ym} + ¢ O/ 2+o0) Inax E (eemYKl{YK > ym}) .

The first term on the right hand side tends to zero as in (5.4). We now prove that the second term
also tends to zero. Now, for a fixed K € K,,, with size k = | K|, we have

o0

E (e‘ngKl{YK > ym}) = Gm/ eImy P{Yx >y} dy < Gm/ exp(—zb*(yk‘_l/z)k‘ + Omy)dy.

Ym Ym

Let f(y) = ky*(yk~/?) — 0,,y. For y > yp,, since (1*) is non-decreasing (since 1)* is convex) and
(W) (z) = z+o(x) for small z, we have f'(y) > kY2(4)*) (ymk"/2) =01 = Y — O +0(ym ). Hence,
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F@W) > fym) + (Ym — Om +0(ym)) (¥ — ym), and therefore, using the fact that ¢*(x) = 22/2+ o(z?),

o] 2
E <60mYK1{YK > ym}) < On exp <_y7m + O(y?n) + 0 Ym — (ym — O + O(ym))(y - ym)) dy
Ym

em y72n 2 >
< exp | —— + 6 +o0 ,
with #ﬁw(ym) < C for a finite constant C. Using the fact that 6,, = O(y,), we get

6—072n/2+o(972n) E <6977LYK l{YK > ym}> < C’exp (_(ym _ em)2/2 + O(y%@)) )

The upper bound is independent of K € K,, and converges to 0 since y,, = O(ymm — 6,,) and
Ym — Om — o0. We now turn to bounding E(L2,1p,,). With the bound 1p,, < 1{Yf < y,,} which
holds true for each K, and 6,,, y, = O(ym — Om ), we have

E(Ly1p,) = EEgi: (exp (0m(Yic + Yir) = |K[¢(0m, k) = |K'[¢(0m. k1)) 1D,,)

1 02 2
< 1+ e Omto0n) max E (ezemyKl Y < >
- o | KeKm Vi < ym}

For a fixed K € K,,, with size k = |K|, we have

Ym
E <629mYK l{YK é ym}) = 20m/ eQGmy ]P){ym 2 YK > y} dy
—00

Ym 2
< 1+ 20m/ exp <—% + 20,y + 0(y2)> dy
0
ym_29m
< 14 29m62931+0(y31)/ eV’ 2y
—o0

2
< COpexp <—y7m + 20mYm + o(y%)) :

where we used the fact that 20,, — y,, — 0o, and C' is a finite constant. Hence,

2
E(I21p,) < 140 exp <—y—m + 20y — 02, + o(y%))

1Ko 2
< 14 C(log [Km]) 2 exp (—((27 —7)* — 20> + 1+ o(1)) log [K,n)
— 1),

since (27 —7)% —2n? +1 > 0.

6 Volumes and node counts

We gather in this section a number of results on volumes and node counts that we will use in the
proofs. Let vol;(A) denote the d-volume of A. For thick clusters, we will need the following upper
bound.

Lemma 8 There is a constant C > 0 depending only on d such that, for any Lipschitz function
f:0B(0,1) = RY, and any n > 0,

voly(B(f(9B(0,1)),m)) < Cn(nV Ap)*t.
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Proof. Consider a n/A¢-packing of 9B(0,1) denoted (x;, € I), where [I| < C(1V (Ay/n))4"t. We
then have

B(f(0B(0,1)),n) C | B(/(x:), 20),

el

with volg(B(f(z;),2n)) < Cn®. Hence,

vola(B(f(9B(0,1)),m)) < C(LV (Ag/n))* 0.

For thin clusters, we will need a more precise estimate.

Lemma 9 Let wy denote the volume of the d-dimensional unit (Euclidean) ball. There is a constant
C > 0 such that, for any f € Fpa(k) andr < A¢/C,

volg(B(im(f),r)) = vol,(im(f)) -wd_prd_p(l +rRs(r)), (6.1)

with ||R¢|s < C and
C’_l)\l} < vol,(im(f)) < CNY. (6.2)

Proof. As in [28], we define the reach of a subset A C R?, denoted reach(A), as the largest r > 0
such that, for any point z € B(A,r) there is a unique y € A such that ||y — x| = dist(x, A). For a
fixed f € Fp, q(k), its derivatives of first and second order are all bounded by a constant depending
only on (k,d), and applying Weyl’s tube formula [74] we get (6.1) for r < reach(im(f)), while (6.2)
comes from direct integration [74, Eq. 4]. Therefore, it remains to show that reach(im(f)) > A¢/C,
where C' depends only on (k,d). However, this comes from a simple adaptation of [28, Th. 4.19]
and the fact that Apy < kAy. 0

Sets of the form A = B(A’,r) will appear throughout Section 7.

Lemma 10 There is a constant C > 1 such that, for any subset A C Qg4 of the form A = B(A',r),
with r > ry,,
C™ 'mvoly(A) < |ANV,,| < Cmvolg(A).

Proof. Let A" C Q4 be such that A = B(A’,r), for some r > r¥  and let z1,...,2; € A’, be a
r-packing for A’. We have

UB(a;j,r) CAC UB(LE]',QT).

J J

Taking volumes on all sides, we get C~!volg(A4) < kré < Cvolg(A) for some constant C > 0.
Counting nodes on all sides using (2.1), we get

C tmkr? < Z |B(zj,r) N V| <JANV,,| < Z |B(z;,2r) NV,,| < Cmkr?.
J J

Hence, the result follows. ]
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7 Proofs of the main results

Proof of Proposition 1

For some constant C' > 0 depending on Qg, there is a set with more than C\-¢ disjoint balls with
centers in )y and radius \,,, and by (2.1) and the condition on \,,, all such balls contain at least
one node. Hence, by Lemma 1, Hj* and HY" are asymptotically inseparable if

Tin_6,,05(1/X5)) /2 < V2.

Proof of Theorem 1

We construct a net for Fg q(k) relative to the supnorm, which we then use to construct a net for
IC,, relative to the metric §. In what follows,

Fi={f € Fapalk) : A\f > An}.
We will need the following result.
Lemma 11 For a constant C >0 and any f,g € Fqa(k),

51 Kg)? < CO AN IS = gl V F2)Op V g VLS — glloe V 75

Proof. We use (5.2). First, we apply (2.3) together with (2.1) to obtain

[Ky| A [Kg| = C_lm()‘f A Ag)d'
We now bound |K;AK,|. Let n = ||f — gl/sc V r;;, and note that

im(f)Aim(g) € (B(im(/),n) \ im(f)) U (B(im(g), ) \ im(g).

Extending f and g to B(0,1) by continuity, we have B(im(f),n) \ im(f) C B(dim(f),n), with
dim(f) = f(0B(0,1)). Applying Lemmas 8 and 10, we therefore get

|(B(m(f), 1) \im(f)) N Viu| < Cmn(n v Ap) "

A similar bound holds when replacing f by g. Hence,
|KfAKy| < Cmn(hpV Ay V)™

Combining the bounds on |K¢| A |K,| and |KfAKg4|, we conclude. 0

Without loss of generality, assume that B(0,r4) C Q4 C B(0,1). Let G denote the class
Lipschitz functions f : B(0,1) — B(0,1) with Ay < 2k.

Lemma 12 For any f : B(0,1) = Qq satisfying (2.2), Ay < kdiam(€y).

Proof. Choose x such that ||z|| = 1 and note that ||f(z) — f(0)|| < diam(Qy), since f(x), f(0) € Q4.
Therefore, 1/A ;-1 < diam(€y), and we conclude with Ay < k/Ap-1. 0

We therefore have 7 C G by Lemma 12. Fix a sequence 7, — 0 with 7,,, > (log(1/\,,))~"/%.
Our strategy is to approximate the ranges in the § metric, using Lemma 11, and then apply Lemma
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4. For that, we build a custom made 7,,-net for F such that, for any function in F there is a function
in the net within 7,, in supnorm that has a Lipschitz constant of similar order of magnitude, so
that their ranges are of similar sizes by (2.3).

Define ¢, = [—logy(k) — 17, £g = [—logy(r4)] and £, = |—logy (M) ]. Let F* be the subset of
f € F such that Ay € [27¢ 271, By Lemma 12, F = Ug’:"éﬁ]:é. Define H = Uﬁizife. We treat
‘H and F \ H separately. By Lemma 4, all we need to show is that, for some &, — 0,

log N, ({ Ky : f € H}) Viog N, ({Ky : f € F\H}) S dlog(1/Am).

We show below that we may choose €, = /N

Since H is a subclass of G, there is an n,,-net for H, hy, ..., hy, € H, with log Jg < Cn;,3 [45].
Take h € H and let j be such that ||h — hj|lc < 2n9p. By Lemma 11 and the fact that Ay, Ap; €
[27fa=1 2=H1] there is a constant C' > 0 such that,

8(Kp, Kpy)? < Cnp.
Hence, multiplying 7,, by a constant if necessary, we obtain
log N mm({Ky : f € H}) < Onp? < log(1/Am).

We also have Ff C G, so that there exists an 7,,-net for Fé@, fi,..., f; € Fl, with logJ <
Cny. Let by, ..., bg be a (Apmmm)-packing of Qy, with Q < (A7) ¢, and define f]{q as the function
in F closest to ZZd_ij + by in supnorm. Then for £ > {g4, {fﬁq cj=1...,J;q=1,...,Q} is a
Em,e-net for Ft, with Emp = 2ta=t+2p  This results from the fact that, for f € F¢ with £ > ¢4,
20=ta(f(-) — £(0)) € Fla, and the triangle inequality. Take f € F¢, with £ = {g,...,0,,, and let
g= ]{q such || f = glloc < &me; by Lemma 11,

§(K s, Ky)? < Cnpm.

Note that there are J - (£, — {45+ 1) - Q functions fﬁq. Hence, multiplying 7,, by a constant if
necessary, we obtain

log N ({Kf : f € FA\H}) < Cp +10g by — dlog(Amim) ~ dlog(1/Am).

Proof of Corollary 1

The lower bound on the minimax detection threshold results from the fact that /C,, contains all
singletons. To analyze the performance of the scan statistic, following the proof of Theorem 1
it suffices to consider, for \,, — 0 such that \,,/r} — oo, the class of clusters {K; : f € F},
where F = {f € Fqa(k),\f < Am}. We choose A\, = (log log(m)/m)Y/¢. Let bi,...,bg be a
Am-packing of g4, where @ < Cm/loglog(m). By (2.3) and the triangle inequality, for each f
there is b, such that im(f) C B(bg,2M\m). By (2.1), |B(bg,2\p) N V| < Cloglogm, so that
there are at most (logm)® subsets of the form Ky, f € F contained within B(bg,2A,). Hence,
{K;: feF} <C(m/loglog(m))(logm)®, and therefore

log |[{Ky : f € F}| < logm.

We then apply Lemma 3.
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Proof of Theorem 2

The following is the equivalent of Lemma 11.

Lemma 13 There is a constant C' > 0 such that, for any r > 0 and any f,g € Fpq(k) satisfying
T = glle Vi < (A AX)/C,

0(Kfrs Kgr)? < COF AX) POV AGV I+ (ILf = glloo V)™,
Proof. We again use (5.2). First, we apply Lemmas 9 and 10 to obtain
[l A K] = C™'m((Ap A Ag) V)PP,
Let n = ||f — g/l V 7, and note that

B(im(f),r +n) \ B(im(f),r),

r C
r) C B(im(g),r +n)\ B(im(g),).

We focus on bounding the number of nodes in B(im(f),r +n) \ B(im(f),r). Let

A ={x € Qg : dist(z,im(f)) = r +n/2}.

We have
B(im(f),r +n)\ B(im(f),r) = B(A,n/2). (7.1)

We prove (7.1). Indeed, recall the concept of reach, defined in the proof of Lemma 9, where
we found that reach(im(f)) > Ay/C when C is large enough. Thus, under our assumptions,
r 4+ n < reach(im(f)). Therefore, by [28, Th. 4.8 (2)],

B@m(f),r+n)\ B(im(f),r) = {f(x)+au:z € B(0,1),a € [r,r +n),u € Nor(im(f), f(z))},
A = {f(z)+au:z € B(0,1),a =n/2,u € Nor(im(f), f(z))},

where Nor(im(f), f(x)) is the normal cone of im(f) at . With this description, (7.1) is straight-
forward.
Hence, by Lemma 10,

[(B(im(f), +n) \ B(im(f), 7)) N V| < Cmvolg(B(im(f),r +n) \ B(im(f),r)).

Then assuming C' is large enough, we can apply Lemma 9 and obtain

vola(B(im(f),r +n) \ B(im(f), 7)) vola(B(im(f),r +n)) — vola(B(im(f), 7))

C'/\?Td_p_l(n + ).

IN

The proof is then parallel to that of Theorem 1, using an 7,,-net for F, with 7, < rp,.
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Proof of Proposition 3

We focus on the case where d = 2 as the case of a general dimension d is obtained via a tensor
product. Let R, = [1/ry,] and Q,, — oo. Let II,, be the set of sequences © € {0,..., R, }@mT!
satisfying my = [R,,/2] and §; := my — mg—1 = £1 for ¢ = 1,...,Q,. To each sequence 7 € I,
associate the sequence of points (¢/Qm,7y/Bm);q = 0,...,Qm, in [0,1]2. Such sequences are
equivalently seen as paths in a (Q,, + 1) X (R, + 1) square lattice. We say that f(z) = (x,g(x))
interpolates 7 if g(q/Qm) = 7g/Rm,q =10,...,Qm.

Lemma 14 There is a constant Cy > 0 such that, if Q5 < CoR,,, then each path m € I, is
interpolated by some function fr = (-, 9x(-)) € Hia(a,K), with the property that, for any pair
w1 € Iy, and any q such that |mg—1 — my_4| > Co, |gn(z) — grr(2)| > 2(1 + K)ry for all €

[(q - 1)/Qma Q/Qm]

Proof. For a sequence m, define 1, = 0 if {; = {;41 and 1, = 1 otherwise. Let vg(x) = x be the
identity function. Also, fix a C'*° function v : [0,1] — [0, 1] satisfying the following conditions

$1(0) = 0,41 (1) = L, (0) = 1,4,(1) = —1 and ¥\"(0) = P (1) = 0 for k = 2,..., [a); let
C1 = maxg<q+1 ngk) loo- Define the following function g, by parts

ngw(ilt) =Tg—1+ £q¢nq (me —q+ 1)’ T e [((] - 1)/Qma Q/Qm]

Clearly, g, interpolates m and is continuous. Moreover, it is C'™ by quickly checking that the
derivatives on both sides of each knot ¢/@Q,, coincide, namely that

Qlfan_llquw?(fZ)ﬂ(O) is equal to Q%R;lfql/},(;;)(l),

which is indeed the case. We can also bound those derivatives by || gfrk)Hoo < C1QF R, Lastly,

we look that h := gﬁ““. Take x,2' € [0,1]. If |z — 2| < Q,!, then we use the fact that
||h(1)||oo < ClQrthHanl to obtain

|h(z) = h(2")] < CLQEIT R e — o) < C1Qpy Ry o — /|21
If |z — 2/| > Q;L, we use the fact that ||kl < C1Q5 R to obtain
h(z) — h(z')] < 201QL R, < 2C1Q0 R, o — o/ |7l
We also have that, for x € [(¢ — 1)/Qm, q/Qm],

Rinlgr(x) = gu(2)] = g1 — mg1| — 2C1.

In the end, we may choose Cy = (k/(2C1)) V (3(1 + k) + 2C1). O
We now set Q,, = [C’OR%Q] where Cy appears in Lemma 14, and henceforth focus on the

subclass {Ky, . 7 € ll;}. For any f = (-,g(-)) € F and 0 < a <b <1, with b — a > Cry, where
C'is the constant defined in Lemma 9, we apply Lemmas 9 and 10 to f(t) = f(a+(b—a)t) € F1 4(k),
and get (for some other constant C' > 0)

B ([0, b]), 7m) (1 Vin] < O (b — a);
and also, by the fact that g has slope bounded by x and the triangle inequality,

B(f([a;b]),rm) € {(,y) : @ € [a,0], [y — g(x)| < (1 + K)rm}.
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Hence, with Lemma 14 and the fact that r,,, = 0(1/Qy,), we have for any 7,7 € I1,,,
Kt VB | < C gt g — mg < Co}| - mirm Qi

Here we jump ahead and utilize some of the arguments used in the proof of Theorem 3. In
particular, we choose as a prior on II,, the one we use in the proof of Theorem 3 for the case d = 2.
With the notation used there, the correspondence is h,, ~ Cy, for the width, and ¢, = Q., + 1,
for the length. Following the same steps, we show that, under this prior, the conditions of Lemma
2 are satisfied, this time with B, = C(mry,/Qm)(log Qn)? and k,, = mr,,, so that

k;blﬂ(Bm log Bm)l/2 = CQ;1/2(log Qm)(log(mry,/Qm) + 2loglog Qm)1/2 < CT},{(M) (log m)3/2,

1/ 1/d.

where we used the fact that Q,, < rm * and r,, > rr., with 7} of order at least m™

Proof of Proposition 5

We assume without loss of generality that v(t) = /2 for t < 0. Fix a sequence w,, — 1 such
that (1 — wy,)ty, — oo and max{tx : K € K,,} < wnty. As usual, we build a net for IC,,. Let
em — 0 such that log(1/e,) = o(loglog(1/Ay,)). By the proof of Theorem 1, there is an &,-
net for the class of clusters of the form im(f) NV, where f € Fy4(x) with Ay > A, denoted
{V;,i € I}, of size log |I| < log(1/)%). By the same token, with d = 1, there is an &,,-net for the
class of discrete intervals of the form {t,...,t,,}, t < wpty, denoted {t;,... t,}, for j € J, of size
log |J| = O(log(1/epm,) + loglog t,,). Specifically, the ¢; are the integers in {1,...,t,,} with dyadic
expansions of length about log(1/e,,) or shorter; see [5] for more details. For i € I and j € J, let
(K;”?,t € Ty,) be the space-time cylinder defined by K;” = V; if t > t; and K;” = () otherwise. We
claim that {K%7 i € I,j € J} forms a n,,-net for K,,, for some 7,, — 0. Assuming this is true, we
conclude by applying Lemma 4.

It remains to prove our claim. Let K € K, and f € Fyq(k) with Ay > A, such that
(2.6) holds. Let S,, = im(f) NV,,. There is i € I and j € J such that §(V;,Sp) < &, and
0({tj, .., tm} {tx, -, tm}) < em. By the triangle inequality, for ¢t > tx V t;, we have

§(Ky, K < 8(Ky, Spm) + 6(Sm, Vi) < vt —tr) + em.

Moreover, using the relation p(4, B)?|B| < |A| < p(A, B)72|B| for any two clusters A, B # (), we
get

Kol = (14 O((t — t5)))|Sml, ¥t > ti, and [K77| = [Vi| = (14 O(em))|Sml, VE > 1.

Here and below, the constants implicit in O(-) are universal and the rate in o(1) depends only on
m. By Cesaro’s Theorem and the fact that v(t) — 0 as t — oo and t,, — tg > (1 — W)ty — 00,

we have
tm—tK

YKL =1Sm] Y L+ OW(k) = (L +0(1))(tm — tx)|Sml;
k=0

teTm

and

DK = (14 o(1))(tm — t5)[Sml-

teTm

And, again by Cesaro’s Theorem, we also have

YoIK K = Y p(Ke Ky ) I | = (1 0(1) (i — (tre V 5))|Sil.

teTm t€ETm
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Note that we have t,, — (tx V t;) +1 > (1 —€2,/2)\/(tm — ti + 1)(tm — t; + 1). Hence,

ZteTm ‘Kt N Kti’j’
Ve, [l 1K

p(K K = > 14 o(1),

which implies that (K, K*/) = o(1).

Proof of Proposition 6

We start with the bound on the minimax detection rate. The proof is parallel to that of Proposition
3. We focus on the case where d = 1 as the case of a general dimension d is obtained via a tensor
product. Time plays the role of the first dimension. Let R, = [1/ry] and Qum = [tm/am].
where ap, = [En(rm/k)/*], and let II,, be the set of sequences 7 € {0, ..., Ry }9m*! satisfying
o = [Rp /2] and my—myg—1 = £l forqg=1,..., Q. To each sequence 7 € II,,, associate the function
that linearly interpolates the points (¢am /&m, T/ Rm),q =0, ..., Qm, and remains constant beyond
the last right-most point. By construction, g. € Hoo(a, k). Moreover, if |m, — | > 4, then
|z (t/Em) — gnr(t/&m)| > 21y, for all qan, <t < (¢ + 1)an,. Hence, using (2.1), we have for any
w7 € Iy,
Ky, NKy | <C |{q:|mg —m| <4} - mrpmam.

Henceforth, we proceed exactly as in the proof of Proposition 3.

We now turn to analyzing the scan statistic. Redefine R,,, = [8/ry,] and ay, = [Em (Tm/(8k))],
and consider the subclass of functions g, as defined above, with the new requirement that |y, —
gl < 14 [(8K)/(rm&S,)]. We claim that the cluster sequences K, form an e-net for £,,. In-
deed, for g € Hoo(a, k) and each ¢ = 0,...,Qm, let 7y = [Rng(qam/&rn)]. Then by the triangle
inequality, 7 satisfies our requirement and |g(t/&n) — gx(t/&m)| < /2 for all ¢t < t,,. Then
since B(g(t/&m),™m) N B(gx(t/&m), rm) contains a ball of radius r,,/2 > 7}, this set contains
of the order of mr,, nodes by (2.1), and therefore, for some constant n > 0, p(Kg:, Kg, ) >
1 —mn, Vt € Ty, so that p(Ky4, K, ) > 1 —1, again with n° > 0. Noting there are of the order of
(1/Ry) - (3 + 2[(8k)/ (rm &%) )tm/am ] such 7’s, we conclude with Lemma 4.

Proof of Proposition 7

In parallel with the proof of Proposition 5, we built an e-net, this time made of piecewise constant
cluster sequences (which may be seen as unions of space-time cylinders).

Fix v > 0 small. Let {V;,i € I} be a y-net for the class of all discrete (spatial) balls of radius
r >k, of size |[I| = O((1/r%,)%), which may be built as in the proof of Theorem 1. Include § in

m

that set. Note that

’B(Z',T) mvm‘ > 1 _ ,7_2/27

p(B(x, k1) NV, B(z,7) N V) = |B(x, k1) N V| —

where 7 < /2 depends only on d and k. With this notation, {V;,i € I} is an (7 + 7)-net for
the class of clusters of the form S N'V,,, where S € UTZT:” S(r,k). Indeed, take S such that
B(xz,r) C S C B(x,kr) for some = € Qg, and let ¢ € I such that §(B(z,r) NV,,,V;) <~. Then

(S NV, Vi) (S NV, B(x,r)NVy,) +6(B(x,r) NV, Vi)
0(B(x,kr) NV, B(x,r)NV,,) + 6(B(z,7) NV, V)

T+ 7.

VAN VAR VAN
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We claim that cluster sequences of the form
Q-1
U Vig x {7 4+ @my - t7 + (g + Dém — 1} | Vig x {t7 + Qém, .., t7},
q=0

with 0 <t~ <t+ <tp, Q= [(tT —t7)/&nl, iq € I, constitute an e-net for K,,, where & < /2 for 7
and v small enough. Indeed, for K € K, define Q = [(t}; —tx)/&m] and for each ¢ =0,...,Q — 1,
take i, such that §(Kiy 4 4e,.,Vi,) < 7+, and iq such that (K, 4 qe,,, Vip) < 7+ 7. We then
have

§(Kp, Vi) ST4+v+n, t=tg+q¢m, ...tk + (¢ +1)&, — 1.

We then proceed as in proof of Proposition 5. Note that there are no more than t2, - (C/r,)im/&m
such cluster sequences, with 7 > m~4 and we conclude with Lemma 4.

Proof of Theorem 3

We start with the lower bound on the minimax rate for non-decreasing paths, inspired by arguments
provided in [7]. In particular, we use the concept of predictability profile introduced in [11]. When
d > 3, we use a nearest-neighbor walk (S; : ¢ = 0,...) on Z with predictability profile PREg(t) <
C'log; (t)(log; logt)?/t for all t = 1,..., whose existence is guaranteed by [34, Th. 1.4]; when d = 2,
we use the path constructed in [7, Sec. 2.2.4], with predictability profile PREg(t) < C'log;(¢m)/t
forall t = 1,...,0,. Asin [11, Sec. 3], define W; = (t + S)/2, and consider d — 1 independent

copies of W;, denoted Wt(l), . ,Wt(d_l). We then define the following (nondecreasing) path on Z%:

Y @) (@-1)
T = | Wistaoap Wi s Widsayan) Zl Ty

Again as in [11, Sec. 3], PREp(t) = PREs([t/(d — 1)])¢~!. Let (b) be a sequence satisfying
by, — 00 and b, < m, and define

[l /bm]

> PREr(bmt).

t=1

From the bound on PREr, we get 8, < C(logi(bn)(logi logby)? /b )41 if d > 3, and B, <
C(logt €y)? /by, if d = 2. For the former, proceed as follows; with f(t) = log; (t)(log; log(t))?,

[bm /bm] 00
> Fomt)/Omt)™ < b (F0R) /0T + (F(82) /)T
t=1 t=1

< O(f (bm) /b))

where we used the fact that f(t2) < f(¢) and >_;°,(f(¢?)/t)4"! < oo for d > 2.

A band of width A in dimension d may be seen as the union of Cyh?! paths. Following
the arguments supporting Lemma 3.1 in [11], we consider th%_l sequences of integers, denoted
(Ugl) U(thﬁlrfl))

RN , and obtain

P {y{t T (o, oG Dy > k;} < Oby(Cqhd 1 By) B/om) =1, (7.2)
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We choose by, just large enough to ensure that Cyhd—13,, < e™!; specifically, we choose b,, =
hn (1084 him ) (l0g 1og hyp)?, for d > 3, and by, < hy,(log; £ )?, for d = 2. Then the left hand side is
bounded by Cb,e */bm. Let V be a non-decreasing path of length ¢, starting at the origin. Let
Ay = B(To, hy) and Ay = B(Tg, hyy) \ B(Ts—1, hyy,) for s € {1,...,4,,}, so that

t

B({To,....Ti}, hm) = | | As.
s=0

In addition, [Ag| < Chd, and |As| < Chd! for s > 1. Letting Dy = B({To, ..., ¢}, hin ) N B(V, ha),
we have

Dy =Dy 1 U(A:NB(V,hw)); Dy, = B(L, hy) N B(V, hy).

Moreover, if Ay N B(V, hy,) is nonempty, then I'y € B(V, 2h,,) by the triangle inequality. It follows
that
Dy = [Dy1] < Chi " Uir,eBvany-

As a consequence,

b
|De,,| < | Dol + ChE S " 1iryenvahmy < Chty  (hn + [T 0 B(V, 2h))).
t=1

Therefore, together with (7.2), we find that the conditions of Lemma 2 are satisfied with B, =
Chﬁ;lbm and k,, = Kmhﬁl_l, which allows us to obtain the desired lower bound on the detection
threshold.

For the second part, we follow the arguments provided in the proof of Proposition 8.

Proof of Proposition 8

Consider the subgraph V,, of V,, with nodes with coordinates that are multiples of h,,. Now
consider the set of paths of length < 2¢,,/h,, in V,,, which are equivalently seen as paths of
length < 2/, in the original graph V,,. Let II,, denote the set of these paths. Note that |IL,,| <
m/he, - (2d)ém/"m  where the first factor bounds the number of possible starting locations (void for
paths starting at the origin), while the second one bounds the number of nearest-neighbors paths
starting at a given location. We claim that bands of width 2Ah along paths in II,,, form an e-net for
the set of bands within V,,, of width h and length < /,, generated by non-self-intersecting paths,
where ¢ < /2 depends only on d. Assuming this is indeed true, by sampling h on a log-scale,
namely h, = 2%, [logy(hm)] < u < [logs(¢p,)], it implies that

[logs (¢m)]

u=[logs (hm)]

and we then conclude with Lemma 4.

We now prove our claim. Take a non-self-intersecting path I' in V,,, of length at most ¢,,,, and for
s=0,...,[lm/hm], let vs € V,;,, be one of the closest nodes to (hence, within distance h,, /2 from)
Lsh,,. By the triangle inequality, since dist(I'sp,,, (s—1)n,,) = hm, we have dist(vs, vs—1) < 2k, so
that their shortest-path distance relative to V,, is bounded from above by (2h,,)/hm, = 2. Hence,
there is a path 7 belonging to II,, passing through vs,s < £, /hy,. Since I'y € B(Ls, |t — s|), we
have

dist(L'y, Tsp,, ) A dist(De, Ts—pyn,, ) < /2, V(s = Dhy <t < shy,
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so that I' C B(v, hy,), and therefore B(T', hy,) C B(7, 2hy,). Hence,

P(B(T, hp), B(, 2hm)) = % S1-e2

1/2
3 — [Bw.n)
E"ﬁ<1 ahiv\ B2R) |

where

the minimum being over all m, all 1 < h < m!% all non-self-intersecting paths U of length
between h and m!/? within V,,, and all paths V of length at most double that of U within V,,.
Given that there is a constant C' > 1 such that, for all A > 1 and all non-self-intersecting paths
U c Z% |B(U,h)| > C~'h¥ Uength(U), and all paths V C Z%, |B(V,h)| < Ch? ength(V), we
have ¢ < v/2(1 — 1/(Cv?2))Y/? < V2.

Proof of Proposition 9

For the first part, notice that K, contains a set of about m/k,, disjoint discrete hypercubes of

sidelength [k‘rlr{d] in K,,. Therefore, we obtain the lower bound by applying Lemma 1.

For the second part, we bound the cardinality of IC,,,. A simple argument based on depth-first
search shows that any connected component of size k can be covered with a path of length Cyk for
some constant Cy > 0, so that the number of animals in V,, of size k does not exceed m)\l;, where

Mg < (2d)“. Hence, we have |K,,| < m/\g’tb, so that log |KC,,| < logm, since k. = o(logm). We
then apply Lemma 3.
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